Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 




600060080J 



I «? 3 / >c 



. ;L^r 




mm^^^^m^m^^^tmK^ammtm^m^a^Km^ 



LIBRARY OF USEFUL KNOWLEDGE. 



GEOMETRY, 



PLANE, SOLID, and SPHERICAL, 



IN SIX BOOKS. 



TO WHICH 18 ADDBD, IN AN APPENDIX, 

THE THEORY OP PROJECTION, SO FAR AS IT IS 
AUXILIARY TO GEOMETRY; 

WITH AN ACCOUNT OF THX 

PLANE SECTIONS OF THE CONE AND CYLINDER, 



IN WHICH CERTAIN GENERAL PROPERTIES OF THE CONIC SECTIONS ARB 
DEMONSTRATED BT HELP OF THE FOREOOINO THEORY. 



PUBLISHED UNDER THE SUPERINTENDENCE OF THE SOCIETY 
FOR THE DIFFUSION OF USEFUL KNOWLEDGE. 



LONDON : 
BALDWIN AND CRADOCK, PATERNOSTER-ROW, 



MDCCCXXX. 




BUOITOKAII, Biq., r.B.S., ICF. 



»<■ Hob. VtoMI i.lil«. M. 
T.Fn euHii,Ei^,JICP„F-] 



■' d''^^'''"^'''*'' "■*■ 






Dr. ^3, s«'. ElI' 









B^^g(M(Xd M^ 

iufc'mS^''M J. 

IM««i>< MUbiX BunUUB 



iTBOltU C0ATSB,Swmn,4 9«i* »»Mn, OiV^m 



loDdon I Fiistcd bj Will 



9, Sluofgrd Sticel. 



CONTENTS. 



B&mentary Coarse 
TbUeofRefeience 






BOOK I. 



Stetioii 1. Befinidoiis 

8. Flnt thmrami « 

3. Panlleb 

4. ParallelogTBXiis , 

5. Rectangles under the parts of divided Unea 

6. Relations of the sides of triangles 
7- ProUems 



1 
4 
11 
15 
19 
21 
14 



BOOK II. 

Stetioin 1. Ratios of oommensorable magnitudes 

2. Proportion of commensurable magnitudes 

3. The general theory of proportion 

4. Proportion of the sides of triangles 

6. Proportion of the surfaces of rectilineal figures 
6. Of lines in harmonical progression 

7. Problems . "^ . 



31 

87 
48 

67 
62 

67 
71 



BOOK IIL 



Section 1. First properties of the circle . • . • 

2. Of angles in a circle • • • . 

3. Rectangles under the segments of chords • 

4. Regular polygons, and approximation to the area of the circle 
6. The circle a maximum of area, and a minimum of perimeter 

6. Simple and plane loci . . • ' 

7. Problems • • • • • 



78 
84 
88 
91 

99 
106 
112 



IT CONTENTS. 



BOOK IV. 

Page 

Section 1. Of lines, perpendicular, or inclined, or parallel, to planes . • 125 

2. Of planes which are parallel^ or inclined, or perpendicular, to other 

planes •••.•• 133 

3. Of solids contained by planes . . . • 138 

4. Problems .... . • 150 



BOOK V. 

Section 1. Surfaces and contents of the right cylinder and right cone • 156 

2. Surface and content of the sphere . • • .175 

3. Surfaces and contents of certain portions of the sphere • .179 

BOOK VI. 

Section 1. Of great and small circles of the sphere . . . 186 

2. Of spherical triangles • • • • • .189 

3. Of equal portions of spherical surface, and the measure of solid angles 194 

4. Problems . ...... • .203 

APPENDIX. 

Part I. Of projection, by lines diverging, and by lines parallel • • 208 

II. Of the plane sections of the right cone, or conic sections . 214 

III. Plane sections of the oblique, cone, of the right cylinder, and of the 

oblique cylinder •••••. 229 



Errata ,...••• 284 

Index ....••• 236 



ELEMENTARY COURSE. 



In compiling the present Treatise, the leading object has been to furnish the *' Library 
of Useful Knowl^ge'' with a body of geometrical information, in which nothing 
mi^ht be wanting &at seemed necessary or desirable, whether to the correct expla- 
nation and solid establishing of the science, or to its application in the different 
branches of natural philosophy. Such an object, it is plain, can never be accom- 
plished by a mere elementary course, which has solely in view the instruction of 
Deginners: it implies many discussions and distinctions, many theorems, scholia, 
and even whole sections of matter, which it is better that a beginner should pass by, 
while he confines his attention to the few and simple but important propositions to 
which perpetual reference is made, and which may be regarded as constituting the 
high road of Geometry. At the same time, the purposes of instruction have not 
been lost sight of ; and accordingly, while the present work may be considered 
sufficiently extensive to answer every useful purpose, it will be found also to 
include an elementary course ofstucfy complete in itself, b^ ihe help of which a 
person totally unacquainted with the subject may become ms own insbructor, and 
advance by easy steps to a competent knowledge of it. With this view, the 
beginner has only to confine himseu to the following portions of the entire work. 
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ELEMENTARY COURSE. 
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Prop. 32 


Prop. 16 
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21 


5 


35 




26 


6 




Book VI. 


27, omitting ^ 
28 Cor. 2. 
29 
30 


7 
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10 
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Book V. 


Spherical Geometry, 


Of the Right Cylinder, 


Definition 


31 


12 


Right Cone, and 


Prop. 1 


32 


13 


Sphere. 
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33, omitting Cor. 


14 


Definitions 
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Land Cor. 2. 


15 


Lem. 1 
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44 


16 


Lem. 2 
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45 


17 


Prop. 1 
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46 
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Book IV. 
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13 




24 
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OfUnet in difertnt 


25 


10 


15 


Planet, and of /Sa- 


26 


11 


16 


iids contained by 


27 


12 


17 


Planet, 


28 


13 


18 




29 


14 


19 


Defiaitions ' 


30 


Lem. 3 


20 


Pi-op. 1 


31 


Prop. 15 


21 



In the above table the propositions only are mentioned : when corollaries or 
scholia are attached to any of the propositions, they are likewise to be attended to, 
unless the contrary is expressly stated. The sections of Problems (omitting III. 
64, Case 4, the solution of which depends on a lemma of the scholium following 
II. 38.) will, it is apprehended, be found rather entertaining and serviceable to a 
beginner than otherwise ; they are not necessary, however, and are therefore omit- 
ted in the table. 

The demonstration of the converse part of Book L Prop. 14., is attended with a 
difficulty which is stated at some length in page 11, as we have been anxious that 
the student should be fully aware of its existence. It will be better, however, in a 
first perusal, to avoid this difficulty by making, at once, the following assumption : 

'* Through the same point there cannot, pass two different straight lines, each of 
which is parallel to the same straight line.** 

The converse part of Prop. 14, viz. that " parallel straight lines are at right 
angles to the same straight hne,'* will then be demonstrated as follows :— 

Let A B be parallel to C D, and from any point E of 
A B let E F be drawn af right angles to C D (12.) : E F 
shall also be at right angles to AB. 

For, if A B be not at right angles to E F, through the 
point £ let A' B' be drawn at right angles toEF (post. 5.). 
Then, by the former part of the proposition, because A' B' 
and C D are, each of them at right angles to £ F, A' B' is parallel to C D. But 
A B is parallel to C D. Therefore, through the same point £ there pass the two 
straight lines A B and A' B', each of which 'is parallel to C D. But it is assumed 
that this is impossible. Therefore, the supposition that A B is not at right angles 
to E.F is impossible ; that is, ABis at right angles to £ F. 

It will be found that the Course just laid down, excepting the sixth Book of it 
only, is not of much greater extent, nor very different in point of matter from that 
of Euclid, whose " Elements" have at all times been justly esteemed a model not 
only of easy and progressive instruction in Greometry, but of accuracy and perspi- 
cuity in reasoning. A perusal of this work, as translated and edited by Simson, 
though certainly not essential to an acquaintance with geometry, is strongly re-< 
commended to the student. 
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GEOMETRY. 



BOOK I. 3. AlHwiathebouadaiyofaturftee, 

} 1. D^nitiotu-i 2. First Theorem- '*!^"f 1*^ A .^^sh, „# . ,:„ 

Section 1. D^nittofu. between its extreme points. 

Geombtky is the science of extension. When the word "line" is used by itself 
The subjects which it considers are ex- m the following pages, ft straight tine is 
tent of distance, extent of surface, and to be undmtood 
extent of capacity or solid content ^* Any line of which no part is 

The name Geometry is derived from * "f^t line is called a curve. 
two Greek woids, signifying land and to . I(* curve be cut by a straight 
measure. Hence it would appear that lineintwopoints,thecurveissaid 
the measurement of land was the most to be concave towards that side 
important (perhaps the only) use to wpon which the straight line lies, 
which this science was, in the first in- «nd towards the other side, con- 
stance, applied. Egypt is described to f'^^r. 

have been its birth-place, where the an- 7. (Euc. Ldel7.) A piane etirjbee, 

nual inundations of the Nile rendered or pfaiw?, is that, in which any two point i 

it of peculiar value to the inhalritants as whatsoever being taken, the straight line 

a means of ascertaining their effaced between them lies wholly in that surface, 

boundaries. Prom the Egyptians the . 8. A surface, of which no part is plane, 

ancient Greeks derived their acquaint- w wud to be curved. 
ance with it ; and, in the hands of this 9; If there be two 

acute people, it was carried, from a state straight lines in the 

of comparative nothingness, to a degree ^Bxne plane, which nieet 

of perfection which has scarcely been on« anothar in a point, 

advanced by succeeding ages. If, how- they are said to form at 

ever, as a science. Geometry has made that point 9, plane recti' 

but little progress, since it was so sue- UnecU angle. j j . 

cessfully cultivated by the Greeks, its , The magmhideof an an^e does not 

uses have been both multipUed and ex- depend upon the lenjjth of its fe§r*, that 

tended. In the present day it embraces w. of the straight lines by which it is 

the measurement equally of the earth contained, but upon the opening between 

and of the heavens: it forms with arith- them, or the extent to whidi they are 

metic the basis of all accurate conclu- separated the one from the other. -Thus, 

sions in the mixed sciences : and there the angle B A C is greater than the an- 

is scarcely any mechanical art, our views gle B A D, by the angle DA C. 
of which may not be improved by an If there be only one angle at thepomt 

acquaintance with it. A, it may be denoted by the letter A alone. 

The truths of Geomehy are founded as " the angle A ;" but if there be more 

upon definitions, each furnishing at once angles at the same pomt, it becomes ne- 

an exact notion of the thing defined, and cessaiy to mdicate the containing sid«s ot 

the groundwork of all conclusions re- each, in order to disting uish it from me 

lating to it. The leading definitions are — — ' 

as follows : — • This and the like refetencee .**•**> »?*^~"'" 

1. A*o«aisamag™tudehayingtoBe S-"g;.rth=^'PSf^NV««^r5^^^^^^ 

dimensions— length, breadth, and thick- ^ definition, as m the prcent instance, or to aa^^ 

ness axiom, the same is partieulan.ed by the mitial syl- 

"•^SS* 1 n« iw or Ax The most important defimtiona 

2. A surface is the boundary of a J^fif J^Vch -are 'taken from Eudid^d stated ilk 

SOtid, having length and breadth only. ' neaVly the same words, are here referr^ to. 






2 GEOMETRY. [I. § I. 

others : thus, the angle B A C is distin- In the adjoined 
guished from BAD and DAC. In figure, A is aright- 
this case the middle letter, as A, always angled triangle ; B an 
denotes the angular point. obtuse-angl^ trian- 
le. (£uc. i. def. 10.) When a gle ; and C an acute- 
straight line stancUng upon another angled triangle* 
straight line makes the adjacent angles 16. A triangle is 
equsi to one another, each of- them is -alsa -said to be equilateral, when its 
called a right angle, and the straight three sides are equal to one another ; 
hne which stands upon the othtt is called isosceles, whejl only two 
a, perpendicular to i\, of its sides are equal; 

11. If an angle be ' and scalene, when it has 
\ not right, it is called ^ ^ r three unequal sides. D 

oblique.. An oblique \ /^ is an equiUteral triangle, 

• angle is said to be \/ E an isosceles triangle, 

acute pr obtuse, ac- ^ and F a scalene triangle, 

cording as it is less ^ ^ The three sides- of any the same 

or greater than aright angle. triangle are frequently distinguished by 

In the adjoined figure, ABC is aright ^ving to one of them the name of base, 

angle, D B C an acute angle, and £ B C m which case the other two are called 

an obtuse angle. the two sides, and the angular point 

12. (Euc. L det opposite to the base is called the vertex 

35.) If there be two or summit. In sn isosceles triangle, 

straight lines in the considered as such, the vertex is the 

same plane, which, angular point between the two equal 

being produced ever so far both ways, do sides, and the base the side opposite 

not meet, these straight lines are called to it. 

parallels. In a right-angled triangle, the side 

13. A p/an^/^re is any portion. of a which is opposite to the right angle is 
plane surface which is included by aline called the hypotenuse; and of the other 
or lines. two sides, one is firequently termed the 
. The whole circuit of any figure, that base, and the other ihe perpendicular. 
^s, the extent of the Une or lines by which 17. Of quadrilaterals, & parallelo^ 
it is included, is called its perimeter. gram is ^at which has its opposite sides 

14. A plane rectilineal Jigure is any parallel, as AB C D. A quadrilateral 
portion of a plane surface, which is in- which has only two of its sides parall<d 
eluded by right lines. These right lines is called a trapezoid, as A B E D, 

are called the sides of the figure, and it A parallelogram, or indeed any quadrir 

is said to be trilateral, or quadrilateral, lateral figure, is sometimes cited by two 

or mz^^^t/a/^a/, according as it has three, letters only placed at opposite angles: 

©r four, or a greater number of sides. as " the parallelogram A C'*, " the trape^ 

A trilateral figure is more commonly zoid AE." This plan is never adopted, 

called a triangle, and a multilateral however, where confusion might ensue 

figure & polygon. from it : when used, it must always be 

It is furtner to be un- /v.^^^ in such a way as to avoid uncertainty ; 

.derstood of rectilineal fi- a/ ^^ thus, by " the quadrilateral B D" in the 

gures in the present trea- y^ j adjoined figure, either ABCD or ABED 

•tise, that the several an- ^^ ~ might be intended, whereas " the quar 

gles are contained towards the interior of drilateralAC" is distinct from "the 

tiie figure ; that is, that they have no such quadrilateral A E;* 

angle as the re*entering angle A in the ] 8. A rhombus . is a parallelogram 

figure which is adjoined. In other Vfhieh has two adjoining sides equal. 

words, their perimeters are supposed to 

be convex externally, • y T~7° / v 

15. A triangle is said to be rights j 1/ / / 

angled, when it has a right angle. Of ^^ % ^ '. 

triangles which are not right-angled, 

and which are therefore said to be • 
oblique-angled, — an obtuse-angled tri- 
angle is that which has an obtuse angle; "~ ''""'. 

and an acute-angled triangle is that . 19. A rectangle is a parallelogram 

which has three acute angles, which has a right angle, A rectangle 



T.IU] 



GEOMETRY. 




<s said to be ednf^'md bg W)^ tiro of itt 
adjoining sides ; as A C, which is caHed 
the rectaneie under A B, B G, ^ the 
rectangle A B,- B C. 

20. A square is a rectangle which hat 
two adjoining sides equal. The square 
described upon any strai^t line AB, 
or the square of wnieh A B is a side, is 
called the square pf A B, or A B equitre* 

21. The altitude ot a parallelogram 
or triangle, is a perpendicular drawn to 
the base from the side or angle opposite. 

22. The diagonak of a quadrilateral 
are the straight lines which join its op- 
posite angles. 

23. If through a 
point, E, in the dia- 
gonal of a paral- 
lelogr^un, A B C D, 
straight lines be 
drawn parallel to two adjacent sides, 
the whole paraUeldgram will be di- 
vided into four quadrilaterals ; of 
which two, having the parts of the 
diagonal for their diagonals, are for that 
reason said to t)e aoout the diagonal; 
and the two others, A£, E C, are called 
comjflementSy because, together with the 
portions about the diagonal, they com- 
plete the whole parallelogram A B C D. 

24. A drde is a plane 
figure contained by one 

line, which is caUed the ^ ^ 

circumference, and is 
such that all straight 
lines drawn from a cer- " 

taiii point within the figure to the cir- 
cumference are equal to one another* 
This point is called the centre of the 
circle ; and the distance from the centre 
to the circumference is called the rch 
diuSf or, sometimes, the temidiameter, 
because it is the half of a straight line 
passing through the centre and termi* 
nated both ways by the circumference, 
Which straight line is called a diameter* 
' The point C is the centre of the circle 
A B D ; A B is a diameter ; and A C a 
radius or semidiameter. 

' The hruths and questions of Geometry 
are, for Uie sake of perspicuity, stated and 
considered in small separate discourses 
called Propoeitiona ; it being proposed in 
them either to demonstrate something 
which is asserted, a proposition of which 
kind is ccdled a theoremj or to show the 
manner of doing something which is 
required to be done, a proposition of 
which kind is called a problem, 

A proposition has commonly the fol- 
lowkig parts :— 




1^. the enunciattont declaring what is 
to be proved or done ; 

2°. the conetructioHt inserting the 
lines necessary thereto | 

3^. the demomtrationt or course of 
reasoning ; —And, 

4°. the condusion^ asserting that the 
thing required has been proved or done. 

A corollary to any proposition is a 
statement of some truth, which is an ob* 
vious consequence of the proposition. 

A scholium is a remark or observation. 

The t)bject of a problem, as above 
stated, is evidently distinct from that of 
a theorem. If a problem l)e regarded* 
however, as demonstrating merely the 
existence of the points and lines required 
in its enunciation, it becomes, for our 
purposes, a theorem certifying the exist- 
ence of such. And hence has arisen the 
introduction of problems into the theory 
of Geometry; for, the existence of the 
lines and points specified in the con- 
structions of some theorems not being 
altogether self-evident, it became neces- 
sary, either to introduce distinct problems 
for the finding of such, or to point out 
the certainty of their existence by the 
way of theorem and oorollary» as occa- 
sion offered. 

The former plan, exemplified in 
£uclid*s Elements, has been followed by 
the greater numl>er of geometrical 
vrriters; although the problems intro- 
duced have not, m all cases, been limited 
to the very few which are necessary to 
Support the theoiy. To avoid thus sa- 
crificing 4inity of purpose, and at the 
same time not to be wanting to the ends 
of practical geometry, the problems in 
the present treatise have been altogether 
separated from the theorems ; and the 
requisite support has been supfdied to 
the latter, in the second of the two ways 
above mentioned* 

The existence of the following lines, &c. 
will be taken for granted ; and they will, 
therefore, be refemd to by the name of 

FOSTULATSS.'^ 

1. A straight line, which joins or 
passes through two given points, A, B. 

2. A circle, which is /•'" * '^X 
described from a given / \ 

centre, C, with a given ( ^ i^ 

radius, C A. x.^__y^ 

• Thingii required } from Uie Latia fiotimio^ t* 
rocmire. 
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3. A poittt which bi- 
sects a gjven finite A b 

straight line, A B, 

that is, wliich divides it into two equal 

parts. 

A 



4. A straight line 
which bisects a given 
angle, B A C. 



5. A perpendicular to 
a given straight line, 
erected from a given 
point in the same. 




i 

I 

I 



6. A straig^ht' line, which makes with 
a given straight line, A B, at a given 
point, A, an angle equal to a given rec- 
tilineal angle, C. 



B 



A 5 

The following truths require no steps 
of reasoning to establish tneir evidence. 
It may be said of them, that no demon- 
stration can make them more evident 
than they are already, without it : they 
are, therefore, called self-evident truths 
or axioms. They will be found of per- 
petual recurrence in demonstrating the 
propositions of the following sections, and 
are therefore here premised : — 

Axioms.* 

1. Things, which are equal to the 
same, are equal to one another. 

2. If equals be added to equals, the 
wholes are equal. 

3. If equals be taken from equals, 
the remainders are equal. 

4. The doubles of equsds are equal 

5. The halves of equals are equal. 

6. The greater of two magnitudes, 
increased or diminished by any magni- 
tude, is greater than the less increased 
or .diminished by the same magnitude. 

7. The double of the greater is greater 
than the double of the less. 

8. The half of the greater is greater 
than the half of the less. 

9. If there be two magnitudes, and a 
third, and if one of them exceed the 
third by as much as the other falls short 



* Authoritiet, or thinf i haying aathoritj ; from a 
Greek word. • . 



s- 



r 



of it ; the two toother shall be double 
of the third ma^piitude. 

10. Straight lines which pass through 
the same two points lie in one and th^ 
same i^raight une. 

11. Magnitudes, which may^e made 
to coincide with one another, that is, to 
fill exactly the same space, are equal to 
one another. 

The converse of this last axiom is. like- 
wise true of some magnitudes. In what 
follows, it will be assumed, with regard 
to straight lines and angles ; t. e. it will 
be assumed that if two straight lines are 
equal, they may be made to coincide 
with one another, and the same of two 
angles. 

Section 2. First Theorems, 

Prop. 1. (Euc. L Ax, 11.) 

All right angles are 
equcU to one another. 

Let the angles ABC, 
D E F be each of them 
a right angle ; the angle 
ABC sh^ be equal to 
the angle D E F. 

Produce C B to any 
point G, and F E to any 
point H. Then, because 
ABC is a right angle, 
it is equal to the adjacent angle A B G 
(def. 10.) ; and because DE F is a right 
angle, it is equal to D E H. 

From E draw any straight line E K, 
Then, because the angle KEH is greater 
than D E H, and that DE H is equal to 
DEF, KEH is greater than DEF: 
butDEFis greater than KEF: much 
more, then, is K E H greater than KE F. 

Now, let the angle A B C be applied 
to the angle D E F, so that the pomt B 
may be upon E, and the straight Une B C 
upon E F ; then (ax. 1 0.) B G will coin- 
cide with E H. And, B G coinciding with 
E H, B A must also coincide with E D ; 
for, should it fall otherwise, as E K, the 
angle ABG would be greater than 
A B C, by what has been already demon - 
strated, whereas, they are equal to one 
another. 

Therefore, B A coincides with E D, 
and the angle ABC coincides with the 
angle DEF, and (ax. 1 1.) is equal to it 

Therefore, all right angles are equal to 
one another, whicn was to be demon- 
strated. 

Prop. 2. (Euc. i. 13 & 14.) 

The adjacent angles, which one 
straight tine makes tvith another upon 
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one side of U, are either two right Cor, 2. Any angle of a triang^ it 

angles y or are together equal to two less than two right angles. 

right angles : andj conversely ^ if the „ ^ ^n • i « v 

aSsacent angles, which one straight line ^*°^- ^' ^^^^* *• • ^-^ 

makes with two others at tjSs same If two straight lines cut one another^ 

point, be together equal to two right the vertical or opposite angles shall be 

angles, these two straight lines shcdlbe equal. 

in one and the same straight line. Let the two straight 

Let the straight line ,1. lines A B, CD, cut 

AB make with CD /^ one another in the 

upon one side of it, / point E: the vertical 

the adjacent angles _ •/ _ angles A E D, B E C, 

ABC, ABD: these ^ ^ ^^ as also the vertical 

are either two right angles, or are to- angles A £ C, B £ D» shall be equal to 

gether equal to two right angles. one another. 

For, if they are equal, then is each of Because the angles A EC, AED 

them (def. 10.) a right angle. are adjacent angles made by the straight 

But, if not, from the point B draw line A£ with CD, they are (2.) to- 

BEperpendiculartoCD(Fost5.). And gether equal to two right angles; and 

because the an^e EBDis equal to the lor the uke reason, the angles A EC, 

two angles, EB A, ABD, to each of CEB, are together equal to two right 

these equals add the angle EBC: angles; therefore, (ax. 1.) the an^ea 

therefore, (ajL 2.) the two angles EBC, A£C, AED together are equal to the 

£BD are equal to the three angles angles A EC, C£B together. From 

£BC, EBA, ABD. And in the each of these equals take the angle 

same manner it may be shewn, that the A E C, and the angle A E D is equal to 

two angles ABC, AB D, are equal to the angle CEB. (ax. 3.) In the same 

the same three angles. Therefore, (ax. 1 .) manner it mav be shown that the angles 

the angles ABC, ABD, are together A E C, B E D are equal to one another, 

equal to the angles £ B C, E B D, that is, Therefore, &c. 

to two right angles. Cor. ( Euc. i. 1 5 . Cor, 2.) If any number 

Next, let the straight line A B make of straight lines pass through the same 

with the two straidit lines, B C, B D, at point, ^ the angles about that point, 

the same point B, the adjacent angles (made bv each with that next to it,) shall 

A B C, A B D together equal to two right be together equal to four right angles, 

angles: BC, BD shall be in one and «„^„ . .tj,„^ . . v 

the same straight line. ,^ ^*°'- f' P"^' ^ ^•> ^ ,^ 

For, let B F be in the same straight ^/^^ triangles have two sides of the 

line with B C : then, by the first part of ^^ ^^^ ^ *^ **** ^f '^ ^^^^* ^ 

the proposition, because AB makes to each, and likewise the included angles 

angles with C F upon one side of it, these *9"?^ » their other angles shall beequcU, 

angles, viz. ABC, ABF, are together each to each, viz. those to which the 

equal to two right angles. But ABC, ^. «''^* are opposite, and the base, 

A B D are also equal to two right angles ; «^ t\'^ side, of the one shall be equal to 

therefore, (ax. 1.) ABC, ABD together 'H*?^!' S'/T^^^V . ^*T* , 

are equal to ABC, ABF together; L«t ^^^iJ^^ be two tnanglw, 

and. ABC being taken from each of ^^ch have the two sides A B. AC, 

these equals, the angle A B D is equal to eqyxBl to the ^o sides D E. D F, each to 

ABF(ax.3.) Therefore B D coincides each, vis. A B to D E, and A C to D F, 

with BF; that is, it is in the same "^4 let them hkewise have the angle 

straight line with B C. B A C equal to the angle E D F : ttieir 

Therefore &c* ^^^^ angles shall be e<^ual, each to 

Cor. I. If from a point in a straight «««]\' J^- A B C to D £ !?• and A C B 

line there be drawn any number of *®*^\r^» *^ „ u 

straight lines upon one side of it, all the base B C shall be 

angles (made by each with that next to e<mal to the base 

it) shall be together equal to two right EF. 

ancrles © ^ » Pq, if t^e triangle 

° ^ A B C be applied to 

• Hence the adjacent angle ABD is sometimes said the triangle D E F, SO 

to be supplementary to ABC ; one angle being called that the point A may 

the supplement of another, when together with that y^ UDOn D, and the 

other It lit equj^ to two right angles. "^ " 
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allraight line AB upon D E, the straight equal to them; and the angle BAG 

line A C will coincide with D F, because coincides' with the angle E D F, and is 

the angle B A C is ec^ual to E D F. Also equal to it (ax. II.)* 

the point B wiH coincide with E, because Therefore, &c. 

A B is equal to D E, and the point C , Cor, The two triangles are equal also 

with F, becauae A C is equal to D F; as to surface, 

and, because the points B, C, coincide -d„^„ « /v,r^ : e fir « \ 

with the points E. F, the stiiight Une ^*°^- ^' ^ *^^^- ^' ^ ^ ^'^ 

B C coincides with the straight hne E F If two sides of a triangle be equal to 

(ax. 10.), and (ax. 11.) is equal to it; the one another, the opposite angles shall 

angle ABC coincides with D E F, and be likewise equal : and conversely, if 

is equal to it ; and the angle A G B with tt^ angles of a triangle be equal to one 

the angle D F E, and is equal to it. another, the opposite sides A 

Therefore, &c. shall be likewise equal. 




Cor. The two triangles are equal also Let A B G be an isosceles 

as to surface. triangle, having the side A B 

Scholium* equal to the side A C ; the 

It is indiflferent which of the twotrian- angle A G B shall be equal ^ — _ — _, 

gles DEF be taken, although in these to the angle A B G. 
triangles the side BE He in opposite di- Let the angle B A G be divided into 

rectionsfromDF;vi2.totherightofitin two equal angles by the straight line 

the one, and to the left of it in the other. A D, which meets the base B G in D 

The same may be observed of the next (Post. 4). Then, because the triangles 

proposition, and of all cases of p/antftri- ADB, ADG have two sides of the 

angles, which are equal in every respect, one equal to two sides of the other, each 

Prop.5. (Euc. i.26,first part of.) l\^??^VTn ^n^w^^^nn™ 

„. .. , ij .« BAD, CAD equal to one another. 

If two irtangles have ttoomgles of their other angles are equal, each to 

theotu equcd to twoangle» qfthe other, each (4.) : therefore the angle A C B is 

each to each, and hkeunse the tntetya. eaual to A B C 

cent* tides equa^! their other Met shall '^'^ext. let the angle AB C be equal 

be eaual, each to eocA, viz. those ta to the angle A C B : the side A C shaU 

^'H « ^^ • ^"^ ?"^i^f, *"■* W^^f' be equal to the side A B. 

^ f^,^^ "^1 "'5 ??* *ir^' ** From D. the middle point of B C. 

eqwa to ihethtrS angle of the ot^. ^^t a perpendicular to ^ C (Post. 3. 

Let ABC, D E F (see thelastfigure) ^^^ 5., 5 J^ jf ^ do not pass through 

be two triangles which have the two the vertex A, let this perpendicular, if 

angles A B C, A C B of the one, equal possible, cut one of the sides as A B in 

to the two ajigles DEF. D FE of the fe, and join E C. Then, because the tri- 

other, each to each, and hkewise the angles E D B, E D C have two sides of 

side B C e<mal to the side E F : theu- the one equal to two sides of the other, 

other Mdessliall be equal, each to each, each to each, and the included angles 

and the thirf angle BAG shaU be eDB. EDO equal to one anotTier 

equal to the third angle E D F. (jef. 1 0.), their otfier angles are equal. 

* fi?fv5"''i*?i*g^*^?v.^**^'PPl'^ each to each (4.). Therlfore the angle 

to the tnangle D E F, so that thepoint B eCD is equal to EBD. But E B D or 

may be upon E, and the sbraight line BG aBD is equal to ACB : therefore the an- 

uponEP.the pomt Cwillcomcidewiai gfe ECd\ equal to ACB (ax. 1.), the 

the point F. bMause B C is equal to E F. %^ to the greater, which is impossible. 

Also the straight hne B A will eomcide Therefore tfie perpendicular at t cannot 

,n direction with E D, because the angle pass otherwise thl^n through the vertex 

(3BA 18 eaual to FED. and the 5,. and because the triaSgles ADB, 

stra^ht hne C A with FD. because the A D C are equal, according to Prop. 4., 

angle BCAisequaltoEFD. But, if the side A B « eliual to the side A C. 
two straight unes which cut one an- Therefore 8bc 
other, comcWe with other two which cor. 1. Evei^ equilateral triangle is 

cut one another. It is manifest that the ,1,0 equiangular; i/nd conversely, 
points of intersection must likewise coin- Cor:2. In an ilosceles triangle ABC, 

cide. Therefore, the point A coincides jf the equal sides A B, A (f, be pro- 

^^« 2rf *''!i"'^??^ ?J ^ ^' J"""' duced, f& angles upon the other side of 
cide with the sides DE, DF, and are the bc^e B C will 6e equal to one an- 

• •< inteijactnt udei," (. 1, lidM ifingixtmeii. other ; for, each of them together with. 
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one of the equal angles ABC, AGB,ii 
^ual to two right andes (2.)* • 

Cor. 3. The strai^t line which bi- 
sects the vertical angle of an isosceles 
triangle, bisects the base at right angles : 
and conversely, the straight line which 
bisects the base at right angles, passes 
through the vertex, and bisects the ver- 
tical angle. 

' Cor, 4. If there be two isosceles tri* 
angles upon the same base (whether 
the^ be upon the same side of it or upon 
difierent sides), the straight line which 
joins their vertices or summits, or that 
straight line produced, shall bisect the 
base at right angles. For the straight 
line which bisects the base at right an- 
gles passes through the vertex of each. 

Prop. 7. (Euc. L 8.) 
If two triangles have two sides of the 
one equal to two sides of the other, each 
to each, and have likewise their bases 
equal, the angle contained by the two 
sides of the one shall be equal to the 
angle contained by the two sides equal 
io them of the other. 

Let A B C, D E F be two triangles, 
having the two sides of the one equal to 
two sides of the other, each to each, and 
likewise the base B C equal to the base 
EF: the angle BAG shall be equal to 
the angle EDF. 

At the point E in the straight line 
E F, make the angle F E G equal to the 
angle A B G (Post. 6.) : take E G equal 
to B A or E D, and join G F, G'D. Then 
because the triangles A B G, G £ F, have 
two slides of the one equal to two sides 
pf the other, each to each, and the in- 
cluded angles equal to one another, the 
base G F is equal to A C (4.) that is, to 
t>F. Agam, because in the triangle 
F D G, the side F D is equal to F G, the 
angle F D G is equal to F G D (6.). For 
the like reason, the angle £ D G is equal 




toSGD. Therefofe the angle £DF» 
which is the sum or difference of the 
two EDG, FDG, b equal to the angle 
E G F, which is the sum or difference of 
the two £ G D, F G D (ax. a., 3.). But 

EGF is equal toBAC,because(4.)thft 
triangle G £ F is equal to the triangle 
A B C in every respect : therefore, (ax. 
I.) the angle £ D F is equal to the angle 
B A Q. When G D coincides with G E, 
G E D is a straight line, and the angles 
at G and D are the angles at the base 
of the isosceles triangle FDG; where* 
fore the latter is equal to the angle at 
G, that is, to the angle at A, as before. 

Therefore, &c. 

Cor, The two triangles are equal in 
every respect. (4. & 4 Cor.) 

Pbop. 8.(ExTC. Li;.> 

Any two angles of a triangle are to* 
gether less than two right angles. 

Let A B C be any m- 
angle: any two of its 
angles, ABC and ACB, 
shall be together less than 
two right angles. 

Bisect B C in D (Post. 
3.) : join A D, and pro- 
duce it to E, so that DE 
mav be equal to A D ; 
and j<Mn C E. 

Then, because the triangles A B D 
£ C.D have two sides of the one equal to 
the two sides of the other, each to each, 
and the included angles A D B, E D 0, 
equal to one another(3.), the ande E C D 
is equal to the angle AB D or AB C. (4 .) 
Therefore, the two angles A B C, A C B 
taken together are equal to the two- 
angles E C D, ACB taken together 
(ax. 2.), that is, to the angle ACE. 
But (2. Cor, 2.) the angle A C E is less 
than two right angles. Therefore, the 
angles A B C, A C B together are less 
than two right angles. 

Therefore, Sec. 

Cor, 1. (Euc. i. 16.) If one side of 
a triangle ABC, as B C, be produced 
fo F, the exterior angle A C F shall be 
greater than either of the interior and 
opposite angles at A and B ; for either 
of these angles taken vrith the angle 
ACB, is less than two right angles, 
but the angle A F, taken with the 
same ACB, is equal to two right 
angles (2.). 

Cor, 2. A triangle cannot have more 
than one right angle, or more than one 
obtuse angle. 

Frop« .9. (Eua i. 1 6. & 1 9.) 
Jf one side of a triangle be greater 
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than another, the o/moHte angle ahall 
likewise be greater than the angle oppo- 
site to that other : and conversely. 

In the triangle ABC, let the side 
AB be greater than 
A C, the angle A C B 
shall Ukewise be greater 
than the angle ABC. ^^ ^^a 

Take AD equal to AC, and join 
CD. Then, because AD is equal to 
A C, the angle A C D is equal to the 
angle ADC (6.)* But, l)ecause the 
side B D of the triangle C D B is pro- 
duced to A, the exterior angle ADC 
is greater than the interior and opposite 
angleDBCorABC. (S.Cbr. 1.) 

Therefore, the angle A CD, and 
much more A C B, is also greater than 
ABC. 

Next, let the angle A C B be greater 
than the angle ABC; the side AB 
shall likewise be greater than the side 
AC. For, AP cannot be equal to 
AC ; because, then, (6.) the anp;le AC B 
would be equal to A B C, which is not 
the case: neither can it be less than 
A C, because then, by the former part 
of the proposition, the ande ACB 
would be less than ABC, which is not 
the case. Therefore AB cannot but 
be greater than A C* 

Therefore, &c. 

Prop. 10. (Euc. L 20.) 

Any two sides of a triangle are to- 
gether greater than the third side: and 
any side of a triangle is greater than 
the difference of the other two. 

Let A B C be a triangle : any two of 
its sides, A B and A C, shall be toge- 
ther ^eater than 
the third side BC ; a. 

and any side A B 
alone shall be 
greater than the ,, 
difference of B C 
and A C, the other two sides. 

Produce B A to D, so that A D may 
be equal to A C, and join C D» Then, 
because A D is equal to A C, the angle 
ACD is equal to ADC (6.) But the 
angle B C D is greater than ACD: 
therefore, the angle B C D is greater 
also than A D C or B D C. Therefore, 
(9.) the side BD is, likewise, greater 
than B C. But, B D is equal to B A 
and A C together, l)ecause A D is equal 
to AC. Therefore BA and AC to- 
gether are greater than B C^ 

And, because BA and AC are to- 





gether greater than B C, if A C be taken 
from each, BA alone is greater than 
the difference of B C and A C. 

Therefore, &c. 

Cor. 1. (Euc. i. 21, part 
of.) If there be two triangles 
ABC, DBC, upon the 
same base BC, and if the 
vertex of one of them, as ^ 
D, fall within the other, the ^ 
two sides of that triangle mil be less than 
the two sides of the other. For, if CD be 
produced to meet the side A B of the en- 
veloping triangle in E, B D and D C 
together will be less than B E and EC 
together, (ax. 6.) because B D is less than 
BE and ED together: and, for the like 
reason, B E and E C together are less 
than BA and AC together: much 
more, then, are B D and D C together 
less than B A and A C together. 

Cor. 2. Any side of a rectilineal figiu-^ 
is less than the sum of all the other sides. 

Cor. 3. And, hence, it may easily be 
demonstrated, that if there be two rectili- 
neal figures A D C, D B C upon the sanle 
base B C, one of which 
whoDy envelopes the 
other, the perimeter of 
the enveloping figure 
must be greater Qian 
the perimeter of the 
other. 

Scholium. 

By help of this proposition it may 
be shown that a stratght line is the 
shortest distance between two points A, 
andB. 

Let A C B be the straight line join- 
ing A andB, and ADEB any other 
line drawn from A to B. In ACB 
take any point C ; 
and from the centre vs 
A with the radius 
A C describe a cir- 
cle, cutting AD E B 
in D; and join AD, DB. Then, be- 
cause A D and D B are together greater 
than A B, and that A D is equal to A C, 
D B is greater than C B (ax. 6.). There- 
fore, if a circle be described from the 
centre B with the radius B C, it will cut 
the straight line D B in some point be- 
tween D and B ; and, consequently, the 
line ADEB in some point E which is 
in the part DEB. Join E B. Then, 
if A D be made to coincide with A C, 
and B E with B C, it is evident that the 
parts AD and EB (curvilineal or 
• otherwise) of the whole line ADEB 
(curvilineal or otherwise) will form a 
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complete path firom A to B, vrhich is Now, the line D F falls between D B 

shorter than AD £B by the intermedin andDG, because the angle ED 6 is 

ate part D E. equal to B A C, which is supposed to 

Therefore, there is no path from A to be greater than E D F. But the point F 

B, the straight Ime A C B excepted, than may fall 1° without the triangle D E 6 ; 

which a shorter may not be found be- or 2^ upon the base E G ; or 3° within 

tween A and B. But, since none of the the triangle D E G. 

paths from A to B can be less than of In the first case, because D G it 

some certain length, there must be some, equal to A C, that is, to D F, the angle 

one or more, uiorter than the others. DFG is equal to the angle DGF(6.), 

Therefore, the shortest path is the But the angle EFG is greater than 

straight line ACB. fVom this pro- DFG, and EGF b less than DGF. 

perty the straight line which joins two Therafore much more is the angle E FG 

points derives me name of the distance greater than the angle EGF. There- 
fore, also, the side £ G» that is B C, is 
greater than E F (9.). 



oetween them. 

Hence, also, we may 

infer, that qf any ttoo 

paths, ACB, ADB, 

leading /row A to B, 

and everywhere coU' 

cave towards the stra^ht line AB, that 

which is enveloped oy the other, as « ai. *u'^ t * tn w j t* n u^ 

ADB,isthesho^t. /or of all the paths Jj ^l!!,^''"!; ^i5* ^Ju^^^ ^ 
«n* i«i«» w,.ra^« AT^Ti o«^ iKoofili^K* produccd to H and K. Then, because 




In the second case, 
it is at once evident 
that EG, that is, BC, 
is greater than E F. 







And this is the case whether the paths ^ '^^^^^ triangle D FG, are equal to 
A C B and AD B be both of them cur- 
vilineal, or one of them, (ACB or ADB) 
rectilineal. 

Prop. 11. (Eve. L 24 & 25.) 

If two triangles have two sides of the 
one eqtiol to ttoo sides of the other, each 
to each, but the angle which is contained 
by the two sides of the one greater than 
ike angle which is contained by the two 
sides equal to them of the other, the base 
of that which has the greater angle shall 
be greater than the base of the other : 
qnd conversely. 

Let ABC, 
DE F, be two 
triangles having 
ihe two sides AB, 

A C of the one ^ ^ i^^<\^xt 

equal to the two ^ 

sides D E, D F of the other, each to 
each, but the angle B A C mater than 
the angle ED F : the base B C shall be 
greater than the base E F. 

At the point D in the straight line 
DE, make the angle EDG equal to the 
angle BAG (Post 6.) ; take DG equal to 
AC, and join E G, G F. Then, because 
the triangles ABC, DEG have two 
sides of the one equal to two sides of the 
other, each to each, and the included 
angles B A C, EDG equal to one ano- 
ther, the bases B C, E G are equal to 
one another (4.). 





one another (6. Cor. 2.). But E F G is 
greater than H F G, and E G F is less 
than KGF. Therefore much more is 
the angle EFG greater than the angle 
E G F, as in the first case, and the side 
E G, that is B C, is greater than E F (9.). 

Next, let the base B C be greater than 
the base EF; the angle BAC shall 
likewise be greater than the angle EDF. 
For B A C cannot be equal to E D F, 
because Ihen (4.) the base BC would be 
equal to the base EF ; neither can it be 
less than E D F, because then, by the 
former part of the proposition, the base 
B C would be less than the base E F. 
Therefore, the angle B A C cannot but 
be greater than the angle E D F. 

Therefore, &c. 

Prop. 12. 

A straight line may be drawn per- 
pendicular to a given straight line of 
indefinite length, from any given point 
without it; but, from the same point, 
there cannot be drawn more than one 
perpendicular to the same straight line. 




Let B C be 

a given straight 
line of indefinite 
length, and A any 
given point with- 
out it. A perpen- 
dicular may be drawn from the point A 
to the straight line B C. 

In B G take any point D ; join A D« 
{Old produce it to any point E, (Post. 1.). 
With the centre A and the radius A£ de- 
scribe a circle cutting B C in the points B 
and C upon each side of the point D. 
(Post. 2.). Bisect B C in F, and join 
AF, AB. AC, (Post. 3.). Then because 
AB is equal to A Q, ABC is an isosceles 
triangle. Therefore AF, which is drawn 
from the vertex A to the middle point of 
the base B C, is perpendicular to the 
base (6. Cor, 3.) ; that is, a straight line 
A F may be drawn from the point A 
perpendicular to the straight line B C. 

But, from the same point A there can- 
not be drawn more than one perpendicu- 
lar to the same straight line B C. For, 
if any other straight line AD were per- 
pendicular to B C, the two angles, ADF 
and AFD, of the triangle AD F, would 
be together ec[ual to two right angles, 
which (8.) is impossible. 

Therefore, &c. 

Cor, 1. If from any point A to a 
straight line B C, there be drawn a 
straight line A B which is not at right 
angles to B C, a second straight line AC 
may be drawn from A to B C, which 
shall be equal to AB ; for, the perpen- 
dicular AF being drawn, and FC being 
taken equal to FB, it may easily be shown 
(4.) that A C is equal to A B. 

Cor. 2. Of straight lines AB, AD, 
which are drawn from A to B C upon 
the same side of the perpendicular A F, 
that which is nearer to the perpendicular, 
as A D, is less than the other, which 
is more remote. For, the angle AIb D 
or ABF being (8. Cor. 1.) less than the 
exterior right angle AFC, and again 
AFD or A F C less than the exterior 
angle ADB, much more is the angle 
A B D less than ADB, and therefore 
also the side AD less than AB (9.). 

Cor, 3. In the same manner it may 
be shown that the perpendicular A F is 
the least of all straight Hnes which can 
be drawn from A to B C For, if A B 
be any other straight line, the angle 
ABF being less than the exterior angle 
AFC, that is than A F B (def. 10.), the 
side A F is also less than the side A B 
(^.). For this reason, the perpendicular 
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AF is called also ihi distance qf the 
point A from the line B C. 

Cor. 4, Hence, if, from the centre A, 
a circle be described with a radius less 
than the perpendicular A F, it will not 
meet the straight line B C ; if with a 
radius equal to A F, it will mtet B C in 
one point only, which is the foot of the 
perpendicular; and if with a radius 
greater than A F, it will meet B C in two 
points, which are at equal distances from 
the foot of the perpendicular, upon either 
side of it. 

Prop. 13. 

jy, in two right-angled triangles^ the 
hypotenuse and a side of the one be 
equal to the hypotenuse and a side of 
the other; or, if the hypotenuse and 
an adjacent angle of the one be equal to 
the hypotenuse and an adjacent angle 
of the other ; the triangles shall be equal 
to one another in every respect. 

Let AB C, DEF, be two triangles, 
having the angles at B and E right an- 
gles : and first, let the hypotenuse A C 





and side A B of the one be equal to the 
hypotenuse DFand side DE of the other. 
The triangles ABC, DEF, shall be equal 
to one another in every respect 

For, if the side AB be made to coincide 
with DE, which is equal to it, the right 
angle ABC will also coincide with the 
right angle DEF (1 . and ax. 1 1 ). There- 
fore, if AC do not coincide with DF, but 
fall otherwise, ^as DG, there will be drawn 
from the point D to the line E F, upon 
the same side of the perpendicular, two 
straight lines that are equal to one ano- 
ther, which is impossible (12. Cor. 2.). 
Therefore, A C coincides with D F, and 
the triangle ABC coincides with the 
triangle DEF, that is, (ax. 11.) the trian- 
gles ABC and DEF are equal in every 
respect. 

Next, let the hypjotenuse AC and angle 
ACB of the one triangle be equal to the 
hypotenuse D F and angle DFE of the 
other. In this case, also, the triangles 
shall be equal in every respect. 

For if the hypotenuse A C be made 
to coincide with D F, which is equal to 
it, the angle ACB will also coincide 
with DFE, which is equal to it. There- 
fore, if A B do not coincide with D E, 
but fall otl^rwise, as D G there will be 
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drawn from the point D to the line E F» 
two perpendiculars, which is impossible 
(12). Therefore, A B coincides with 
D £, and the triangle ABC coincides 
with the triande D£F, that is, (ax. 11.) 
the triangles AB C and D E F are equal 
in every i-espect. 
Therefore, &o« 

Section 3. Parallels. 

Prop. 14. 

Straight lines which are at right 
angles to the same straight line^ are 
parallel: andy conversely ^ parallel 
straight lines are at right angles to the 
same straight line ; that u, if a straight 
line he drawn through the two at right 
angles to one qf them, it shall be at 
right angles to the other likewise. 

The first part of the proposition is 
manifest; for if A Band CD be each 
of them at right angles to the straight 



line E F, and be not parallel, they must 
meet one another ; in which case, there 
will be two perpendiculars drawn to the 
same straight line £ F from the same 
point, \iz. the point of concourse. But 
(12.) this is impossible. Therefore, AB 
cannot meet CD, though produced ever 
so far both ways, that is (def. 12.) AB 
is parallel to C D. 

In the next place, let A B be parallel 
to C D, and from any point E of A B let 
£ F be drawn at ri^ht angles to C D : 
£ F shall also be at right angles to A B. 
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Through £ let any straight line L M 
be drawn which is not at right angles to 
£F. Produce F£ to G, so that EG 
may be equal to £ F, and from G draw 
G H perpendicular to G F. Through £ 
draw /m, making the angle GEm equal 
to the angle F£ M. In FD take any 
point K : make G H equal to F K, and 
join H K, cutting the lines LM,[lm in 
the points M, m. Then it may easily be 
shown (by doubling over the figure, and 
applying the straight line £ F upon £ G, 
so that the point F may coincide with 
the point G, and therefore the straight 
line FK with GH^and E M with Em,) 



that £ M it equal to £ m» and M K 
tomH. 

Now, it seems s^ciently evident^ 
that, the straight lines G H and F K 
being at risht angles to the same straight 
line, and therefore (by the first part of 
the proposition) never meeting one ano* 
ther, the distance H K» of any two cor- 
responding pK>ints in them* neither in* 
creases nor diminishes, but remains al- 
ways equal to FG ; while, on the other 
hand, the lines EM and Em cutting one 
another in £, the distance M m, of any 
two corresponding points in them,conti* 
nually increases with the distance from 
£, and may, by sufficiently producing 
£M, Em, be made ereater than any 
assigned distance, as FG. Therefore, 
the straight lines £ M. Em may be pro- 
duced, so that Mm may l)ecome greater 
than HK« But, because M K is always 
equal to mH, Mm cannot become 
greater than HK, unless the straight 
fine £ M cuts the line F D, and Em tlie 
lineGH. 

Therefore £ M and Em may be pro- 
duced, until they respectivdy meet the 
ImesFDandGH. 

Hence, it appears, that A B, which 
never meets C D, cannot but be at right 
angles to £ F : for, it has been shown, 
that any straight line which passes 
through E, and is not at right angles 
to £ F, may be produced to meet C D. 

Therefore, &c. 

Cor, 1. Any point £ being given, a 
straight line A B maybe drawn through 
that point, which shall be parallel to a 
given straight line CD ( 1 2. and Post. 5.). 

Cor. 2. Through the same given 
point, there cannot be drawn more than 
one parallel to the same given straight 
line. 

Cor, 3. If a straight line cut one of 
two parallels, it may l^e produced to cut 
the other likewise. 

Scholium, 

The second part of this proposition 
is not supported by that cogency of 
demonstration which is said, and witli 
truth, to characterize every other part 
of Geometry. Of the two particulars 
which have been assumed, one indeed, 
viz., that which regards the unlimited di- 
vergency of cutting lines, seems almost 
axiomatic or self-evident. The other is 
not equaJly so. It may be illustrated 
by observing that, at equal intervals, 
upon either side of E F, the distances 
of corresponding points are equal to 
one another ; and thence arguing, tha+- 
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from one of these to the other, the dis- of them be equal ; and hence, if a 

lance can neither have been increasing straight line be drawn at right angles to 

nor diminishing, for that, had either been one of two parallels, it may easily be 

the case, since the lines are sirat^hi, shown to cut the otiier at angles, which 

the distance of their corresponding pomts are equal to one another, that is, at right 

would have continued to increase or to angles. 

diminish. Should this, however, as we It is demonstrated in Prop. 16., that, 

can easily imagine, fail to satisfy the if two straight lines be parallel, the 

student, we must refer him to measure- perpendiculars drawn from the points 

ment for such a degree of conviction as of the one to the other must all of them 

it can afford. be equal : but that demonstration itself 

In fact, although it may be shown rests upon the converse part of Prop, 

without diifficulty, that certain straight 14., which is here in question. The 

lines will never meet one another ; the reader must not imagine, therefore, that 

converse, viz., that straight lines, which the above assumption is at all assisted 

never meet one another, must have cer- by that demonstration, 
tain properties, has never been strictly „ , e /-c • o* oo ««j on \ 
demomtmied. It is agreed by Geome- P^o^' 1^. (Euc. i. 27. 28 and 29.) 
trical writers thkt some assumption is Straight lines which make equal 

indispensable.* angles with the same straight line. 

The following is, perhaps, as simple towards the same parts, are parallel : 

as any that can be proposed, while it and, conversely, if two parallel straight 

has Che advantage also of not being lines be cut by the same straight line, 

many steps distant from the proposition they shall make equal angles with it 

in question. towards the same parts. 

" If from two points of one straight Let the straight lines AB, C D make 

line to another, there faU two unequal equal angles BEG, DFG, with the 

perpendiculars, the straight lines will same straight line E F, towards the 

meet one another, if produced, upon the same parts : AB shall be parallel to CD. 
side of the lesser perpendicular.'* 

Hence, if two straight lines be paral* ^* 
lei, the perpendiculars drawn from the ^ 
points of the one to the other, must all ^ ■ — — -^^ ■ 




o 

* That of Euclid (the famous twelfth axiom, see 
15. Cor. 4.) is the converse of our eighth proposition, 

and asserts that, if the two interior angles made br tj* ^^x T? "l? :« TJ rOr>.^ o \ A.^.» XJ 

two straight lineswith a third be together less than • UlSCCt Jl* i* in ±1 (rOSt. d.), Irom t± 

two right angles, the two straight lines will meet draW H K perpendicular lo C D (12.), 

r^r^'^J^k^LT •"•"""'•'•"""""Ki.. and produce KH to meet A B in L 

Simson's demonstration of this axiom rests upon Then becaUSC the angle H E L IS equal 

an assumption, which is scarcely more evident than to B E G (3.), and that B £ G is equal tO 

that of the text, VIZ., that if the perpendiculars which Txiiir* «.- jjw 4\*^ «ir.o.iy* XJ c T ;. 

are drawn from two points of one straight line to I> r vr Or Jl J? K, tnc angle ±1 ili Jj IS 

another be equal, any other perpendicular, drawn equal tO the angle H F K (aX. 1 •)• The 

eUhw^JoSL. ^^^'^^ ******'' '**^'''*'*''^^*''^'*'^''^ vertical angles EHL, FHK are like- 

A modem geometer of great celebrity, M. Legendre, wise equal to one another (3.). There- 
has, after more than one alteration, suegested, fo^g the trianeles HEL and HFK 

fA1i^Cwh"rnr .§S?U° «i:S fe.* having two aiigles of the one equal to 

an Elementary Treatise. He is, notwithstanding, of twO angles of the othcr, cach tO each, 
opinion, that the grand truth with which it is so mti- «„j au5- a\Ap^ H E H F which lie hp- 
niately connected, vii., that " the three angles of a f"^ ^"®? ^'"®* 11 JL, n r, wnicn ue DC- 
triangle are together equal to two right angles," tweCU the Cqual angles, alSO Cqual tO 
may be referred to the general principle of homo- q^^q another, are Cqual in CVC^ respCct 

thfs'^p^kcc. thaJi\haurteM??rus*?^ (5.). Therefore, the angle HLK is 

instance, that the angles of a triangle depend, not equal to the angle H K F, that is, tO a 

upon the absolute magnitude of its sides, W upon right angle. But straiffht lines which 

their relative magnitude; so that a triangle whose **5»»*^ «*"6**" ■""•• o"«*»5"i. *****'« • w* 

sides are 3, 4, and 5 times some given line will are at right angles to the same straight 

have the same angles whether the given line be line K L are parallel (14.). Therefore, 

an inch or a mile ; a truth which, indeed, seems to a o * ii i 4 r* t\ 

be nearly related to the moro simple truth, that an A D IS parallel 10 K^ U, 

angle is not increased by producing the sides which Ncxt let A B be parallel tO C D, and 



contain it. and leads directly to the theory of paral- i^* ♦ Up^ Kp p„f Ky ihe same straight line 

lei straight lines. But, though the principle be of ^^^^^^ ^ ^^ STt^TJ^tV inV!P i^^ 

extensive application, the reasoninjf by which it is G E F ; the angles B E G, D F G, whlch 

established has been shoiwi to be incomplete, and ^rg towards the same parts, shall be 

sttch as, if great circumspection be not used, may ^ ^i 4.^ ^^^ ««/^*l,*»*. 

even lead to fallacies. equal to one another. 
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Bisect £ F, and draw the straisrht line 
L K, as before. Then, bacause L K is 
at rischt angles to C D, and that A B is 
paxuUel to C D, L K is at right angles 
also to A B ( 1 4.)* And, because, in the 
right-angled triangles H £ L, H F K, the 
hypotenuse H£, and adjacent angle 
Ea L of the one, are equal to the hypo- 
tenuseHF, and adjacent angle FHK 
(3.) of the other, they are equal in every 
respect (13.)* Therefore, the anrie 
H £ L is equal to the angle H F K, 
and B £ G, which is equal to H £ L (3.)> 
is equal to D F G.* 

Therefore, &c. 

Cor. 1. When two straight lines A B, 
CD, arecutby a third, £F, the angle 
B £ G, is called the exterior angle, and 
the angle D F G, the interior ami oppo^ 
site angle t^xm the same side of the hne. 
Therefore, if one straight line fall upon 
two other straight lines, so as to make 
the exterior angle equal to the interior 
and opposite upon the same side, those 
two straight lines shall be parallel : and 
conversdy. 

Cor, 2. The angles A £ F, £ FD, are 
called alternate armies. And A £ F is 
always equal to B KG (3.). Therefore, if 
one straight line fall upon two other 
straight lines so as to make the two alter- 
nate angles e^ual to one another, those 
two straight Imes shall be paralld : and 
conversely. 

Cor, 3. The angles B £ F, and DF£, 
are called interior angles on the same 
side of the line. Now, when B £ G is 
equal to DFG, or DF£, the angles 
B £ F and D F£ are together eouu to 
two right angles, because B £ F and 
B £ G, are together equal to two right 
angles (2.). Therefore, if one sh'aight 
line, falling upon two other straight lines, 
make the two interior angles, on the same 
side, together equal to two right angles, 
the two straight lines shall be parulel : 
and conversdy. 

Cor. 4. (Euc. i. ax. 12.) If one straight 
line, falling upon two other straight lines, 
make the two interior angles, on the same 
side, together less than two right angles. 




* A shorter demonstration may be. bad, by con- 
aidering tbat if the angles BE O, D FO, be equal 
to one another, the two interior angles upon each 
side.ofE F will be together equal to two right angles; 
and, therefore, cannot be two angles of a triangle (8.), 
that is A B, C D cannot meet npon either side of 
EF; and hence the converse, because (14. Cor. S.) 
only one parallel can be drawn through the same 
point to the same straight line. That which is given 
an the text, however, seems preferable, as pointing 
oat the connexion of the proposition with Prop. 14., 
vhtoh immediately precedes it. 



the two straight lines shall meet upon 
that side, if produced far enouglu 

Prop. 16. 

Parallel straight lines are every 
where equidistant ; that is, tffrom any 
two points of the one, perpendiculars 
be drawn to the other, those penyendi" 
cidars shall be equal to one another. 

Let AB, CD 
be two parallel 
straight lines ; and 
from the points 
A, B, of A B, let 
AC, BD be drawn perpendicular to 
CD (12.): AC shaUbe equal to BD. 

Join B C. Then because A C and B D 
are perpendicular to the same straight 
line C D, they are parallel (14.). There- 
fore, the alternate angles A C B, D B C, 
are equal to one another (15. Cor, 2.). 
Again, because A B is parallel to C D, 
the alternate angles ABC, D C B are 
equal to one anoUier (15. Cor. 2 .). There- 
fore the triangles A B C, D C B, having 
two angles of the one equal to two 
angles of the other, each to each, and 
the same line, BC, lying between the 
equal angles, are equal in every respect 
(5.). Therefore, A C is equal to B D. 

Therefore, &c. 

Cor, It appears firom the demonstra* 
tion, that if A C be only parallel to B D, 
A C and B D will be equal to one another. 
Therefore, the parts of parallel straight 
lines, which are intercepted by parallel 
straight lines, are equal to one another. 

Prop. 17. (£uc.i. 30.) 

Straight lines, which are parallel to 
the same straight line, are parallel to 
one another. 

Let the straight lines A B, CD be 
each of them .^ 

parallel to £F: ^ 1_ a. 

A B shall be pa- ^ \ ^ 

rallel to C D. y- j ^ 

For, if the straight line G H be at 
right angles to E F, it will be at right 
angles to A B, because A B is parallel 
to £F(14.): and, for the like reason, 
it will be at right angles to C D : there- 
fore, A B and C D being at right angles 
to the same straight line, G H, are paral- 
lel to one another (14.). 

Therefore, &c. 

Cor. Hence it appears that the qua- 
drilaterals into whicn the parallelogram 
A B C D is divided in deL 23., by lines 
drawn parallel to two adjacent ,sid^ 
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-are likewise themselves parallelograms 
(def. 17.) 

Prop< 18. 

• If^ of two angles in the stone plane, 
the sides of the one be parallel to the 
sides of the other, or perpendicular to 
the sides of the other, in the same order^ 
the itoo angles shall be equal* 

LetABCDEFbe 
two angles in the same 
plane, having the sides 
AB, B.C of the one & 
parallel to the sides 
D E, E F of the other, 
«ach to each; and 
let the sides A B,DE, 
lie in the same direc- 
tion from the sides 
B C, E F : the angle 
ABC shall be equal 
to the anele DEF. 

Join B £ , and produce it to G. Then, 
because A B, D £ are parallel, and G B 
falls upon them, the exterior angle 
D E G is equal (15. Cor. I.) to the inte- 
rior and opposite angle ABE: and, for 
the like reason, F EG is equal to C B E : 
therefore, if these two equals be taken 
respectively from the former two, (ax. 3.) 
the remaining angle ABC will be equal 
to DEF. 

Secondly, let H K L be an angle, the 
sides of which are perpendicular to 
those of the angle ABC, each to each, 
viz., HK to AB, and KL to BC: 
the angle HKL shall be equal to 
ABC. Draw B M perpendicular to 
B A (Post. 5.), and therefore ( 1 4.) parallel 
to K H, and B N perpendicular to B C, 
and therefore parallel to K L. Then, by 
the first part of the proposition, the angle 
M B N 18 equal to HKL. But, be- 
cause the right angle M B A is equal to 
the right angle NB C (1.), and the part 
NAB common to both, the remain- 
ing angle MBN is equal to ABC 
(ax. 3.). Therefore, (ax. 1.) ABC is 
equal to H K L. 

IJierefore, &c. 

dor. The demonstration of the second 
case, viz. that in which the sides of the 
one angle are perpendicular to the sides 
of the other, requires only that the angle 
M B A be equal to N B C. 

Therefore, if, of two angles, the sides 
of the one make equal angles with the 
sides of the other, respectively, in the 
same order, and towards the same parts, 
the two angles shall be equaL 
Prop. 19.(Euc. i.32.) 

'' ^ne side of a triangle be produced. 



the exterior angle shall be equal to the 
two interior and opposite angles ; and 
the three angles of every triangle are 
together equal to two right angles. 

Let the side B C of the A at 
triaagte ABC be produced / / 
to D: the exterior ansle / / 
A C D shall be equal to the / / 
two interior and opposite ^ — J, — ^ 
angles at A and B ; and the 
three angles of the triangle ABC shall 
be together equal to two right angles. 

Draw CE parallel to BA (14. Cor. 1.). 
Then, because AC meets these parallels, 
tiie alternate angles ACE and A are 
equal ; and because B D falls upon the 
same parallels, the angles E C D atid B 
are equal (15. Cor. 1. and 2.). Therefore, 
the whole angle A C D, which is made 
up of the two angles ACE, £ C D to* 
gether, is equal to the angles at A and 
B together (ax. 2.). 

To each of these equals add the angle 
ACB : therefore, (ax. 2.) the three angles 
of the triangle AB C are together equal 
to the angles A C D, ACB, that is, to 
two right angles (2.). 

Therefore, &c. 

Cor. ]« If two triangles have two 
angles of the one equal to two angles of 
the otheri their third angles will likewise 
be equal to one another. 

Cor. 2. (Euc. i. 26, second part of.) 
Hence, if two triangles have two an- 
gles of the one equal to two angles 
of the other, each to each, and one 
side equal to one side, the equal sides 
being opposite to equal angles in each, 
the two triangles shall be equal in every 
respect (5.). 

Cor. 3. In a right-angled triangle, the 
right angle is equal to the sum of the 
other two angles : and, conversely, if one 
angle of a triangle be 
equal to the sum of the 
other two, that angle 
shall be a right angle. 

Cor. 4. In a right-angled triangle, the 
straight line, which is drawn from the 
right angle to the middle of the opposite 
side, is equal to half that side: and, con- 
versely, if this be the case in any triangle, 
the angle from which the straight line is 
drawn shall be a right angle. 

For, if the right angle be divided into 
parts equal respectively to the two acute 
angles, the triangle will be divided (6.) 
into two isosceles triandes. And, in 
the converse, the triangle being made up 
of two isosceles triansles, one of its 
angles is equal to the other two. 
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Prop. 20. (Eire. 1 32, Corr, U and 2.) 

Ml the exterior angles of any recti- 
lineal /igure are together equal to four 
right angles : and au the interior angles^ 
together with four right angles, are 
equal to twice as many right angles as 
the figure tias sides. 

For, if from any point 
in the same plane, straight 
lines be drawn, one after 
the other, parallel to the 
sides of the figure, the -^ 
angles contuned by these 
straight lines about that point, will be 
equsd to the exterior angles of the fi^rc 
(180, each to each, because their sides 
are parallel to the sides of the figure. 
Thus, the angles a, 6, c, d, e, are re- 
spectively equal to the exterior angles 
A, B, C, D, E. But the former angles 
are together (3. Cor.) equal to four right 
angles ; therefore, all the exterior aneles 
of the figure are together equal to lour 
right angles (ax. I.). 

Again, since every interior angle, to- 
gether with its adjacent exterior angle, 
is equal to two right angles (2.) ; all the 
interior angles, together with all the ex- 
terior angles, are equal to twice as many 
right angles as the figure has angles. 
But all the exterior angles are, by the 
former part of the proposition, eaual to 
four right angles ; and the figure has as 
many angles as sides : therefore all the 
intenor angles together with four right 
angles are equal to twice as many right 
angles as the figure has sides. 

Therefore, &c. 

Cor, The four angles of a quadri- 
lateral are together equal to four right 
angles. 

Section 4. Parallelograms. 

Prop. 21. (Euc. L 33.) 

The straight lines which join the ex- 
tremities 0/ two equal and parallel 
straight lines towards the same parts, 
arje likewise themselves equal andpa^ 
rallel. 

Let the straight 
lioes AD, BC be 
equal and parallel, 
and let them be join- 
ed towards the same 
parts by A B, CD: AB shall be both 
equal to CD, and parallel to it. 

Join B D. Then, l)ecause in the tri- 
angles ADB, CBD, the two sides 
A D, D B are equal to the two C Bt 
h D» each to each« and the angles A DB» 




CBD equal to one another, for they are 
alternate an8:les (15.), the side AB is 
equal to C D, and the angle A B D to 
C DB (4.) ; and, hence, because A B D, 
C DB are alternate angles (15.), AB is 
also parallel to C D. 
Therefore, &c. 

Prop. 22. (Euc. i. 34, first part of.) 

The opposite sides and angles of a 
parallelogram are equal, and its diago- 
nals bisect one another : and, conversely, 
if, in any quadrilateral figure, the op^ 
posite sides be equal ; or tfthe opposite 
angles be equal; or if the diagonals 
bisect one another; that quadrUaleral 
shall be a parallelogram. 

Let A B C D be a parallelogram (see 
the last figure), and let its diagonals 
A C, B D cut one another in the point 
E : the sides AD, B C. as also, A H, 
C D, shall be equal to one another ; 
the angles A and C, as also B and D 
shall be equal ; and the diagonals A C. 
B D shall be bisected in E. 

For, in the first place, that the oppo- 
site sides, as A D and B C, are equal, is 
evident, because they are parts of pa- 
rallels intercepted by parallels (16. Cor,). 
Also, the opposite angles are equal, as 
at D and B ; for the angle at D is 
equal to the vertical angle formed by 
C D, AD produced (3.x and the latter to 
the angle B (18.). 

Lastly, with regard to the bisection of 
the diagonals : because A D is parallel 
to B C, the two triangles E A D, E C B 
have the two angles E A D, E D A of the 
one equal to the two angles E C B, E B C 
of the other, each to each (15.) ; and it 
has been shown, that the interjacent 
sides A D, B C are equal to one another • 
therefore, (5.) E A is equal to EC, and 
ED to EB, that is, AC, BD are hi- 
sected in E. 

Next, let the opposite sides of the 
quadrilateral ABCD be equal to one 
another: it shall be a parallelogram. 
For, in the triangles A B D, C D B, the 
three sides of the one are equal to the 
three sides of the other, each to each • 
therefore, the angle A B D is equal to 
CDB (7.), and (15.) AB is parallel to 
C D. And, for the like reason, A D is 
parallel to B C. 

Or, let the opposite angles be equal : 
then, because the angles at A and B to- 
gether are equal to the angles at C and D 
together^ and that the four angles of the 
quadrilateral (20. Cor,) are equal to four 
right angles, the angles at A and B are 
together equal to two right angles, or 
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(15. Ccfr.S.) AD is parallel to B C. 
And, for the like reason, A B is parallel 
to C D. 

Or, let the diagonals A C, BD, bisect 
one another in £: then, because the 
triangles £ A D, E C B, have two sides 
of the one equal to two sides of the 
other, each to each, and the included 
angles AE D, C E B, (3.) equal to one 
another, the angle £ A D is (4.) equal to 
£ C B, and. therefore, (15.) AD is pa- 
rallel to B 0. And, for the like reason, 
A B is parallel to C D. 

Therefore, in each of the three cases, 
the figure is a parallelogram. 

Therefore, &c. 

Cor, 1. (Euc. i. 34. second part of.) 
A parallelogram is bisected by each of 
its diagonals ; for the triangles into which 
it is divided are equal to one another. 

Cor. 2. The diagonals of a rhombus 
bisect one another at right angles. For 
the triangles into which it is divided by 
either of its diagonals are isosceles tri- 
angles, of which that diagonal is the 
base (6. Cor, 4.) 

Cor. 3. (Euc. i. 46. Cor.) If one angle 
of a parallelogram be a right angle, all 
its angles will be right angles. 

Cor. 4. By hel^ of this Proposition 
more complete notions may be acquired 
of the rhombus, rectangle, and square : 
for, hence it appears, that a rhombus 
has all its sides equal to one another ; 
that a rectangle has all its angles rig:ht 
angles ; and that a sq^uare has all its 
sides equal, and all its angles right 
angles. 

Prop. 23. (Euc. i. 43.) 

The complements of Ihe parallelo- 
grams^ which are about the diagonals 
of any parallelogram^ are equal to one 
another. 

Let A B C D be 
a parallelogram, and 
through any point E ^ 
in the diagonal B D _ 
let there be drawn the ^ 
straight lines FG, HK parallel to the 
sides B C, D C respectively : the com- 
plement A E shall be equal to £ C. 

Because A B C D is a parallelogram, 
of which B D is a diagonal, the trianrfe 
ABD is (22. Cor. 1.) equal to CDB. 
In like manner, because F K, and 
HG(17. Cor.) are parallelograms, the 
triangles F B E, H £ D are equal to the 
triangles K E B, G D £ : therefore, 
taking these equals from the former, 
there remains (ax. 3.) the complement 
A E equal to £ C. 
Therefore, &c. 



Prop. 24. (Euc. i. 35.) 

Parallelograms upon the same base, 
and between the same parallels, are 
equal to one another. 
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Let the parallelograms A B C D, 
£ B C F, be upon the same base BC 
and between tne same parallels AF, 
B C ; the parallelogram A B C D shall 
be equal to the parallelogram £ B C F. 

Because AD and £F are each of them 
(22.) equal to BC, they are (ax. 1.) equal 
to one another. Therefore, the whole 
or the remainder AE is equal to the 
whole or the remainder DF (ax. 2. or 3.). 
Therefore, the two triangles E A B, 
F D C, having two sides of me one equal 
to two sides of the other, each to each, 
and the included angles £ A B, F D O 
equal, are equal to one another (4. Cor.), 
Therefore, taking each of these equals 
from the whole figure A B C F, there re- 
mains (ax. 3.) the parallelogram E B C F 
equal to the parallelogram A B C D. 

If the pomts D, £ coincide, A E 
is the same with AD, and DF the 
same with £ F ; therefore, A £ and D F, 
being each of them equal to B C, are 
equsd to one another ; and, hence, 
the trian^ £ A B is equal to the tri- 
angle F D C, and the parallelogram 
EB OF to the parallelogram A B C D, 
as before. 

Therefore, &c. 

Cor. Every parallelogram is equal to 
a rectangle of the same base and alti- 
tude. 

Prop. 25. (Euc. i. 36.) 
Parallekfgrams upon equal bases, and 
between the same parallels, are equal to 
one another. 

Let the paral- 
lelograms AB CD, 
£FGH,l)eupon 
equal bases BC, 
FG, and between 
the same parallels 
AH, BG. The parallelogram A B C D 
shall be equal to the parallelogram 
EFGH. 

Join £ B, He. Then because £ H 
(22.) and B C are each of them equal to 
F G, they are equal to one another ; and 
they are likewise parallel; therefore, 
£ B and H C are also equal and parallel 
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(21. )> and £B CH is a parallelogram. 
But the parallelofrram E B C H is equal 
to A B C D, because it is upon the same 
base BC, and between the same paral* 
lels (24.) : and for the like reason EjB C H 
is equal to E F G H. Therefore (ax. 1 .) 
A B C D is equal to E FGH. 

Therefore, &c. 

Cor* The squares of equal straight 
lines are equal to one another: and 
conversely. 

Prop. 26. (Euc. i. 41.) 

If a parattdogram <md a triangle be 
vpon the same base and between the 
same parallels^ the parallelogram shall 
be double of the triangle. 

Let the parallelo- 
gram ABC D and the ^ "^ V r 
triangle E B C be upon 
the same base B C, and 
betvi'een the same pa- 
rallels AD, BC. The 
parallelogram A B C D shall be double 
ofthetrian^eEBC. 

Complete the paraUelogram E B C F.* 
(14. Cor. 1.) Then the parallelogram 
£ B C F is double of the triangle EBC, 
because it is bisected by the diagonal E C 
(22. Cor.) ; and A B CD is equal to E B 
C F, because it is upon the same base, 
andl)etween the same parallels (24.). 
Therefore, the parallelogram ABCD 
is also double of the triangle EBC. 

Therefore, &c. 

Cor. Every triangle is equal to the 
half of a rectangle of the same base and 
altitude. 

Prop. 27. (Euc. L 37, 38, 39, & 40.) 

Triangles upon the same base, or 
tqffon equal bases, and between the same 
parallas, are equai to one another : and 
conversely, equal triangles, upon the 
same base, or upon equal bases in the 
same straight line, and towards the same 
parts-, are between the same parallels. 

The first part of the 
proposition is manifest ; 
for the triangles are 
the halves of parallelo- 
grams (26.) upon the 
same base, or upon equal bases, and 
between the same parallels ; and because 
these parallelograms are equal to one 
another (24. or 25.), the triangles, which 
are their halves, are also equal (ax. 5.). 

^ * To complete the parallelogram, in this case, it 
U onljr renuisite that C F should be drawn through 
the point paraUel to B £. to meet A D produced 
in F. The word complete^ indeed, almost explains 
itself : in future constraotioas il w>U b« introdaoed 
wi|ho«t farther BotiM. 




In the second place, tiievefore, let the 
triangles ABC, D B C, standinff upon 
the same base B C, or upon equal bases 
B C, B G, in the same stnught line, and 
towards the same parts, be ecjual to one 
another ; and let A D be Joined : A D 
shall be parallel to BG. 

For, if not, let A E (14. Cor. 1.) be 
parallel to B C ; and let it meet D B in 
£. Join E C. Then, by the first part 
of the proposition, because ABC, 
E B C, are upon the same base, or 
upon equal bases, and between the 
same parallels, the triangle E B C is 
equal to ABC, that is, toDBC ; the 
less to the greater, which is impos- 
sible. Therefore A E is not parallel to 
B C ; and in the same manner it maybe 
shown that no other straight line which 

g asses through A, except A D only, can 
e parallel to B C ; that is, (14. Cor. 1.) 
AD is parallel to BC. 
Therefore, &c. 

Cor. 1. It is evident that the second 
(or converse) part of the proposition ap- 
plies equally to parallelograms, as to 
triangles. 

Cor. 2. If a quadrilateral be bisected 
by each of its diagonals, it must be a 

Sarallelogram ; for the two triangles 
.B C, D B C (see the figure of Prop. 
21.) which stand upon any one of its 
sides BC for a base, and which have their 
vertices in the side opposite, bein^ equal, 
each of them, to huf the quadrilateral, 
are ec^ual to one another ; and therefore 
A D is parallel to B C ; and, for a like 
reason, A B is parallel to D C, 

Prop. 28. 

A trapezoid is equal to the half of a 
rectangle having the same altitude, and 
a base equal to the sum of its parallel 
sides. 

Let ABCD be a tra- 
pezoid, having the side 
AD parallel to the side 
B C. The hrapezoid 
ABCD shall be equal to 4 
the half of a rectangle 
having the same altitude, and a base 
equal to the sum of A D, B C. 

Join A C ; through D draw D E pa- 
rallel to A C, and let it meet the base 
B C produced in E, and join A E. 

Then, because D E is parallel to A C, 
the triangle A C D is (27.) eoual to A C E. 
Therefore, the triangles ABC, A C D, 
together, are equal to the triangles 
AB C, AC E. together (ax. 2.); or, the 
trapezoid AB CD is equal to the tri* 

C 
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angle ABfi. Butihe base of the tri- 
angle A B £ is equal to the sum of A D, 
B ( *, because (22.) C £ is equal to A D ; 
and (26. Cor,) every triangle is equal to 
the half of a rectangle of the same 
•base and idtttude. Therefore, the trape- 
zoid ABCD is equal to the half or ^ 
rectangle of the same altitude, and upon 
a base which is equal to the sum of A D, 
BC. 
Therefore, &e. 

Prop. 29. 

If ike w^oining Hdes of a rectangle 
contain, each of them, theeame straight 
line, a certain number of times exactly, 
the rectangle shall contain Jhe square of 
that straight line, as often as is denoted 
by the product of the two numbers^ 
which denote how often the line itself is 
contained in the two sides. 

Let ABDC bea 
rectangle, and let its 
adjacent sides AB, 
AC, contain each of 
them the straight 
line M a certain 
numbar of times ex- 
actly, viz., AB 6 
times, and AC 4 
times : the rectangle ABDC shall con- 
tain the square of M, 6 x 4, or 24 times. 

Divide A B, A C, each of them, into 
.parts eqiual to M ; and, through the divi* 
sion-points of each, draw straight lines 
parallel to the other, thereby dividing 
the rectangle into six upright rows of 
four parallelograms each, that is, upon 
the whole, into twenty-four parallelo- 
grams. Now these parallelograms are 
all of them rectangular, because their 
containing sides are parallel to AB, AC, 
the sides of the right angle A (1 8.). They 
are also equilateral : for any one of them, 
as £, has its upright sides each of them 
(22,) equal to a division of A C, that is, 
to M ; and its other two sides each of 
them equal to a division of A B, that is, 
to M. Therefore, they are squares 
(def. 20.), equal, each of them, to the 
square of M. And they are twenty- four 
in number. Therefore, the square of M 
is contained twenty.four times in the 
rectangle ABDC. 

The same may be said, if, instead of 6 
and 4, any other two numbers be taken* 

Therefore, &c. 
* Cor, 1. In like manner, it may be 
ahown, that, if there be two straight Imes, 
one of which is contained an exact num- 
ber of times in one side of a rectangle, 
ttnd the other an exact number of times 
in the side adjoining to it ; the rectangle 



under those two straietht lines shall be 
contained as often in the given rectangle, 
as is denoted by the product of the two 
numbers which denote how often the lines 
themselves are contained in the two 
aides. 

Cor. 2. The square of twice M is 
equal to 4 times M square, because it is 
a rectangle, in which each of the sides 
contains M twice. In like manner, the 
square of 3 times M is equal to 9 times 
M square— of 4 times M to 16 times M 
square— of 5 times M to 25 times M 
aquare, &c. 

Cor, 3. The square of 5, or 25, is equai 

to the sum of 16 and 9. Consequently 

the square of 5 times M is equal to the 

' square of 4 times M, together with the 

square of 3 times M. 

Scholium. 

From the theorems of this Section 
rules are easily deduced for the m-en- 
suration of rectilineal figures. For 
every rectilineal figure maj^ be divided 
into tiiangles ; and every triangle, being 
equal (26. Cor.) to half the rectangle 
undo: its base and altitude, contains 
half as many aquare units as is denoted 
by the product of the numbers which 
express how often the corresponding 
linear unit is contained in its Imse ana 
in its altitude. Let this linear unit be, 
for example, a foot ; and let it be rer 
quired to find how many square feet 
mere are in a triangle whose altitude is 
10 feet, and its base 9 feet. The rect- 
angle, of which these are the sides, 
contains 10 x 9, or 90 square feet (by 
Prop. 29.) ; and, therefore, the triangle 
contains 45 square feet 

Hence, a rectangle is sometimes said 
to be equal to the product of its base 
and altitude, a triangle to half the pro* 
duct of its base and altitude, and the 
like ; expressions which must be under- 
stood as above, the words rectangle, &c. 
base, &c. being briefly put for the num- 
ber of square units in the rectangle, ^. 
the number of linear units in me base, 
<^. By the length of a line is com- 
monly understood the numl>er of linear 
units which it contains ; and the term 
superficial area, or area, is similarly 
applied to denote the number of square 
units in a surface. With regard to the 
measuring unit, a less or a greater is 
convenient, according to the subject 
of measurement : a glazier measuring 
his glass by square inches, a carpenter 
his planks by square feet, a proprietor 
his knd by acres, and a geographer the 
extent of countries by square miles. 
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Sections. Rectangles under the parii 
of divided linee. 

Prop. 30. (Euc. ii 1.) 

If there be two straight lines, one of 
which is divided into any number of 
parts, the rectangle contained by the 
itpo lines shall be equal to the sum of 
the rectangles contained by the unck- 
vided line, and the several parts of the 
divided Hne. 

Let AB and C be two straight lines, 
of which A B is divided into the parts 
A D, D E, £ B : the rectangle under G 
and AB shall be equal 
to the sum of the rec- 
tangles under C and 
AD,0 andDE,Cand 
EB. — 9 — 

Draw the straight line AF at right 
angles to A B, and equal to C (post. 5.) : 
complete the rectangle AG, and through 
the points D and £ draw the straight 
lines D H and £ K parallel to A F 
(14. Cor,), Then, because D H and E K 
are each of them (22.) equal to A F, 
that is, toC, the rectangles AH, D K, 
E G are equal to the rectangles under 
C and A D, C and D E, C and E B. 
But these rectangles make up the whole 
rectangle AG, which is equfd to the 
rectangle under C and A B. Therefore, 
the rectangle under and A B is equal 
to the rectangles under and AD, C 
and D £, O and £ B. 

Therefore, &c. 
' Cor» (Euc. ii. 2.) If a straight line 
be divided into any two parts, the rect- 
angles contained by the whole line and 
each of the parts, shall be together equal 
to the square of the whole line. 

Prop. 31. (Euc. iL 3.) 

J^a straight line be divided into any 
two parts, the rectangle contained by 
the whole line and one of the parts, 
shaU be equal to the rectangle contained 
by the two parts, together with the 
equare of the aforesaid part. 

Let the straight line A B be divided 
into any two parts A C, C B : the rec- 
tangle under AB, B G 
shaA be equal to Ihe rec- 
tanf^ under AG, GB, 
together with the square 
ofBG. 

Draw the straight Hne BD at right 
angles to A B (post. 5.), and equal to BG : 
complete the rectangle ABDE and 
through G draw G F parallel to B D. . 

Then, tbe figurt AF is equal to the 
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rectangle AC, C B, became (22.) C F 
is equal to B D, that is to G B ; and the 
figure G D is equal to the square of 
G B ; and the figure A D to the rectan* 
gle AB, BG. But ADisequaltoAF. 
together with O D. Therefore, the rec 
tangle A B, B G, is equal to the rectangle 
A G, G B, together with the square of 
BG.* 
Therefore, &c« 

Prop. 32. (Enc. il 4.) 

The square of the sum of two lines is 
greater than the sum of their squares, 
by twice their rectangle. 

Let the straight line A B be the sum 
of the two stnught lines 
A G, G B : the square of 
A B shall be greater than 
the squares of A G, G B, 
by twice the rectangle 
AG, GB. 

Because the straight line AB if 
divided into two parts in the point C, 
(30. Gor.) the square of A B is equal to 
the sum of the rectangles under A B, 
A G, and AB, B C. Biit the rectangle 
under AB, AG (31.) is equal to the 
rectangle under A G, G B tugeiher with 
the square of A G ; and, in like manner, 
the rectangle under A B, B G is equal 
to the rectangle under A G, G B together 
with the square of G B. Therefore, the 
square of A B is equal to twice the rect- 
angle AG, GB, together with the 
squares of A G, G B ; or, whk;h is the 
same thing, the square of A B is greater 
than the squares of AG, G B, by twice 
the rectangle AG, G B. 

Therefore, &c. 

The figure shews in what manner the 
square of AB may be divided into two 
squares equal to those of A G, (3 B, and 
two rectangles, each equal to the rect- 
angle AG, GB. 

Prop. 33. (Euc. ii. 7.) 

The square qf the difference of two 
lines is less than the sum qf their squares 
by tunce their rectangle. 

Let the stra^ht line, , -A A 

A B, be the diiference ^ 
of the two straight lines, A G, G B : the 
square of A B shall be less than the 
squares of A G, G B, by twice the rect- 
angle AG, GB. 

* This proposition, being an obvious conve^uenoj 
of the preceding, might have b«en added to it as a 
second ooroUary : it is of so great importanoo, how- 
aver that it seemed preferable to force it upon the 
attention of the student, bj pUcing it among the 
propoeition». ^ ^ 
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Because AC is the sum of AB and together with twice the rectangle AB, 

B C (32.), the square of A C is equal to B C. Therefore (ax. 1.) the difference 

the squares of A B, B C, together with of the squares of A C, A B, is equal to 

twice the rectangle, A B, B C : therefore the reptangle C F, that is, to the rect- 

the square of A B is less than the square angle under C D, C B. 

of AC by the square of B C, together Therefore, &c. 
with twice the rectangle AB, BC. 

Therefore, the same square of A B is less Prop. 35. (Euc. ii. 9. and 1 0.) 

than the squwres of A C, B C, by twice y^^ squares of the sum, and of the 

the square of BC, together with twice difference of two lines, are together 

the rectangle A B, B C. But twice the ^^ ^^^ ^f f^ squares of the two lines. 

square of BC, together with twice the ^^^ ^^^ ^ ^^ ^^^ ^^^ ^^ ^^^ 

rectangle A B, Bd is (32.) emial to ^.^^^ A ^g^t^^ than the sum of their 

twice the rectangle AC, C B There- ^ . their rectangle, and the 

fore, the square «^ ^ B is kss than the 4 . y^^^.^ difference fs (33.) as 

squares of A C, B C, by twice the rect- ^^^^ ^^^^ ^^^^ ^^^ ^^^ ^^ ^^^^ ^^^^^^ 

^"t'k f )?* Therefore (ax. 9.), the square of the 

Ca^!^(Eu^^^^^ The square of the 5^ *^^'^ •'' ""^^i /H' '^^f^.l*^^^^ 

sum of two lines is greater than the difference, is equal to twice the sum of 

square of their difference by four times ""^^'S'&c 

their rectangle : for the former square is Aiiereiore, ecc. 

greats than the sum of their squares by Scholium, . 

twice their rectangle (32.), and the latter ^he theorems of this section admit of 

square is less than the sum of their being enunciated more briefly andper- 

squares by twice theu- rectangle. spicuously by the use of certam conven- 

_, ^ . ,_ .. ^ . tional signs =,+,-, X, ( ), &c.bor- 

Prop. 34. (Euc. u. 5.) rowed from Algebra. 

TTie difference of the sqtuires of two That A is equal to B, is thus denoted : 

lines is' equal to the rectangle under A == B, whi(;h is read "A is equal to B." 

their sum and difference. The sum of A and B thus : A + B, 

Let A B, A C, ^^ri^^.\^'!®_'^"APi^^^^^^^^^ 

be any two straight r ^^ — r — ? 

lines, and let BA I I I m-Ar l- k o «a 

be produced to D, ^ ^ ^~"» Jw^« A» ^o^ ^i™«s A* ^ 2 A, 

so that AD may be equal to AB, and ^ ^J^^' ^ , ■, a j « a « 

therefore CD equal to the sum, and The rectangle under A and B.... Ax B. 

C B to the difference of A B, A C : the ^^^B.. " A, B. 

difference of the squares of A B, A C, ,, Jhe square of A. A A, or A«.. 

shall be equal to the rectangle under A square; and, 

C D, C B. (A + B - C) or A H- B-C signifies 

Draw the straight line C H perpen- that A + B — C (that is, the excess of 

dicular to C D (post. 5.), and equal to the sum of A and B above C) is to be 

C B ; complete the rectangle C H F D ; be taken as a single quantity, 
and, through the points A and B, draw . 

A G and B E parallel to C H. The theorems of this section may. 

Then, because B E is (22.) equal to therefore, be more briefly expressed as 

C H, that is, to B C, the rectangle A E follows : — 

is equal to the rectangle AB, B C; Prop. 30. Ax (B + C+D) = AB + 

and, because AD is equal to A B, the AC+AD. 

rectangle DG is eqiial (25.) to the rect- Prop. 31. (AH-B)xB-AB+B«. 

angle AE; and CEis the square of Prop. 32. (AH-B)«=A"+B«H-2 AB. 

CB: therefore, the whole rectangle Prop. 33. (A— B)"=A"+B«— 2 AB. 

C F is equal to the square of B C, to- Prop. 33. Cor. (A+B)«— (A— B)«« 

gether with twice the rectangle A B , B C. 4 A B. 

But, because the square of A C is equal Prop. 34 . ( A H- B) x ( A — B ) = A* — B«. 

(32.) to the squares of A B,B C, together Prop. 35. (AH-B)«+(A-B)««2(A« 

with twice the rectangle A B , B C ; if the + B") , 

square of A B be taken irom each side. In this borrowing of its notation, may 

(ax. 3.) the difference of the squares of be seen the first glimmerings of the ap- 

A C, A B, is equal to the square of B C, plication of Algebra to Creometry. It 



The excess of A above B : A — B, 
** A minus B." 
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requires but a veiy slight acquaintance 
wim the former science, to perceive at 
once, that, when the lines contain each 
of them some common part M a cer* 
tain number of times exactly, these 
theorems are but so many examples of 
its rules of addition, subtraction, and 
multiplication. The perspicuity alone, 
however, which is displayea in the above 
expressions, will enable the uninitiated 
reader to form some notion of the ad- 
vantages resulting from a more intimate 
union of the two sciences. 

Section 6. Relations of the sides of 

Triangles. 

Prop. 36. (Euc. i. 47. and 48.) 

In every right-cmgled triangle, the 
square of the hypotenuse, or side op- 
posite to the right angle, is equal to the 
sum of the squares of the sides which 
contain that angle : and conversely, if 
the square of one side of a triangle be 
equal to the sum of the squares of the 
other two sides, the angle contained by 
those two sides shall be a right angle. 

Let A B C be a 
right-angled trian- 
gle, having- the 
right angle, a AC : 
the square of B C 
shall be equal to 
the sum of the 
squares of BA, AC. 

Upon B C. B A, 
describe the squares 
C D, A E ; produce 
D B to meet E F, or E F produced, inG; 
and, through A, draw H K parallel to 
BD. 

Then, because the sides E B, B G, of 
the angle £ B 6, are perpendicular re- 
spectively to the sides A B, B C, of the 
ang^le A B C, these two angles (18.) are 
equal to one another; and the right 
angle B E G is equal to B A C ; there- 
fore the two triangles EBG, ABC, 
having two angles of the one equal to 
two angles of the other, each to each, 
and the inteijacent sides, E B, A B, equal 
to one another, are equal in every re- 
spect, and B G is equal to B C or B D 
(5.). And, because the parallelogram 
AG, and the square A E, are upon the 
same base, and between the same pa* 
rallels(24.),AGisequaltoAE. Again, 
because the parall^ogram A G, and the 
rectangle K JB, are upon equal bases, 
BG, BD, and between the same pa- 
rallels (25.), A G Is equal to K B. There- 
fore, also, A E, that is, the square of AB, 




is equal to the reef ans:le B K (ax. ] .)• 
And, in like manner, it may be shewn 
that the square of B C is eoual to the 
rectangle K C. Therefore, tlie squares 
of A B, A C, tofifether, are equal to the 
rectangles B K, K C together, that is, to 
the square of B C. 

Next, let the square of B C be equal 
to the sum of the squares of B A, AC: 
the angle B A C shall be a risrht angles 
For, let L M N he another triangle having 
its sides, L M, L N, equal to the sides AB, 
AC, respectively, and the angle at L a 
right angle. Then, by the former part 
of the proposition, the square of M N is 
equal to the squares of L M, L N, that 
is, to the squares of A B, A C, or to the 
square of B C, and M N is equal to B C 
(25. Cor.). Therefore, in the trian^es 
ABC, L M N. the three sides of the 
one are equal to the three sides of the 
other, each to each ; and, consequently, 
the angle B A C is (7.) equal to the angle 
M L N, that is^ to a right angle.* 

Therefore, &c. 

Cor. 1 . In a right-angled triangle, the 
square of either of the two sides is equal 
to the difference of the squares of the 
hypotenuse and the other side. 

Cor. 2. It appears, from the demon- 
stration, that if a perpendicular be 
drawn fh>m the right angle to the hypo- 
tenuse, the square of either side is equal 
to the rectangle under the hypotenuse 
and segment adjacent to that side. And 
conversely, if this be the case, the angle 
at A must be a right angle. For, if the 
rectangle BC, B P, be equal to the 
square of B A ; then, taking the square 
of B P from each (31. and 36.) the rect- 
angle BP, PC, will be equal to the 
square of AP; and therefore, adding 
the square of P C to each, the rectangle 
B C, C P, will be equal to the square of 
A C : therefore the two rectangles, B C, 
B P, and B C, C P, together, that is (30. 
Cor.) the square of B C, will be equal to 
the squares of B A, A C, and the angle 
B A C will be a right angle (36.). 

Cor, 3. And hence it follows that, if 
B A C be a right angle, the square of 
the perpendicmar on the hypotenuse 



* It is aTident that the aides of the squares vpoa 
A B, A C, which are opposite to A B. AC. would 
meet, if produced, in the point H. The latter part of 
the demonstration is, accordingly, equally applicable 
to shew that if upon the two sides A B, AC, of amy 
triamgle ABC (right angled or otherwise) amy two 
parallelograms be described whose sides opposite to 
A B, A d. meet im a poimt H, amd i/, upon jAe baie 
BC of the triamale, a parallelogram be likewise 
described, having its sides adjoining to the base eoual 
and parallel to A H, the par^telogram mvom the hose 
^halt be equal to the smm of the paralMograms upon 
the two sidles. 



23 



GEOMETKY. 



[I. i «. 



will be eqnal to the rectangle under the 
segments of the hypotenuse ; and that, 
conversely, if this be the case, the angle 
B A C will be a right angle. (See the 
proof of Cor. 2.) 

Scholium, 

Among the different Jjroofs which 
have been invented of this celebrated 
theorem, there is one of no little ele- 
gance, which has the advantage of 
pointing out in what manner the squares 
of the two sides may be dissected, so as 
to form, by juxta-position of their parts, 
the square of the hypotenuse. It will 
be readily apprehended from the follow- 
ing outline. B A C is ^ 
a triangle, having the 
angle at A a right 
angle : upon the hypo- 





tenuse 6 C is described ^ 
the square BCDE, 
and through the points 
D, £, straight lines are 
drawn parallel to B A, C A, to meet one 
another in K, and A C, A B produced, 
in the points F, G. Then it may be 
shewn that the four right-angled trian- 
gles, upon the sides of the square B D, 
•are equal to one another ; and, there- 
fore together equal to twice the rectan- 
gle B A, A C : also, that the figure 
A F K G is a square, and equal to the 
square of BAH-AC: and hence it 
easily follows that the square of B C is 
equal to the squares of B A, A C (32. and 
ax. 3,), To shew the dissection of the 
squares, E e and C c are drawn paral*^ 
lei to A B, to meet B b, which is drawn 
parallel to A 0, in the points c, e : then 
C b is equal to the square of A B, and 
E A to the square of A C ; and the former 
is divided into' two, and the latter into 
three parts, which may be placed (as 
indicated by the divisions of B D,) so as 
to fill up the space BCDE, which is 
the square of B C. 

Prop. 37. (Euc. ii. 12. and 13.) 

In every triangle, the square of the 
eide which is opposite to any given 
angle, is^eaier or less than the squares 
of the sides containing that angle, by 
twice the rectangle, contained by either 
of these sides, and that oart of it, which 
is intercepted between the perpendicular 
let fall upon it from the opposite angle, 
and the given angle : greater, when the 
given angle is greater than a right 
angle, ami less, when it is less* 



LetABCbeany 
triangle, and C one 
of its angles ; and 
from the angle A to 
the opposite side 
B C, or B C pro- 
duced, let' there be 
drawn the perpen- 
dicular A D : the 
square of A B shall be greater or legs 
than the squares of A C, C B, by twice 
the rectangle B C, C D ; greater, if O 
be gt eater than a right angle, and less 
if it be less. 

When C is ^eater than a right angle* 
the opposite side, AB, and the perpendi- 
cular, A D, must lie upon different sides 
of A C ; «ince, otherwise, in the triangle 
A C D, one of the angles would be a 
right angle, and another greater than a 
Tight angle, which is impossible (8.). For 
the like reason, when C is less than a 
right angle, the opposite side, A B, and 
the perpendicular, A D, must lie upon 
the same side of A O. 

Therefore, according as C. is greater 
or less than a right angle, the line B D 
will be the sum, or me difference of 
B C, CD and (32. and 33.) the square 
of B D will be greater or less than the 
squares of B C, C D by twice the rect- 
angle BC, CD. Add to each the 
square of A D : therefore, the squares 
of B D, A D will be greater or less than 
the squares of B C, C D, A D, by twice 
the rectangle B C, C D. But the square 
of A B is equal (36.) to the squares of 
BD, AD, and the square of AC is 
equal to the squares of CD, AD, 
Therefore, the square of A B will be 
greater or less than the squares of B C, 
AC by twice the rectangle B C, CD, 

Therefore, &c. 

Cor, Any angle of a triangle is greater 
or less than a right angle, according as 
the square of the side opposite to it is 
^eater or less than the squares of the 
sides by which it is contained. 

Scholium, 
"When the point D coincides with 
C, there is no rectangle B C, CD, the 
angle C is a right angle, and we come 
to the conclusion of Prop. 36. : when D 
coincides with B, the rectangle BC, CD 
becomes the square of B C, the angle 
B is a right angle, and we come to Sie 
conclusion of Prop. 36. Cor. 1. 

Prop. 38. 

In every triangle, if a perpendicular 
be draum from the vertex to the base. 
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in- iothe^ bate prodttced ; ike dMrenet of the'squares of AD, AC ; that is, the 

of the squares of the sides shall oe equal square of AD is less or greater than the 

to the difference of the squares (/ the square of A C, by the^reclangle B D, 

segments of the base, or of the base pro- D C. 

"^ ■ Therefore. &c 

Prop. 40. 

fy every triangle the sauares ofths 

two sides are together double of the 

squares of half the base^ and qf the 

'fin 



'duced. 

Let ABC be a 

triangle, and from 
the vertex A to the 
base B C, or B C 
produced, let there 
be drawn the per- 





straight line, which is drawn from the 

pendicular ADTthe diflference of the ^^^^ ^ ^ bisection qfthe base. 
squares of AB, A C, shall be equal to the Let ABC be 

difference of the squares of B D, C D. any triangle, and 

For the square of BD is as much from the vertex A 

^ater than the square CD, as the to D, the middle 

squares ofBD, AD together are greater point of the base, 

than the squares of CD, A D toother, let there be drawn 

that is (36.), as the square of A B is the line A D. The 

greater tiian the square of A C. squares of A B, A C, shall be together 

Therefore, &c. double of the squares of B D, D A. 

We may remark that, if the triangle From the point A to B C, or B C pro- 
he isosceles, the segments of the b^ duced,drawtheperpoidicularAE(12.). 
Will be equal ; and, that, in other cases, Then BE is equal to the sum of BD. DE ; 
the greater segment of the base is always and, because B D is equal to D C, E C 
adjoining to the greater side. (12. Cor. is equal to the difference of B D. D E. 
1. and 2.) Therefore, (35.) the squares of B £. E C 
n Qo ^'^^ together double of the squares of 
rROP.dv. BD, DE. And the square of EA. taken 

In an isosceles triangle, tfa straight twice, is double of the square of E A. 

line be drawn from the vertex to any Therefore the squares of B E, E A, C £, 

fioint in the base, or in the basepro- E A, are together double of the squares 

duced, the square of this straight line of B D, D E, E A ; that is (36.), the 

fihaU be less or greater than the square squares of B A, A C are together 

qf either of the two sides, by the reel- double of the squares of B D, D A. 
angle under the segments of the base, or When A C B is a right an^le, 
qf the base produced. " ' ' "^ * ' 

Let ABC be 
an isosceles tri- 
angle, having the 
side AB equal 
to the side A C, 
and from the 
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perpendicular AE coincides with the 
Side A C. Therefore B D is equal to 
D £, and the square of B E is double of 
the squares of BD,DE (29. Cor. 2.) ; also 
the square of BE (36. Cor. 1.) is equal 
to the difference of the squares of B A, 
A E, that is, of B A, A C ; and hence 



vertex A to any point D in the base, or the squares of B A, A E, that is, of B A, 

in the base produced, let there be drawn A C, are together double of the squares 

the hue AD : the square of AD shall of B D, D A, as before. 

be less or greater than the square of Therefore, &c. 

A C, by the rectangle B D, D C. « ^ 

Bisect BC in E, (post. 3.) and join AE. ^^^^' ^ * • 

Then, DC is equal to the sum of DE and The squares of the four sides of a 

£ C ; and because B E is equal to E C, qtiadrilateral are together greater than 

B D is equal to the difference of D £ the squares of its diagoncUs, by four 

«nd £ C. Therefore the rectangle B D, times the square qf me straignt line 

D C is (34.) equal to the difference of which joins the middle points qf the 

the squares of D E, £ C. But the line diagonals. 

AE is perpendicular to BC, because the Let A B C D be 

base BC of the isosceles triangle is bi- a quadrilateral, and 

sected in E (6. Cor. 3.). Therefore, (3d.) let itsdiagonals A C, 

the difference of the squares of DE, EC, B D be bisected in 

is eq^ to the difference of the squares the points F, £ : the 

pfAJ), AC. Therefore (ax. 10 the reotT squares of A B, 

angle.BD, DC, is equal to the d^eienee B C, C D, D A, are 
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together greater than the squares of 
A C, B D^ by four times the square of 
EF. 

Join BF, FD. Then, because the 
base A C of the triangle B A C is bi- 
sected in F, the squares of A B, B C are 
(40.) equal to twice the squares of B F, 
A F : and for the like reason the squares 
of CD, DA are equal to twice the 
squares of D F, A.F: therefore, the 
squares of A B, B C,' C D, D A are to- 
gether equal to twice the squares of 
B F, D F, together with four times the 
square of A F. But, because the base 
BD of the triangle FBD is bisected in E, 
the squares of BF,.DF, taken twice, are 
(40.) equal to four times the squares of 
B E, E F : therefore the squares of A B, 
B C, C D, D A are together equal to 
four times the squares of A F, B E. to- 
gether with four times the square of £F ; 
that is, to the squares of AC, BD, 
(39. Cor. 2.) togetner with four times 
the square of E F. 

Therefore, &c. 

Cor, In a parallelogram, and in a 
parallelogram only, the points E and F 
coincide, oecause (22.) the diajgonals bi- 
sect one another : therefore, in a paral- 
lelogram, and in a parallelogram only, 
the squares of the diagonals arie toge- 
ther equal to the squares of the four 
sides. 

Section 7. — Problems, 

Upon a piece of paper for a plane, 
with a pen,* a ruler, and a pair of com- 
passes, it is evident, that, first, a straight 
line may be drawn from any one point 
to any other point ; 2ndly, a terminated 
straight line may be produced to any 
length in a straight line ; 3dly, from the 
greater of two straight lines, a part may 
be cut off equal to tne less ; and 4thly, a 
circle may be described from any centre, 
and with any distance from that centre. 

* Althonrh the paper be not an exact plane, nor 
the pen snch as may 'serre to draw an exact line, 
these defects admit of being removed to any required 
degree, and do not, in the least, affect the accuracy of 
our conclasions, with regard to exact lines and planes. 
An edge which is a right line, or nearly so, (bepause 
it is the common section of two planes, see Book IV.) 
may be obtained by doubling over a piece of paper 
upon itself, and a right angle (def. 10.) by doubling 
over this edge upon itself. These are both nsefnl 
npon occasion, especially the right angle, which is 
80 frequently required in geometrical constructions 
that a case of instruments is commonly provided 
with one. Among practical mechanics'it is known 
nnder the name of the tquare. Parallel lines also 
occur so frequently, that it is convenient to have a 
ruler expressly for drawing them, called a parallel 
ruler, 'rhis may be made of two or three oifferent 
forms, the best of which is that of a flat ruler running 
upon two equal roUen. * 




Operations so simple require no further 
notice. 

Prop. 42. Prob. 1. (Euc. i. 1.) 

To describe an equilateral triangle 
upon a given finite straight line A B. 

From the points A, B, 
as centres, with the com- 
mon radius A B, describe 
two circles, intersecting 
one another in C, and 
join C A, C B. 

Then, because C A, 
C B are each of them 
equal to A B (defl 24.), 
they are (ax. Dequal to one another, 
and the triangle C A B is equilateraL 
Therefore, an equilateral triangle has 
been described upon the given finite 
straight line AB, which was required to 
be done. 

Prop. 43. Prob. 2. (Euc. i 10.) 

To bisect a given finite straight 
line AB. 

Upon either side of A B (42.) describe 
an equilateral triangle : join the vertices 
or summits C,D, and let CD cut AB in E. 

Then, because the triangles CAD, 
C B D have the three sides of the one 
equal to the three sides of the other, 
each to each, (7.) they are equal in every 
respect, and the angle A C D is equal 
to BCD. Therefore, the triangles 
A C E, B C E, having two sides of the 
one equal to two sides of the other, 
each to each, and the included angles 
equal to one another, are equal in every 
respect (4), and AE is equal to EB. 

Therefore, &c. 

Cor. By the same construction, a 
straight line may be drawn, which shall 
bisect any given straight line at right 
angles. 

N. B. It is evident, from 6. Cor. 4., 
that the same end will be obtained by. 
joining the point of intersection C of 
any two equal circles described from the 
centres A, B, and cutting one another 
above AB, with the point of inter- 
section D of any other two equal circles 
described from the same centres, and 
cutting one another either above or be- 
low A B : for C. D will be the vertices of 
isosceles triangles upon the same base. 
This observation may be of use when 
one of the triangles is already described^ 
as in the first method of Prob. 4. 

Prop. 44. Prob. 3. (Euc. i. 11.) 
To draw a straight line at right 
angles to a given straight line A B, 
from a given point C in the same. 
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First method. In C A take any 
point A, and make CB 
equal to CA: upon 
A B describe (42.) the 
equilateral triansrle 
DAB, and join D C. 

Then, because the triangles D C A, 
D C B have the three sides of the one 
equal to the three sides of the other, 
each to each, (7.) the angle D C A is 
equal to D G B ; and they are adjacent 
angles ; therefore each of them is a right 
angle (def. 10.), and D C is at right an- 
gles to A B. 

Second method. Take any point D 
which is not in A£, and from the 
centre D, with the radius D C describe 
the circle ACE, cutting 
the line AB a second time 
in the point A : join AD, 
and produce it to meet the 
circumference in £, and 
join E C. Then because 
m the triangle EGA, the 
line D G drawn from the aiigle G to the 
middle of the opposite side equal to 
half that side, the angle G is (19^ Cor. 4.) 
a right angle, and G E is at right angles 
to A B. If the points A, G, coincide, 
D C is (12. Cor, 3.) at right angles to 
AB. 

Third method Take any straight 
line M, and make GA equal to four 
times M : from the centre G, with a 
radius equal to three times M, describe 
a circle: from the centre A. with a 
radius equal to five 
times M, describe a 
second circle, cuttin} 
the former in D, an< 
join DG, DA. Then, 
because the square 
of five times M is (29. Cor. 3.) equal to 
the square of four times M, together 
with the square of three times M, the 
square of AD is equal to the squares 
of AC, CD; and. therefore, (36.) the 
angle A G D is a right angle, or D G is 
at right angles to A D. 

Therefore, &c. 

The last two methods are particularly 
convenient, when the given point G is 
near the edge of the paper. 

Prop. 45. Prob.4. (Euc.Ll2.) 

To draw a straight line at right angles 
to a given straight line ABy from a 
given point C without it. 

First method. Take any point D upon 
the other side of AB, and join CD: 
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firom the centre C, 
with the radius 
G D, describe a 
circle cutting A B 
in the points A, 
B: bisect (43.) AB 
in E, and join G E. 

Then, because the triangles G E A, 
G E B have the three sides of the one 
equal to the three sides of the other, 
each to each, (7.) the angle G KA is 
ec^ual to GEB, and (def. 10.) G E is at 
right angles to A B. 

Second method. Draw from C to 
A B any straight line C A : bisect G A 
(43.) in D : from the centre D, with the 
radius DA or DC, describe a circle, 
cutting A B in a second point E, and 
join CJ E. Then, for the same reason, 
as in the second method 
of the preceding pro- 
blem, G E is at right an- 
gles to A B. Also, if 
the points A,E coin- 
cide, GA is at right 
angles to A B. 

Third method In A B take any two 
points A, B, and from A, B, as centres, 
with the radii A G, B C, describe circles 
cutting one another a 
second time in F : join 
GF, and let C F cut 
A B in E. Then, be- 
cause AGF, BGF, 
are isosceles triangles 
iipon the same base 
GF, the line AB which 
joins their summits, bisects the base at 
right angles (6. Cor, 4.) ; that is, G E is 
at right angles to A B. 

When G A is equal to G B, (which 
may happen, when the points A, B are 
on different sides of E,) the last of these 
three methods is, in practice, nearly the 
same as the first. The last two methods 
are applicable to the ease, in which the 
point G falls near the edge of the paper. 

Prop. 46. Prob. 5. (Euc. i. 9.) 

To bisect a given rectilineal angle BAG. 

In A B take any point B : make A G 
equal to A B : join 6 C : upon B G de- 
scribe (42.) the e({uilateral 
triangle B D G, and join 
A D. Then, because the tri- 
angles A B D, A C D have 
the three sides of the one 
equal to the three sides of 
the other, each to each. (7.) 
the angle B A D is equal to 
the angle CAD. 
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Therefore, &c. 

Cor, By repeating this process with 
the halves, quarters, &c. of the given 
angle, it may be divided mto four, eight, 
&c., equal parts. 

Scholium^ 

There is no construction in Plane 
Geometry, t. e, no construction practi« 
cable with the assistance of the right 
line and the circle only, by which a given 
angle may be divided into three, five, 
Sec. equal parts. It is true that, by the 
description of other lines which are 
plane curves, (as the hyperbola, con- 
choid, and cissoid,) an^ given angle 
may be trisected, or divided into three 
equal parts ; but such constructions, 
not being effected by the two species of 
lines which are the subject of these Ele- 
ments, are for certain reasons (to be 
found in the application of Algebra to 
Geometry) said to be out of the range 
of Plane Geometry. There are, how- 
ever, some particular cases in which, by 
means of the circle, an angle may be 
divided into three, five, and other num- 
bers of ecjual parts. Such is the divi- 
sion of a nght angle into three equal parts. 
In this case we are already aware, that, 
since an equilateral triangle has its three 
angles equal to one another, and the three 
taken together equal to two right angles, 
each of them is two thirds of a right angle. 
The problem, therefore, will be solved 
by ^describing an equilateral triangle 
upon either of the legs, taken of any 
length at pleasure. In like manner, by 
means of an isosceles triangle, each of 
whose base-angles is double of the verti- 
cal angle, (see book iii.) and is, there- 
fore, four- fifths of a right angle. Plane 
Geometry enables us to divide a right 
angle into five equal parts. But these 
are only particular cases, and indicate 
no general process. 

Prop. 47. Prob. 6. (Euc. i. 23.) 

At a given point A, in a given 
straisht line A B, to make an angle 
eqim to the given rectilineal angle C. 

From the centre C, with any radius, 
describe a circle, cutting the sides of 
the given angle in the points D £, and 
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join D £ : frojn the centre A, with a 
radius equal to C E or C D, describe a 
circle, cutting A B in.B» aod from the 



centre B with a radius equal to D E, 
describe a circle cutting the last cirde in 
F ; and join FA, F B. Then, because 
the triangles ECD, FAB have the 
three sides of the one equal to the three 
sides of the other, each to each, (7.) tiiey 
are equal in every respect, and the angle 
^t A is equal to the angle at O. 
Therefore, &Cw 

Prop. 48. Prob. 7. (Euc. i. 31.) 
Througk a given point A, to draw a 

straight line parallel to a given straight 

line B C. 

From A to B C 
draw any straight 
line AC, and at 
the point A make 
the angle CAD 
equal to A C B 
(as directed in Prop. 47., or as in the 
adjoined figure) : then, because these 
angles are alternate angles, AD is (15. 
Cor. 2.) parallel to B C. 

Therefore, &c, 

N. B. — In the figure, equal circles are, 
in the first place, described from the 
centres A, C, the former cutting B C a 
second time in B ; and the pomt D is 
then determined by describing a circle 
from the centre A with the radms B C. 

This construction is equally short, in 
practice, with that of Prop. 47. ; and when 
it is required to obtain the point D at as 
great a distance as possible from A, may 
be prefrared, the line A C being drawn 
more obliquely for that purpose. 

Prop. 49. Prob. 8. (Euc. vi. 9). 

To divide a given straight line, A Bi 
into any number of equal parts. 

Let it be required to divide A B into 
five equal parts. Draw A C, making any 
angle with A B, and taking any distance 
M, set it ofiPupon A C five times from 
Ato C : join C B, and through thcpoints 
of division in A C, viz. D, E, &c. draw 
<48.) parallels to C B, cutting A B in the 
points F, G, &c. AB shall be divided 
at the latter points into five equal parts. 

Through F and 
G draw (48.) F 
H and GK« 
each of them 
parallel to A C. 
ihen, because 
F C is a paral- 
lelogram, F H is equal to D C (22.) ; 
and for the like reason G K is equal to 
E D : but E D, D C, are equal to on^ 
another ; therefore (ax. 1,), 1?' H is equal 
toGK. But F H, G K, are sides of th? 
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4rian^ FH B. G K F» which haTe ttieir 
angles eqaid to one another, each to each, 
•because their sides are panllel (18.) : 
therefore (5.)> their other sides are also 
equal to one another, and F B is equal 
to G F. In like manner it may be shown, 
that each of the other five puis into 
which AB is divided, is equaltoFBorGF. 

And it is evident that, by a similar 
process, A B may be divid^ into any 
other number of equal parts. 

Hierefore, &c. 

It is convenient to draw the parallels 
D F, £ 6, &c. by making: the an^te A B a, 
equal to B A C (47.), taking B gC, cfe, &c. 
each equal to M, and joining correspond- 
mg pomts D d, £ e, &c. For the 
straight lines which join the extremities 
of equal and parallel straight lines, are 
also themselm equal and parallel (21.). 
A similar process may be recommended, 
whenever a number of parallels are to 
l)e drawn without the a^istance of a 
paralld ruler. 

Prop. 50. Prob. 9. (Euc. i. 22). 
To eoMtmti a triangle fnm threeparts 
given, of which one, ai hasty is a side. 

Case 1. Let. 
the given parts 
be two angles 
and a side ; vis. 
the angles A 

B, and me side 
CD. 

If the given 
side is to be 
interjacent or 
to he between the given angles, make 
(47.)atthepointsC,D,thean^esDC £, 
C D E, equal to A, B, respectively : and 
the triangle £ C D will evidently be the 
triangle required. 

But if C D is to be opposite to one of 
the given angles, as B, make at the point 

C, the angles D C E, E C F, equal to 
A, B, respectively, and through D, (&^w 
D £ parallel to Q F(48.) : then the angle 
C £ D is (15. Cor. 2.) equal to the altera 
Rate ang^e £CF, that is, to B, and 
£ C p is the triangle required. 

Caise 2. Let the given parts be two 
sides and an ai^le ; viz. the sides A, B, 
and the angle C. 

If the given angle 
is to be inclwkd^ 
takeCD,C£,upon 
jits sides, equal to 
A, B, respectively, 
$3aA join D £ ; the 
triangle CDEwill 
evidently be the tri* 
anglQ requizedt 
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But if C is to be opposite fo one of 
the given sides as A, take C E equal to 
B as' before : from the centre £, with a 
radius equal to A, descril)e n circle 
cutting (} D in the points D, D ; and 
join £ D, £D. Then, if the points D. D 
fall lK>th on the same side of C with the 
angle, each of the triansrles E C D will 
satisfy the given conditions ; but if they 
fall upon different sides, only one of 
them, as E C D, will satisfy those con- 
ditions, and therefore that one will lie 
the triangle required. 

If the points D, D, bein^ upon the 
same side with the angle, coincide with 
one another, which will happen when 
£ D is a right angle (12. Cor, 3.), there 
is only one triangle E D C, which is the 
triangle required. 

Case 3. Let the given parts be three 
sides, viz. A, 

B, and CD. i 

From the cen- b 

tresC,D,with 

radii equal to ^ 

A, B, respectively, describe circles inter- 
secting in £, and join EC, ED: then 
£ CD is evidently the triangle required. 

Therefore, &c. 

Scholium* 

In each of these three cases we 
have supposed the data, or given p£irts, 
to be such that the problem is possible : 
and the same will be supposed in all future 
problems. Many of them, however, will 
oe found to be of that description, that, 
if the relations of the data be not con- 
fined within certain limitu, the required 
solutions will be impossible. In pro- 
blems of a more complex nature than 
the present, the determination of these 
limits is facilitated by the consideration 
of loci, to be noticed, hereafter (in 
Book III. Sect 6), and which may here 
be explained as circumscribing the 
range, if it be limited, within which 
every particular datum confines the solu- 
tion of the problem ; for it is obvious 
that, if a second datum cannot be satis- 
fied within that range, the two will be 
inconsistetit, and the solution impossible. 

In the mean time, it may be ob- 
served, the limits of the data are in 
many qases readily suggested by the 
known properties of the figure, or by 
the necessary construction of the pro- 
blem. It is evident, for instance, that in 
every case of the problem before us, there 
are certain limits, beyond which the 
solution will be impossible. This will 
happen in the first case if the two given 
HDgles shoukl b« together equal to- or 
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greater than two ri^ht angles, for there has its opposite sides equal to one ano- 
can be no triangle having two of its an- ther, it is a parallelogram (22.) ; and it 
gles tog:ether equal to or greater than has two sides and the included angle the 
two right angles (8.). The problem will same with those given; therefore, it is 
be impossible in the second case, if the parallelogram required, 
when tiie side A is to be opposite to the Therefore, &c. 
given angle C, it should be less than the N. B. The same end will be obtained 
perpendicular let fall from E upon CD by drawing parallels to C B, C A 
(12. Cor. 4.); or again, if the given angle through the points A, B. 
being right, or obtuse, the side A, which It may be observed that if A C be 
is to be opposite to it be less than the equal to B C, the parallelogram is a 
side B, for no triangle can have the less rhombus ; if A C be at right angles to 
side opposite to the greater angle (9.). B C, it is a rectangle; and if AC be 
And in the third case, the problem will both equal to B C, and at right angles 
be impossible, if every two of the given to it, it is a square. This problem, 
sides be not greater than the tlurd side therefore, includes the following as parti- 
(10.). . cular cases ; 1st, to describe a rhombus 
Prop. 51. Prob. 10. ^''\^ 8^^®^ s^^f and angle ; 2d, to de- 
Given the three angles of a triangle and Id"" tf S^^H^^. *'''' ^"^^'^ ''^^' ' 

.together equal to Z ^^t anglk Jfll'mie s'^^t linV^'"" "'" ' 

and the perimeter A B, to construct the ^ 

triangle. Prop. 53. Prob. 12. 

At the points A, To describe a triangle which shall be 

B, make (4 7.) the /T equal to a given quadnlaterd A B C D. 

angles B AC, AB C, / , \ and shall have a side and angle a^acent 

equal to two of the yOA^X io it, the same with a gi^ side A B 

pven angles, each />y^ V<\ and adjacent angle B of the quadri- 

to each; bisect (46.) £^ » F^ lateral. o ^ ^ 

!!lfr/^'^*M'i^' A « *• Join AC: through 

by the straight Imes Ac, Be, meetmg jy (43.) draw D E 

m c and through c draw (48.) ca, c6, paraUel to A C, to 

parallel to C A, CB, respectively: the Sieet B C produced 

triangle ABC shall have its angles equal in E, and join A E. 

to the three given angles, and its pen- Then, because D E * ._^, 

meter equal to the given perimeter A B. is parallel to AC, "^ ^ 

u%f 4i'^'^i^''*v!^'"'f''''^f ^J"^' the triangle ACE is equal to ACD 
raQel to the sides of the tnangle C A B. (27.): therefore ABC, A.C E together 
which has its angles at A and B, and are equal (ax. 2.) to A B C, A C D T 

n«f'''S^!-^'K^'''^^°'^'-^''"^?^^?' g«t^«^- *^t is» the tiiange ABE is 

rA\y.t^ ^' ^T • '^ '"^ wFfw Hu^ ^^^^^ *« the quadrilateral A B C D ; and 

^f^,;,^ ''^'n^^^'^l'^/\y*°*^^ it'has the same side A B, and adjacent 

alternate angle CAc that is to the angle angle B with the quadrilateral. ^ 

aAc,andtherefore(6.)acise<iualtoaA; Therefore, &c. 
ana m the same manner it may be 

shown that be is equal iobB; there- Prop. 54. Prob. 13. 

fore, the three sides of the triangle aAc /r^ ^ . -t ^ • i »• . , 

are together equal to A B, that i^, to the ^, tLf/T " ''^'^^^..P^^^^^o// 

given perimeter. A^V^4% ''.fj^w/f ''*'*'^-^''5 

Therefore, &c. ABODE F, and shall have a side and 

ac^acent angle the same with a given 

Prop. 52. Prob. 11. ^J^ ^^ ^^ adjacent angle B 0/ the 

flgure. 
Given two sides and the included Jom A C, A D, A E : through P draw 

fhftS^ll^f'^^^^ '^ '""''"'"^ FG parallel to AE (48.), to m^t D E 

the parallelogram produced in G : thix)ugh G draw G H 

Let A C, B C, be the parallel to A D, to meet C D produced in 

^0 given sides, and C ; -^ & ; through H draw H K parallel to 

the given angle. From / / H C, to meet B C produced m K, and 

the centres A^B, with / J join AK, AH,AG.» 

radii equal to B C, A C, Then because the triangle A D G is 

respectively, describe circles utersecting - ° - 

in D, and join D A, D B. * a H is not joined in the fignre, to avoid confa- 

Then hppA.iisp iha nnoflmlofavol A "n '^®°' ^°^ *^^ ^^^ reason, AM and AL are not 
Iflen Decause ine quaOruateraJl A Jj joined in the oorreffonding figure of Prop, b^ 
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eqnal^o the quadrilateral ABE F(53.), 
and that the triangle A D H is equal ta 
A D G (27.), the triangle A D H is equal 
to the quadrilateral AD E F. To each 
of these equals add the quadrilateral 
A6CD; therefore the quadrilateral 
A B C H is equal to the i/rhole iigure 
ABCDEF. Butaeain (53.) the tri- 
angle A B K is equal to the quadrilate- 
ral A B C H : therefore the triangle 




ABK,is equal to the iigure A B C D 
£ F, and it has the same side A B, and 
adjacent angle B with the figure. 
Therefore, &c. 

Pkop. 55. Prob. 14. 

To bisect a given triangle or rectili- 
need figure by a straight line drawn 
&om a given angle. 

First, let it be required to bisect the 
triangle ABC by a straight line to be 
drawn from the angle A. 

Bisect (43.) B C in D, 
and join A D. Then be- 
cause B B is equal to D C, 
the triangle A B D is (27.) 
equal to ADC, and the b — »" e 
triangle AB C is bisected 
by the straight line AD. 

Next, let it be required to bisect the 
rectihneal figure ABCDEF by a 
straight line, to be drawn firom the 
a ngle A. 

With the same side A B and angle B, 
describe (54.) the triangle A B K, ecjual 
to the given rectilineal figure : bisect 
(43.) B K m L : through L draw (48.) 
L M parallel to A C, to meet C D pro- 
ducea in M: tiirough M draw M N 
parallel to AD, to meet D E in N, and 





join AN, AM, A L, Then, it mav be 
shown, as in the last proposition, that 
the triangle A B L is equid to the figure 
ABCDN; but A B L is equal to half 
the triangle A B K, that is to half of 
the given figure; therefore the figure 
ABCDN, is also equal to hatf of the 



given figure, and the latter is bisected 
by the straight line A N. 

Therefore, &c. 

Cor, 1. By a similar construction, 
any part required, for example a fifth, 
may be cut off from a given triangle 
or rectilineal figure, by a straight line 
drawn from one of its angles. For 
in the case of the triangle, if the base 
B C be divided into five equal parts 
in the points D, &c. the triangles A B D, 
&c. will be equal to one another (27.) ^ 
and therefore any one of them, as 
A B D, vrill be eaual to one fifth of the 
given triangle. And hence the passage 
is easy to the division of the rectilineal 
figure ; for it is evident (53.) that, what- 
ever be the point L taken in A K, the 
figure ABCDN, constructed as above,, 
will be equal to the triangle A B L, and 
will therefore be a fifth part of the given 
figure, if A B L be a fifth of the triangle 
ABK. 

It is manifest in this case, that, if the- 
^ven fractional part be such, that B L 
IS less than BC, the problem will be 
solved at once by joining A L. 

Cor, 2. And nence it appears in what 
manner a triangle or rectilineal figure 
may be divided into any number of equal 
parts by straight lines drawn from one o£ 
its angles. 

Prop. 56. Prob. 15. 

To bisect a given triangle or recfilt^ 
netd figure by a straight line drawn 
from a given point in one of its sides. 

First, let it be required 
to bisect the trianj^Ie 
A B C, by a straight line 
to be drawn from the 
point D in the side AB. 

Join D C : bisect (43.) 
AB in E : through E draw (48.) E F,. 
parallel to DC, and join DF, EC. Then, 
oecause D C is parallel to E F, the tri- 
angleDEF is ^27.) equal to CEF; 
therefore DEF, BEF together, are 
equal to C E F, BEF together, that is, 
the triangle DBF, is equal to the tri- 
angle C E B, or (27.) to half of the tri- 
angle ABC. Therefore, ABC is bi- 
sected by the straight line D F. 

Next, let it be required to bisect the 
figure A B C D E F, by a straight line, to 
be drawn from the point G in the side 
AB. 
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Describe the triangle ABK (94.) 
equal to the priven ii^re, and, as al- 
ready shewn, bisect it by the straight 
line 6L, drawn from the point G: 
join GC, GD, &c.; throufi^h L draw 
(48.) L M, parallel to G C, to meet 
C D produced in M : through M draw 
M N parallel to G D to meet D E in 
N, and join G N, G M, G L.* Then, 
as in the last proposition, it may be 
shown that the figure GBCDN is 
equal to the triangle G B L, ^at is to 
half of the given figure ; therefore the 
latter is bisected by the straight line 
GN. 

Therefore, &c. 
♦ Cor, 1. B3r a similar construction, 
any part required ma^^ be cut off from a 
given triangle or rectilineal figure, by a 
straight line drawn from a given point 
in one of its sides. For we nave but to 
make C B £ the same part of O B A in 
the first case, and G B L the same part 
. of A B K in the case of the rectilineal 
figure, and proceed as before. 

If the fractional part be such that 
B L is less than B C, the problem will 
be solved at once by joining G L. 

Cor. 2. And hence a given tnangle or 
rectilineal figure may be divided into any 
number of equal parts, by straight lines 
drawn from a given point in one of it» 
sides. 

Prop. 57. Prob. 16. (Euc. i. 44.) 
Upon a given base B D to describe a 

rectangle which skaU be equal to a given . 

triangle ABC. 

From the point D 
draw D E, at right an- 
gles to B D (44.) : 
through A draw A E 

Earallel to B D, to meet 
^ E in E (48.) : join 
E B : bisect B C in F (43.) : through P 
draw F G, parallel to D E, to meet B E 
in G : through G draw H K parallel to 
B D, and complete the rectangle D H : 
DH shall be the rectangle required. 

Complete the rectangles D L, DM. 
Then, because GM, GD are com^e- 
ments of ^e rectangles F H, K L, which 
are about the diagonal of the rectangle 
D M, G D is (23.) equal to G M. There- 
fore, adding F H to each, the whole 
H D is equal to the whole M F, that is, 
(26.) to twice the triangle AB F, w to 
the triangle ABC; and H D is de- 
scribed upon the given base B D. 
Therefore, &c. 

• G D aad Q L do not aeeewftrUj eoiacide, as in 
the figoro. 





Cor. I, Henoe, upon a (B^veh base, s 
rectangle may be descriijed which shaU 
be equal to a given rectilineal figure : for 
a triangle (54.) may be described equal 
to the figure, and a rectangle equal to 
the triangle. 

Cor. 2. It is evident that, with a like 
construction, a parallelogram may be 
described upon a given base B D whieh 
shall be equal to a given triangle ABC, 
and shall nave one of its angles equal to 
a given angle B D E. 

Prop. 58. Prob. 17. (Euc. ii. 14). 

To describe a sqtuxre which shall be 
equal to a given rectangle A B C D. 

Produce A B to E. 
so that B E may be 
equal to B C : bisect 
A E in F (43.): from 
the centre F, with »[ 
the radius FA or 
FE, describe a circle, and produce C B 
to meet the circumference in G : the 
square of BG shall be equal to the 
rectangle ABC D. 

Join FG, then, because EA is equal 
to F E, A B is equal to the sum, and 
BE to the difference, of F E, FBf 
therefore (34.) the rectangle AB, B£» 
that is, the rectangle A B C D, is equal 
to the difference of the squares of F E, 
F B, that is to the difference of the 
squares of F G, F B, or (36. Cor, 1.) 
to the square of B G. 

Therefore, &c. 

Cor. Hence a square may be described 
which shall be equal to a given rec- 
tilineal figure (57, Cor. l.ji. 

Prop. 59. Prob. 18. 

To describe a square which shall be' 
equal to the difference of two given 
squares, viz. the squares of AB, A C. 

Prom the point C draw 
(44.) CD perpendicular to 
A B, and from the centre 
A with the radius A B, de - 
scribe the circle B D cut- 
ting C D in D : the square of C D shall 
be equal to the difference of the squares 
of AB, AC. For (36. Cor. I.) the 
square of C D is the difference of the 
squares of A D, A C, of which A D is 
equal to A B. 

Therefore^ &C 

Cor, Hence a square may be de- 
scribed, which shall be equal to the dif- 
ference of two given rectilineal figures 
(58. Cor.). 

Prop. 60. Prob. 19. 
T0de$mb€ « tfueifv u^^icA 9hviiU he- 
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^qual to the sum of two^ ihne^ or any magnitude ii greater or less than a 
number of given squares^ viz* the fourth. 

squares of A, B, C, ^. The ratio of one magnitude to 

Take D £ equal to A ; from the point another is independent of the kind of 
D, draw D F (44.) at ri^ht angles to magnitudes compared ; for it is obvious 
D £, and equal to B : jom £ F : from that one may contain the other, or the 
F, draw F G at right angles to £ F, and sixth, or twelfth, or hundredth part of 
equal to C ; and so proceed for the rest the other the same number of times, 
of the given squares. Join £ G. Then, whether they ha lines, or surfaces, or 
because £ D F is a right angled triangle, solids, or again, weights, or parts of 
the square of £F is equal to the duration. 

squares of £ D, D F (36.)» that is, to the It is required only for the comparison 
squares of A, B : a^n, because £ F G we speak of, that tne magnitudes be of 
is a right angled triangle, the square of the same kind, containing the same 
£ G is equal to the squares of £ F, F G, magnitude, each of them, a certain num- 
tfaat is, to the squares of A, B, C ; and b&r of times, or a certain number of 
soon. times nearly. Upon these numbers, 

and iipon these only, the ratio depends. 

Hence it appears that this theory 

pertains in truth to Arithmetic. The 

use of Proportion is, however, so indis*. 

B \ \ pensable in Geometiy, that it has been 

usual, either to introduce its theorems 

into the body of the science, after the 

example of Euclid, or to premise a few 

Therefore, &c. of the most important of them as a 

Cor., Hence a square may be de- manual for reference. In the present, 

scribed, which shall be equal to the sum and two following sections, the subject 

of two, three, or any number of given will be discussed at a length commen- 

rectilineal figures (58 Cor.). surate with its importance. 

Def. 1. When one magnitude is oom« 
BOOK II. pared with another of tne same kind, 

^ I . Ratios of Commensurable Magni- the first is called the antecederU, and the 
tudes—i 2. Proportion of Commen-^ second the consequent, 
surable Magnitudes — $ 3. General 2. One magnitude is said to be a 
Theory of Proportions^ 4. Propor- multiple of another, when it contains 
Hon of the sides of Triangles—^ 5. that other a certain number of times 
Proportion of the surfaces of Recti- exactly : and the other magnitude, which 
linMl Figures — { 6. Properties of is contained in the first a certain num- 
Lines divided Harmonically — } 7. ber of times exactly, is said to be a sub- 
Problems, multiple, or measure^ or part of the first. 

Hence, also, one ma^itude is said to 
Section 1. Ratios of Commensurable measure another when it is contained in 
Magnitudes, the other a certain number of times ex* 

In the language of Mathematics, the actly. 

Latin word ratio has been adopted to 3. Two magnitudes are said to be 
express what is more generally under- equimultiples of two others, when they 
stood by the term proportion : thus, contain those others the same number 
instead of V the proportion which ** one of times exactly : and the other magni- 
thing bears to another, we say " the tudes which are contained in the first 
ratio which '* one bears to the other, the same number of times exactly, are 
meaning its comparative magnitude — said to be like parts of the two first, 
instead of saying that A is to B "in Thus, 7 A, 7 B, are equimultiples of 
the proportion of 5 to 6," we say ** in A, B ; and A, B, are like parts of 7 A, 
the ratio of 5 to 6.** 7 B. 

The word proportion has on the 4. Two magnitudes are said to be 
other hand been appropriated to ex- commensurable with one another, when 
press the equality of ratios, as here- a common measure of the two may be 
after defined ; or, as it may be here found, t. e, a magnitude which is coa- 
less minutely explained, the case in tained in each of them a certain number 
which one'magnitude is as many times of times exactly. 
greateru)r less thaa another, «8.a third In like manner, any number of mag' 
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nitudes ard said to be commensurable, 
when there is some ma^itude which is 
contained in each of them a certain 
number of times exactly. 

Magnitudes which have no common 
measure, are said to be incommen' 
durable. 

Magnitudes A, B, which have one 
common measure M, have also many 
others, indeed, an unlimited number 
of common measures, for (as will be 
shown in Prop. 1.) every magnitude 
which is contained an exact number of 
times in M, is contained also an exact 
number of times in A and B ; and 
whether M be divided into two, or three, 
or any other number of equal parts, one 
of these parts willb^containea an exact 
number of times in M. 

Among the common measures of the 
same two magnitudes, there is, however, 
always one which is greater than any of 
the others, and which (as will be shown 
in Prop. 6.) is measured by every other. 
This greatest common measure is al- 
ways to be understood when " the com- 
mon measure" is spoken of without 
further specification. 

5. The numerical ratio of one mag- 
nitude to another with which it is com- 
mensurable, is a certain number, whole 
or fractional, 1/vhich expresses how 
many, and what parts of the second are 
contained in the first : for example, if 
the common measure of A and B be 
contained in A five times, and in B six 
times, or, which is the same thing, if A 
contain fths of B, then A is said to have 
to B the numerical ratio *• 5 to 6" 
which is thus written 5:6, or, in the 
fractional form, f* 

In fact, the particular ratio of two 
given magnitudes, whether commensur- 
able or otherwise, can be conceived 
only by means of the numbers which 
denote how often the same magnitude is 
contained, or nearly contained, in each : 
without these, no idea can be formed of 
their relative magnitude ; the^ constitute 
its measure, true or approximate.* 

To these numbers, therefore, when 
speaking of commensurable magnitudes, 
the term " ratio" alone, i, e, without the 
addition of " numerical,** will be found 
commonly applied in what follows. 

* The numerical ratio is accordingly designated, 
by some writers, ** The measure of the ratio" of one 
magnitude to another. Tkiii term has, however, 
been applied in a different sense, to which deference 
it more particularly due, as it has given rise to the 
word ** logarithm,'* of which it is the literal interprc- 
Ution. 



6 . The terms of the ratio of two mag- 
nitudes, are the numbers which denote 
how often a common measure of the 
two is contained in each of them. They 
are distinguished by the names of ante- 
cedent and consequent, according to the 
corresponding magnitudes. In the fore- 
going example 5 and 6 are the terms of 
the ratio of A to B, 5, the antecedent, 
and 6, the consequent. 

The terms of the same ratio of A to 
B, will be different according to the 
common measure by which they are de- 
termined ; the lowest terms being in all 
cases those which are determined by the 
greatest common measure. It must be 
observed, however, that no other terms 
can express the same ratio, but such as 
are either the lowest, or equimultiples of 
the lowest terms; for the magnitudes 
compared, can have no common mea- 
sure, which is not either the greatest, or 
contained a certain number of times in 
the greatest common measure. On 
the other hand, any terms whatever 
which are equimultiples of the lowest 
terms will express the same ratio : thus, 
if A contain fths of B, it will contain 
also T^ths of B, I'iths, and, generally; 

-r tlis of B, where any number what- 

bxn ^ 

ever may be jsubstituted for n. 

The ratio of B to A has the same 
terms with the ratio of A to B, but in an 
inverse order: thus, if 5 : 6 be the nu- 
merical ratio of A to B, 6 : 5 will be 
that of B to A. 

The ratio of B to A is accordingly 
said to be the inverse or reciprocal of the 
ratio of A to B. 

If the terms of the ratio of A to 
B be equal, it is evident that the mag- 
nitudes A, B, must likewise be equal. 
In this case the ratio is said to be a 
ratio of equality, 

Def. [7.J If there be two magnitudes of 
the same kind, and other two, and if 
the first contain a measure of the second, 
as often as the third contains a like mea- 
sure of the fourth ; or, which is the same 
thing, if the ratios of the first to the 
second, and of the third to the fourth be 
expressed by the same terms ; the first 
is said to have to the second the same 
ratio which the third has to the fourth • 
and the four magnitudes are called 
proportionals. 
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For example, let ABC D, and 
£ F G H be two rectangles, having 
equal altitudes, and let their bases A H, 
E F, contain the same straight line M 
5 and 6 times respectively : divide A B, 
£ F, into the parts A 6, &c. E/, &;c. each 
equal to M, and through the points of 
division draw right lines b c, &c./^, &c. 
parallel to AD, and EH, thereby divid- 
ing the rectangles A BCD, EF6H, 
into 5 and 6 smaller rectangles respec- 
tively. AbcD, &c. Efg H, &c. all equal 
to one another (1. 25.). Then, 5 : 6 is the 
ratio of the rectangle A B C D to the 
rectangle E F GH, because A B C D and 
£FGH contain the same rectangle 5 
and 6 times respectively ; and the same 
5 : 6 is also the ratio of the base A B 
to the base £ F, because A B and £ F 
contain the same straight line 5 and 6 
times respectively. Therefore, the ratios 
of the first to the second, and of the 
third to the fourth, are expressed by 
the same terms, and the two rectangles, 
and their two bases, are proportionals. 

In the preceding, and in every other 
instance of commensurable proportion- 
als, the first two, and the second two, 
have a common numerical ratio : and, 
in eveiy case, if two magnitudes, and 
other two, have a common numerical 
ratio, the four ma^tudes are, accord- 
ing to tins definition, proportionals. 
. It is evident fi-om the observations 
on def. 6, that if four magnitudes be 
proportionals, any other terms express- 
ing the ratio of the first to the second, 
must likewise express the ratio of the 
third to the fourth. For the terms which 
determine the proportion, are either 
the lowest terms, or equimultiples of 
them (see Prop. 6. Cor. 1.) : and in 
either case, the lowest terms which 
express the ratio of the first to the 
second, and of the third to the fourth, 
must be. the same; therefore, because 
any other terms expressing the ratio of 
the first to the second must be equi- 
multiples of the lowest terms, that is, 
of the lowest terms of the ratio of the 
third to the fourth, such terms express 
also the ratio of tiie third to the fourth 
{see observations on Def. 6.) 

The same mil be demonstrated more 
at large in Prop. [9]. 

Dtf. [8]. If there be two magnitudes 
of the same kind, and other two, the first 
is said to have to the second a greater 
ratio than the third has to the fourth, 
when the first contains some measure of 
the second a greater number of times 
than the third contains a like measure 



of the fourth : also, when this is the case, 
the third is said to have to the fourth 
a less ratio than the first has to the 
second. 

This definition can, in no case, apply 
to the same magnitudes which come 
under def. [7], t. e. one magnitude cannot 
have to another the same ratio as a 
third to a fourth by def. [7], and at the 
same time a, greater or a less ratio than 
the third has to the fourth, by this de- 
finition. (See Prop. 9. Cor, 1 and 2.) 

Much less can one magnitude have 
to another a greater ratio than a third 
has to a fourth, and at the same time a 
less ratio than the third has to the fourth^ 
by this definition. 

9. When four magnitudes A, B, C, D, 
are proportionals, they are said to con- 
stitute a propor/to«,wnich is thus written, 

A : B : : C : D. 
t. e. " A is to B as C is to D." 
Of a proportion, the first and last 
terms are called the extremes, and the 
second and third the means ; thus A, D 
are the extremes, and B, C the means, of 
the proportion A : B: : (3 : D. The terms 
A and C are said to be homologous^ 
as sdso B and D ; the former being an- 
tecedents, and the latter consequents, in 
the proportion. 

It is indi£Perent in the statement of a 
proportion which of the ratios precedes 
the other, for it is evident, that if A 
has to B the same ratio as C has to 
!b, C has to D the same ratio as A to B. 
Hence, A:B::C:D, and C:D::A : B, 
signify the same proportion — ^the only 
diiference being, that the extremes of one 
expression are the means of the other. 
Since magnitudes cannot be com* 
pared, except they be of the same kind, 
it is manifest that the first and second 
terms of a proportion must be of the same 
kind, as also the third and fourth ; yet the 
first and thurd may be of different kinds : 
e. g. lOlbs : 6lbs: : 15 ft. : 9ft. is a true 
proportion ; for the ratio of the first to 
the second, as well as of the third to the 
fourth, is 5 : 3, and yet lOlbs. and 15fL 
are not magnitudes of the same kind. 

10. Three magnitudes of the same kind 
are said to be proportionals or in con- 
tinued proportion, when the first has to 
the second the same ratio which the 
second has to the third. Magnitudes 
A, B, C, which are in continued pro- 
portion, may be written thus, A : B : C, 
I.e. "A is to B,asBto C." In this case, 
B is called a mean proportional or geo- 
metrical mean between A and C, and 
C a third proportional to A and B. 
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11. Anynumherofmagniiudeiofthe 
$a$ne kind are said to be in continiied 
proportion, when the first is to the 
second, as the second to the third, as the 
third to the fourth, and so on. Magni- 
tudes A, B, C, D, &c. which are in con« 
tinned proportion, may be thus ?nitten, 
A:B:C:I):&c. 

The ma^tudes of such a series are 
said to be m geometrical progression .* 
and B, C,* are called tux> geometrical 
m^n« between A and B ; again, B, C, D, 
three geometrical means between A 
ftnd E ; and so on. 

Also, in this case, the first A is said 
to have to the third C, the duplicate 
ratio of that which it has to the second 
B — ^to the fourth D, the triplicaie ratio 
of that which it has to B, and so on : 
and reciprocally, A is said to have to B 
the subauplicate ratio of that which it 
has to'C, the subtriplicate ratio of that 
which it has to D, and so on. 

12. If there be an^ number of magni- 
tudes of the same kmd. A, B, C, D, the 
first A is said to have to the last D a 
ratio which is compounded of the ratios 
of A to B, B to C, and C to D. 

Also, if K and L, M and N, P and Q, 
1m any other magnitudes, and if the ra- 
tios of K to L, of M to N, and of P to 
Q, be the same respectively with the 
ratios of A to B, of B to C, and of C to 
D, A is said to have to D a ratio which 
18 compounded of the ratios of K to L, 
M to N, and P to Q. 

Axioms. (Euc. v. Ax. I, 2, 3, 4.) 

1. Equimultiples of the same or of 
equal magnitudes are equal to one ano- 
ther. 

2. Those magnitudes of which the 
same, or equal magnitudes are equi- 
multiples, are equal to one another. 

3. A multiple of a greater magnitude 
is greater than the same multiple of a 
less. 

4. That magnitude of which a multi- 
ple is greater than the same multiple 
of another^ is greater than that other 
magnitude. 

Prop, U 

ff one magnitude be a multiple of an^^ 
other t and tf this be likewise a multiple 
qf a third magnitude, the first shaU be a 
multiple of the third. 

Let A contain B three times, and let 
B contain C four times ; then because B 
Contains C four times, three times B or A 
must contain C thrice as often, or twelve 
fimes,t. e. a certain number of times ex- 
acUy ; therefoye A is amultipleof C. The 



same may be said, if. instead of three and 
four, any other numbers whatever be 
taken, t. 0. if A be any multiple of By 
and B any multiple of C. 

Therefore, &c. 

Cor. I. If one magnitude measure 
another, it will measure any multiple of 
that other. 

Cor. 2. Hence, the ratio of A to B 
being expressed by certain given terms, 
as 5 : 6, the same ratio may be expressed 
by any terms which are equimultiples of 
tlie given terms, as 10 x 5: 10x6. For, 
if M be the common measure which is 
contained in A five times and in B six 
times, any measure of M, as the tenth 
part, will also measure A and B {Cor. 1 .) 
and will be contained in A 10 x 5 times, 
and in B 10 X 6 times. 

Cor. 3. Hence, also, reversely, the 
ratio of A to B being expressed hy any 
terms, as 10x5 : 10x6, which have a 
common factor, the same ratio may be 
expressed by any terms, as 5 : 6, which 
are like parts of the given terms. 

For, if M be the common measure 
which is contained in A 10x5 times, 
and in B lOx 6 times, it is evident that 
10 M will be contained in A '5 timesi 
and in B 6 times. 

Prop. 2. (Etic. v. 3.) 

J^ two magnitudes be equimultiples of 
two others, and if these be likewise equi- 
multiples of two third magnitudes, the 
two first shall be equimultiples of the two 
third. 

Let A and A' contain B and B' respec- 
tively three times, and let B and B' contain 
C and C respectively four times ; then, 
as in the demonstration of the preceding 
proposition, A and A' being equal to three 
times B and threetimes B' respectively, 
contain C and C respectively 3x4 times, 
t. e. the same number of times exactly ; 
therefore A and A' are equimultiples of 
C and C. 

The same may be said, if, instead of 
3 and 4, any other numbers be taken, f . e. 
if A, A' be any equimultiples of B, B'» 
and B, B' any equimultiples of C, C. 

Therefore, &c. 

Cor. If two magnitudes A, A' be equi- 
multiples of two others B, B', and like- 
wise of two third magnitudes C, C, and 
if one of the second, B, be a multiple of 
the corresponding one, C, of the third, 
the other second, B^ shall be the same 
multiple of the other third, C\ 

Prop. 3. 
A common measure M of any two 
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niagnitudesA andBtmeasures aiso their 
Htm A + B, and their dMreneeA'^'B. 

For, if M be contained in A any num- 
ber of times, as 7, and in B any num* 
ber of times, as 4 ; it will evidently be 
contained in the sum of A and B, 7 + 4 or 
1 1 times, and in their difiler- 
ence 7—4 or 3 times, and 
therefore will measure their 
sum and difference. 
* The same may be said, [ t Ih 
if, instead of 7 and 4, 
any other numbers be 
taken.* 

Therefore, &c. 

Prop. 4. 

'^ 1/ there be two magnitudef A, B, and 
if (me of them he contained in the other 
a certain number qf times with a re- 
mcdnder; any common measure of the 
two magnitudes shall measure the re- 
mainder, and any common measure of 
tlie remainder and the lesser magnitude, 
shall measure the greater also* 

Let B be contained in A twice 
witharemainderR,andletMbe «*• ^ 
any common measure of A and 
B; then, since M is contained 
a certain number of times in B, 
it is also contsdned a certain 
number of times in twice B ( 1 .) t 
and measures twice B : but it 
aJso measures A ; therefore (3.) 
it measures the difference of A and 
twice B, that is R. 

Next, let N be any common measure 
of R and B : then, as before, N mea- 
sures twice B ; therefore (3.) it measures 
the sum of R and twice B, that is, A. ^ 

And the reasoning, in either case, is 
independent of the particular numbers 
assumed. 

Therefore, &c. 

Cor. The greatest common measure 
of the remainder and lesser magnitude 
is also the greatest common measure 
of the two magnitudes. For, since 
every common measure of A and B is 
also a common measure of B and R: 
the greatest common measure of A and 
B will be found among the common 
tneasiues of B and R ; and it has been 

* • The example of Euclid lias been followed in 
annexing straight lines to illustrate this and man/ 
tnbseqoeat propositions, which are, however, not 
the less to be understood as applicable to and de- 
monstrated of magnitudes generally, as is evident 
from the language of the enunciation and demonstrft- 
tion. , . 

t The reference is htte to the first proposition of 
Hie preeent Book i and generally, in such references 
as have no Roman numeral to indicate the Book, the 
curreai Dook i« always to be uadersto^. 



shown that eveiy one of the latter mea- 
sures both A and B ; therefore thi 
greatest among them it the greatest 
common measure of A and B. 

Prop. 5* 

By repeating the process indicaied im, 
the last proposition, with the remainder 
and the lesser mojgnitude, and again 
with the new remainder {jf there be one^ 
and the preceding, and so on, the greatest 
common measure of two given eommen" 
surable mc^nitudesA, B may bejfbuniu 

Let B, for instance, be contamed in 
A twice (as in the last proposition), wifli 
a remainder R ; let R be contained m 
B three times, with a second rsraainder 
H , ; let R, be contained in R four times, 
vrith athiid remainder R„ and letR, be 
contained in R, five times exactly. Then, 
because (by 4. Cor.) the greatest com- 
mon measure of A and B is the greatest 
common measure of B and R, that is 
(by the same Cor.) of R and R,, that is, 
again, of R, and R„ and because R^ 
being contained in itself once and a cer- 
tain number of times in R^, is the great- 
est common measure of R, and R., it is 
likewise the greatest common measure 
of A and B. 

The same may be said, if instead of 
2,3,4, 5, any other numbers, supposed to 
arise from a similar examination of any 
two given commensurable magnitudes, be 
taken. At CTCiy step of the process, the 
remainder, as R, is diminished by the fol- 
lowing remainder R, or by as many 
times Rs as are contained in it, that is, 
in either case, by a magnitude greater 
than the supposed greatest common 
measure, to procure the new remainder 
R,. In aU cases therefore, after a num- 
ber of steps, which is less than the num^ 
ber of times the lesser magnitude eon- 
tuns the su^^sed greatest common 
measure, a remainder will be found which 
is equal to the greatest common measure. 
. Ilierefore, &c 

Cor. 1. If the process admit of being 
continued through an unlimited number 
of steps, without arriving at a remainder 
which measures the next preceding, the 
magnitudes which are subjected to it, 
have no common measure, t. e. they are 
incommensuralde. 

Cor. 2. By proceeding in a similar 
manner, the greatest common measure 
-of three magnitudes A, B and C may l)e 
found ; for if M be taken, the greatest 
common measure of A and B» and 
the greatest common measure of M 
C men because the greatest cor 
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measure of A» B and C is to be found common factor must still remain, viz. 
among the comtnon measures of M and the number which denotes how often the * 
C, ana because eyery one of the latter, first is contained in the greatest common 
being a measure of Id, measures A and B factor. 

(I.), the greatest among them, that is. Thus, the greatest common factor of 
M„ is the greatest common measure of 204 and.240 is 12, as found by the Rule ; 
A/ B and C. therefore those numbers have no com- 

' It is obvious, that in the same manner mon factor \^hich is not a factor of 12 ; 
the Rule may be extended to any niun- and if they be divided by any factor of 
ber of magmtudes. 12, as 6, the quotients 34 and 40 have 

Cot. 3, By help of this proposition still a common factor 2, which is the 
the lowest terms of the ratio of two given number of times the factor 6 is con- 
commensurable magnitudes may be de- tained in 12. 

termined : for the lowest terms of their It is impossible to have a clear and 
ratio are the numbers which denote how correct apprehension of the subject be- 
often their greatest common measure is fore us, without a reference, not merely 
tidntained in each (see def. 6.). to numbers, but also to the properties 

Scholium. just mentioned (see Arithmetic, art. 54^ 

It may be observed that the foregoing ^^» ^^» ^^» ^^> ^^O* 
process mcludes the arithmetical rule for Prop 6 

finding the greatest common factor of ' ' 

two numbers : which is to divide the If a magnitiule measure each of two 
greater number by the lesser, and find otherSy it shall either be the greatest 
the remainder ; the lesser by the remain' common measure of the twOf or it shall 
der, and find the second remainder, if be contained an exact number of times 
there be one ; the preceding remainder in the greatest common measure, 
by this, and find the thira remainder ; For, in the process of Prop. 5, it was 
and so on, until a remainder be found seen that every common measure of the 
which is contained an exact number of two magnitudes A and B measures also 
.times in the next preceding ; this last the successive remainders, the last of 
remainder will be the greatest common which is the greatest common measure 
factor required* of A and B. 

Thus, if the numbers be 628 and 272, Therefore, &c. 
the successive remainders will be 84, 20, Cor, I, The lowest terms of the ratio 
and 4, of which 4 is contained in 20 an of two. magnitudes being determined by 
exact number of times : therefore, 4 is the greatest common measure of the 
the greatest common factor of the num- two, and any other common measure 
bers 628 and 272. being contained an exact number of 

If thefe be found no remainder which times in the greatest, any other terms 
is exactiy contained in the preceding, expressing the same ratio must be equi- 
until the course of the Rule produces a multiples of the lowest terms. 
!remainder 1, the numbers have no com- This corollary has been cited by an- 
mon factor but 1, and are said to be ticipation in the observations upon 
prime to one another, def. 6. 

The greatest common factor of two Cor.2. The numerical ratio of two mag- 
numbers being thus' found, if the num^ nitudes being given, if not already in its 
bers be divided by it, the quotients will, lowest terms, may be reduced to them by 
manifestly, be prime 4o one another, dividing the terras by their greatest com- 
WiOi regard to other common factors of mon factor : for the lowest terms, being 
the same two numl)ers,«>^ o/Aer com- determined by the greatest common 
mon factor must be contained an exact measure of the two magnitudes, must be 
number of times in the greatest : for it prime to one another, and there is no 
is contained an exact number of times other common factor but the greatest, 
in- each of the remainders of the Rule, by which if two numbers be divided, the 
the last of which is the greatest common quotients will be prime to one another, 
factor. •• (See Prop. 5. Scholium.) 

Hence it follows, that, any two num- For example, the terms of the ratio 
bers being given, there is no other com- 628 ; 272 have 4 for their greatest com- 
mon factor out the greatest, by whidi if mon factor : therefore, dividing them by 
the numbers be . divided, the quotients 4, the quotients 157 and 68 are the 
will be prime to one another; tor, after lowest terms in which the ratio can bo 
division by any other common factor, a expressed. 
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. Cor. 3. If this Ride be applied to two mensurable with the second, the second 
numencal ratios which are differently with the thiixi. the t W^wUh the fourth 
expressed, it wiU show whether they are and so on to the last, all tibe maSd^^ 
different ratios or only different forms of shall be commensuntble. "■^'"*^** 
the same ratio : viz. according as the - Cor. 2. If two magnitudes be com. 
2™!™' ""^ ^^ ^"^ *^ ^*^* ^^ mensurable with onTwiotSr, i^^^^^ 
^® '™®' one of them be incommensurable with 

a third magnitude, the other shall like- 
wise be mcommensurable with the third. 



Prop, 7. 



' I/amoffnitudeAbe measured h^feach 
of two others M and N, a common mea- 
sure of these two may be found; andy 
conversely y if tux) magnitudes be com- 
mensuraSle, a magnitude may be found 
which is measure by both. 
Let A contain M 4 times, 
and N 5 times : then, if A Y "f f 
be divided into 4 x 5, or 20 I I ' 
equal parts, M will contain 
5 and N 4 of those parts ; 
and, therefore, one of those 
parts being contained an f 

exact number of times in M, 
and an exact number of times in N, is 
a common measure of M and N. 



Section 2.-^Proportion of Comment 
surable Magnitudes. 

In the foregoing Section it has been 
seen how the greatest common measure, 
and hence the lowest terms of the ratio, 
of two magnitudes may be detennined 
(5. and 5. Cor. 3.). It has been seen, 
also, that every other common measure 
of the same two magnitudes is contained 
m the greatest a certain numb^ of times 
exactly, and hence that no other terms 
but such as are equunultiples of the 
lowest can express the same ratio (6. and 



times, A will contain M 4 times, and N 
5 times, and, therefore^ will be mea- 
sured by each of the magnitudes M 
andN. 



Next, let M contain a magnitude a ir^' ^'^'* *®** ^*^ simple relation 

5 times, and let N contain the same a 4 *?o™s^an easy Rule for reducing :any 

times: then, if there be taken a magni- P^®^ ^"^ *o the lowest terms, and 

tude A, which contains a 5x4, or 20 "®"^ determming whether two given 

Ai A _ii, ___x_._ »ir . ,. ,.- numencal ratios which Are differently 

expressed be the same or not (6. Cor, 
2 and 3). 

,^^^. We now proceed to the theorems of 

And the demonshntion will be the P^'^portion, the end of which is for the 
same whatever numbers are taken. ™ ^ ^^ *o show, that if two magni- 

Therefore, &c. *^^®* ^^^^ *^® same ratio with other 

two, magnitudes which are related after 
Prop. 8. * certain manner to the two former, will 

have the same ratio to one another with 
If there be three magnitudes A^B^ C, ma^itudes which are similarly related 
the first of which is commensurable with to the two latter. 
the second, and the tecond with the In the demonstration of these theo* 
third, the first shall be commensurable rems, an illustration by particular num- 
— 'A^ ^r_ A--_j lj^j,g will be preferred, for the sake of 

the less practised reader, to the use of 
general symbols for numbers, ' In fol- 
lowing tms plan hitherto, we have had 
occasion to observe at the conclusion 
of each demonstration, that the steps 
are not upon this account the less gene- 
ral, but apply equally to any other 
numbers which maybe substituted in 



toith the mird. 

Let M be a common 
measure of A and B, and 
N a common measure of 
B and C. Then, (7.) be- 
cause the two, M, N, are 
both of them measures of 
the same magnitude B, a 
common measure m of 



A n c 



these may be found. And, because m place of the particular numbers . as- 

measures M, it measures also A, which sumed. The same observation will be 

is a multiple of M (1. Cor, 1.) ; and in the found equally true, and is accordingly 

same manner, because it measures N, here premised with regard to partiqular 

it measures C, which is a multiple of N. numbers, wherever they are introduced 

Therefore m is a common measure of in the following demonstrations. The 

A and C, that is, A and C are com- demonstrations are exactly similar, 

mensurable. whatever numbers be substituted in the 

Cor. 1 . If there be any number of place of them ; and, accordingly, the 

magnitudes, the first of which is com- general propositions a?^ not less evident 
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fhan if the reftsoning hid been con- Next, let any like paxts, for example 

ducted by general symbols. the Gths of B and D, be taken : these 

The present Section treats only of shall be contained in A and B the same 

commensurable proportionals as de» number of times, either exactly, or with 

BGril)ed in def. [7]. The theorems, how- corresponding less remainders. 

ever, (that is, all of them, the first ex- Let M and N be the common mea- 

eepted which is expressly enunciated sures of A and B and of C and D, a» 

of oommensurables) are likewise true before, by which the ratio 84 : 5 is deter- 

with regard to the more general descrip- mined ; and which are therefore con- 

tion of proportionals to be considered tained in B and D respectively 5 times, 

in Sechon 3. Hence the brackets and in A and C respectively 84 times, 

which the reader will have already And let M be divided into 6 parts each 

noticed in <' def. [7 J* and *' def. [8],** and equal to m, and N also into 6 parts each 

in which the numbers 9, 10, &c. of equal to n. Then it is evident that ;n 

the foUowing propositions are inclosed, and n must be contained in A and C 

)ience, too, the absence of all reference respectively 84x6 times, and in B and 

to Eudid, whose theorems on the sub- D respectively 5x6 tipaes (I.). And. 

jeot of Proportion are stated not of because'the sixth-parts in question, t. e. 

commensurable magnitudes only, but the sixth-parfs of B and D, are con- 

of such as, whether commensurable or tained in B and D respectively 6 times, 

otherwise, come under a more general they must contain m and n respec- 

definition of proportionals. In the next tively 5 times. Therefore, the parts in 

Section, these propositions, (prop. [9] question are contained in A and C re- 

excepted) will be repeated with refer- spectivdy as often as the number 5 is 

ence to a similar general definition, the contained in 84x6, that is, the same 

brackets will he removed firom the num- number of times exactly, if 5 be exactly 

bera 9, 10, &c., and the references to contained in 84x6, or the same num<- 

Buclid will be annexed as usual. ber of times with corresponding re- 
mainders, if 5 be contained in 84x6 

Prop. [9]. with a remainder. 

mhere hefbur magniiudeiA, B, C, D. ^ Therefore, &c ^ 

jwhich are commensurable proportionals. Cor- 1. Hence it appears that, if two 

the second and fourth, ana any like parts magnitudes and other two have a com- 

of the second and fourth, shall be con» mon numerical ratio, any other terms 

tained in the first and third the same expressing the ratio of the first to the 

number of times exactly, or the same second must also express the ratio of 

number of times with corresponding the third to the fourth; as was ob- 

remainders less than the parts. served in the remarks upon def. [7]. 

; Let the common ratio of A to B and Cor. 2. Hence it appears, also, that 

C to D be any whatever, for example, A. cannot be said to have tofi the same 

84 : 6 : and fu-st, let the second and rsA^o which C has to D, according to 

iburth, viz. B and D, be taken : B and D def. [7], and at the same time a greater 

shall be contained in A and C respec- or a less ratio than C has to D, accord- 

tively, the same number of times ex- ing to def. [8j ; as was observed at 

acUy, or the same number of times with def. [8]. 

corresponding less remainders. Cor. 3. And much less can A be said 

Let M and N be the common mea- to have to B a greater ratio than C has 

sures of A and B and of C and D, by to D, according to def. [8], and at the 

which the ratio 84 : 5 is determined ; same time a less ratio than G has to D, 

and which are therefore contained in B according to the same definition.* 
and D respectively 5 times, and in A and 



C respectively 84 times. Then, because * As the General Theory of Proportion in SeotioB 

M and N are contained in A and C J •~^"'J?!.'!?^i°?t5 P«>po«tion« of thi. Seor 

±- 1 o^j.*-^ jAi.i.T» jTk *>on with reference to the new definitions 7 and 8 

respectively 84 times, and tnat a ana U there riven, the reader may, if he pleases, pass on to 

contain M and N respectively 5 times ; tkat section, or rather, to the concluding Scholium 

B and D are contained in A and C re- If^Rr^iU"' J:fr:uSp'4.:of ri'^^? 

Spectively, as often as the number 5 On the other hand, it is recommended to beginners, 

is contained in 84, that is, the same "d wch »• wre not curious about the general and 

A9 WW1MI.IUCU 11* OT, uia,fc «, wi^ "—^ complete theory of proportion, to peruse with care 

number of times exactly, if 5 be exactly Ihe remainder of the present Section, with the open- 

contained in 84, or the same number of »«>«: paragraphs of Section 3.. and then pass on to 

f irriAfl wifVi nrw^o^nrmAintr r^rv%o\nAtM>9 if Section 1. ; which they may do with the assurance of 

limes Wnn COn-espondmg remainders, U nodifficultybeingpreMmed to them upon that aceount 

5 t>e contained m 84 with a remamder. l^ the remaiader of the treatise. 
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Prop. [10]« respectively; Theii,ifaaiic(A be taken. 

the 35th parts (7 X 5) of A and B, a will 

Equal magnitudes have the same ratto be a 5th part of M, and therefore will be 

to the same magnitude: and the same contained an exact number of times in C, 

has the same ratio to equal magnitudes, and 6 a 7th part of M, and therefore 

-^ -9 p also contained an exact number of 



For if any part, as a 
5th, of C be contwned in 
A any number of times, 
as 4, and if B be. equal 
to A, the same part of 



times in C (1. Cor. 1.)* But any mea* 
sure of A is greator than the like mea- 
sure of B (ax. 4.); therefore, of the like 
measures in question, vii. a and b, C 
will contain that of A a less number of 



A Ml • j1 nJ xLT^^ I wm coniam max oi a a less numoer oi 

?l!^''''''i^J^^^^r^h^.nff{ni^n times than it <»ntains that Of B. There- 

^j^'^a'^^I^J^^ ^^^ Sfp ^m' fo^ (def. W) G has to A a less ratio 
4 ; and therefore 4 : 5 wiD be the com- ^^ j^ j^^^^^ g ^^ ^ ^^ ^^ ^^ 

mon ratio of A to C, and of B to C. b than it has to A. 

Agam, if any part of A, as a 4th, be Thwefore &c 
contam«l in C any numb^^^^ ^ 1 Magnitudes which have the 

^S'^'^^^^Tolwww^^^^^ same ratio tT the same magnitudes 
of B (ax. 2.) wiU ^^"^ttv l^^^^^ ^ ^ ^ ^^^ . J^kewise 

m CJhesame numW ofhmes,5 ; a^^ those to which the same magnitude has 

^T^Ti^ / -A^ J!?nf^ f^ w ^ the same ratio ([9] Cor, 2.) 

"^JjJ^f?*^^'*^^^^^*^®* Cor.2. A ratio which is compounded 

ITierefore, &c. ,,«„^,«,i^ of two ratios, one of which is the reci- 

Cor. Ifj^'^^<>7!i^^^^,3 procaloftheother,isaratioof equality. 

of two ^a^<>« ^^'^^f «^«J^5^; ?Sf W. if there be three magnitude^ of tfie 
of these must be the reciprocal of the ^^^ ^^^ ^ 3 ^J^^ ^^ ^ ^^ 

other. For if there be Uirw nu^i- ^^^ of B to be the same with the 

^''^^IPa^'' ^""t^n f^o^oK^of r ratioofBtoA. AmustbeequaltoC: 

T'^/^^^'l^ ^ JP'^rtoSLn '^ other words, the ratio o?A to O, 

to C must be the same with the raho ^^^ ^ compounded of the ratios of 

^^ ? ^ n • w f^"^ '''''^ ' t^A A to B and of^ to C, one of which is 

of A to C, which IS comoounded of the ^ ^jprocal of the other, is a ratio of 

ratios of A to B and of B to C, be a ^^^^^ ^^^^ g ^^ ^^ ^^ 

raUo of equality, the ratio of A to B ."^Cor.^. If one of two magnitudes 

Sf n^,i^^ ^^T^^ ""^ ^^ li*ve a greater ratio to the saSe mag- 

B to C, (def. 6. and 12.). ^^^^^^ ^^^ ^^^ ^^y^^ ^^^^ ^e fl„t 

Pnrto rm ™^"t be greater tfian the other: and 

r&w. Liij. jj^j^g g^njg magnitude have a greater 

C^twounequalmagnitudesthegreater ratio to one of two magnitudes than it 

has a greater ratio to the same magni-^ has to the other, the first must lie less 

iude; and the same magnitude has a than the other ([9] Cor. 2, 3.). 
grecier ratio to the lesser of the two. 



For, the magnitudes A, B. 
and C, being supposed to f ^ f 
be commensurable, if A be 
greater than B, it must oou' 
tain the common measure of 
A, B, and C, that is, a measure 
of C, a greater number of 
times than B contains the 



Prop. [12]. 

Magnitudes A, B anrf C. D, which 
have the same ratio with the same mof^ 
nitudes P, Q, have the same ratio wtth 
one another. 

For, since A, B have the same retio 
with P, Q, some part of B is contained 



same measure of C, and therefore (def. in A as often as a like part of Q is cen- 
ts!) A has to C a greater ratio tiian B tained in P ; therefore, if any othCT part 
has to C. of Q be contained a certain number of 
Again, if A be greater than B, and if times in P, a like part of B will be con- 
C be any magnitude commensurable tained as often in A (r9j). 
with each of tiiem, like measures of A But, because C, D have the same 
and B may be found, which are each of ratio witii P, Q, some part of D is con- 
them contained a certain number of tained in C as often as a like part of Q 
times in C. For, since A. B, and C (8.) is contained in P. Therefore, whatevor 
contain tiie same magnitude M, each of part this be, which is taken of D, and 
them a certain number of times, let contained in C ". ^^^"Jf tj»« ^^^ P^^' 
them be equal to 7 M, 5 M, and 12 M, of Q in P» the hke part of B is oon- 
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tained as often in A; ttiat is," A : B:; tained a greats number of limes in A 

Q . D, than it is in B, and therefore ([9]) the 

Therefore, &c. like measure, N of D, will be contained 

Cor. I. If A have to B the same ratio in C a greater number of times than it 

as C to D, and C to D a greater , or a is m D, that is, C will be greater than D. 

less ratio than E to F, A shall have to And in like naanner it may be shown, 

B a greater or a less ratio than E to F. that if A be equal to B, C will be equal 

For, from what we have seen ([9]) it fol- to D, and if less, less, 

lows, that whatever part of D it be that Therefore, &c. 

is contained in C a greater or less num- Pkop, [15]. 

ber of times than the like part of F is jj. ^^^ magnitudes A, B, C, D, be 

contained mE, the like paxt of B must ^^i^tiofu^ they shall also be pro^ 

be contained m A the same greater or ""r^onals when taken inversely ; W 

less number of times. ^^ invertendo* B : A: :D : C. 

Cor. 2. And in the same mannw it For if 7 : 5 be the common Yatio of A 

may be shown, that if A have to B a to Bandof CtoD, therewill becommoa 

neater or a less ratio than C to D. and measures M, N, the first of A and B, 

C to D the same raUo as E to F, A ^^^ ^he other of C and D, which are 

diaJl have to B a greater or a less ratio contained in B and D respectively five 

man Ha nas to a . times, and in A and C respectively seven 

Prop ri3l times ; and therefore 5 : 7 will be a conoL-. 

. * ^ , * ^. * nion ratio of B to A and of D to C. 

Iffourmagmtudes be proportionals,, ^his may be stated as follows— 

and if the first be any multiple or pa^^ «the reciprocals of equal ratios are 

of the second, the third shall be the gl to one another." 

same multiple oi'part of the fourth : ana Therefore, &c. 
conversely t if one magnitude be the 

same multiple, or part, of another. Prop. [16]. 

that d third magnitude is of a fourth, Jf four magnitudes. A, B, C, D be 

the four magnitudes shall be propor- proportionals, and if there be taken any 

tionals, equimultiples of the first and third, aria 

For, if A, 6, C, D be proportionals, also any equimultiples of the second and 

and if the second, or any part of the fourth ; these equimultiples shall like- 

second, be contained a certain number of ivise be proportionals, 

times in the first, the fourth, or a like Let 4 A^ 4 C be any equimultiples of 

part of the fourth, will be contained the A, C, and 6 B, 6 D, any equimultiples 

same number of times in the third ([9]). of B, D : and let 7 : 5 be the common 

Therefore, if the second be contained in ratio of A to B, and of C to D, as in the 

the first seven times, the fourth will also last proposition. Then, if the measures 

be contained in the third seven times ; M and N by which it is determined be 

or again, if a seventh part of the second taken, because M and N are contained 

be contained in the first once, a seventh in A and C respectively 7 times, they are 

part of the fourth will also be contained contained in 4 A and 4 C respectively 

m the third once. 4x7 times ; and in like manner it m^ 

Again, if A contain B seven times, be shown that they are contained in 6 B 

and C also contain D seven times. A, B and 6 D respectively 6x5 times. There- 

and C, D have a common ratio 7:1; fore 4x7:6x5 is at once the ratio of 

and, in like manner, ifA be contained in B 4 A to 6 B, and of 4 C to 6 D. 

seven times, and C In D also seven times. Therefore, &c. 
A, B, and C, D, have a common ratio 



1 • 7 Thpr*»fnrP in pifhprpsusp A "R P. D * The Latin words '* invertendo," " alternando,** 

1 . 7. inereiore,ineiinercase,A,U,U,iJ wdividendo," " conyertenda," « componendo." "ex 

are proportionals. »quaU in proportione directA," " miscendo," and " ex 

Tnerefore, &C. »quali in proportione perturbatft,*' ([15]. [19]. [20], 

' ^ \m Cor, 1. [21], ['J4]. [24], Cor. 2. and [26]) carry 

p ridl witJi tthem, particularly to such as are strangers 

JrKOP. L'^J' to the language, an air of mystery we should rather 

7/> /U4#iH •My«#^«V*//7/>o A "R P "n /»/> have dispensed with. They are in such constant use, 

Jf four magnitudes K, B, U, D, be however, that we cannot well do wthout them. They 

proportionals, and if the first be greater mean no more than ♦» by inverting," *♦ by altema- 

greater 
aiydifli.., 

Fnr iP A hp crrpafpr ♦huTi "R nnv ot\m ^ "*"/ ^*^^«s ^o tHei /respective theorems, which are 

J? or 11 A Oe greater man iJ, any com- ^^^ ^^^ frcquenUy cited out of the whole theory 

xnon measure M of A and B will be con- of proportion. 



Ji. i 2.] 



GEOMETRY. 



41 



Cor. If A/B,C,D be pvoportionals. Cor. Hence alio, if fbur magnitudes 

and if any like paita of the first and of the same kind be proportionals, and 

third be taken, and also any like parts if the second be greater tnan the fourth, 

of the second and fourth, these like thefirstwillbegreaterthanthe third; if 

parts will Hkewise be proportionalg. equal, equal ; and if less, less. 
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Prop. [17], 

Magnitudes have the some ratio to 
one another, tohich their equimultiples 
have. 

Let M, N be equimul- 
tiples of A, B : that is, let 
M, N contain A, B the 
same number of times 
respectively, as 5 : then 
i|; IS evident that if any 
measure K of B be con- 
tained in A a certain num* 
ber of times, the like mea- 
sure 5 K of 5 B, or . Ny 
will be contained in 5 A, or M, the same 
number of times. Therefore A : B :: 
M : N. 

Therefore, &c. * 

Cor. 1. Magnitudes have the same 
ratio to one another, which tlwir like 
parts have. 

Cor. 2. If A, B, C,D be propor- 
tionals, and if equimultiples be taken of 
the first and second, ana also equimul* 
tlples of the third and fourth, these 
equimultiples will likewise be propor« 
tionals. 

The same, it is evident, may be stated 
with regard U> any like parts taken of 
the first and second, and also of the 
third and fourth. 

Prop. [18]. 

If four magnitudes of the same kind 
he proportionals^ and if the first be 
greater than the third, the second shaU 
be greater than the fourth ; if equal, 
equal; and if less, less. 

Let A, B, C, D be proportionals, and 
let M and N be the common measures 
of A and B and of C and D, by which 
their conunpn ratio is determined ; tha^ 
is, let M an^ N be like parts of B and 
D, which are contained the same num- 
ber, of times in A and C respectively, 
(def. [7]). Then, because M and N 
are like parts of A and C, it is evident 
that if A be greater than C, M must be 
greater than N ; and therefore also B, 
which is a multiple of M, greater than 
D, which is the same mmtiple of N 
(ax. 3.). 1 

In the same manner it ma]^ be shown, 
that if A be equal to C, B will be equal 
to D ; and if less, less. 

Therefore, &c. 



Prop. [1 9]. 

If four magnitudes A, B,C, J) of 
the same kind be proportionals, they 
shall also be proportionals when taken 
alternately ; that is, altemando A : C 
::B:D. 

For, if M and N be the conmion mea- 
sures of Aand B and of C and D, by 
which their common ratio is determined ; 
then, because A and C are equimultiples 
of M. and N ([17]), A : C;:M : N,— 
and, for the like reason, B : D;:M : N« 
Therefore ([12].) A: C;:B : D, 

Therefore, &c 

Prop. [20]. 

Jf four magnitudes A, B, C, D be 
proportionals, they shall also be pro-- 
portionals when taken dividedly; that 
is, the difference of the first and second 
shall be to the second as the difference 
of the third and fourth to the fourth i-^ 
or dividend©, A-B : B : : C-D : D.* 

For, M and N being taken as in the 
preceding propositions, if they be con- 
tained in A and C 7 times, and in B and 
D 4 times, they will be contained in A'«B 
and C'^'D, 7-»4 or 3 times ; and there- 
fore 3:4 will be the ratio of A-B to B, 
and also of C-^D to D. Therefore 
A-B;B::G-D:D. 

And the same may be said, when 
A and C are less than B and D respec- 
tively. 

Therefore, &c. 

Cor. 1 . If four magnitudes A, B, C, D 
be proportionals, they shall also be pro- 
poitionals by conversion; that is, the 
first shall be to the difference of the 
first and second, as the third to the 
difference of the third and fourth; or 
convertendo A : A-B: :C : C-D. 

For invertendo, B : A: ;D : C, divi' 
dendo, A-B : A::C^D:(i, and inver- 
tendo A : A-B: :C : C-D. 

Cor. 2. If four magnitudes A, B, C, D 
of the same kind be proportionals, the 
greatest and least of ttiem together 
shall be greater than the other two to- 
gether. 



• The sirn *>» placed between two letten denotes 
the difference of the magnitades which are represent- 
ed by them, without supposing the first to be tho 
greater, m ia the caie when we write A^^B by itself. 
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For, if one of Uie ex* Cor. Hmee, itwettetiAt aM earn 



tk 



ponendo^ (alter the order of Cor» 1. in 
the preceding proposition,) if four 
magnitudes A,B,C, D be proportion'- 
als, the first shall be to the sum of the 
first and second,, as the third to the 
sum of the third and foiurth ; or, A : A 
+ B::G:C+D.* 



tremes, as A, be the 
matest, then, because 
B is less than A, D is 
less than C ([14]), and 
because C is less than 
A, D is less than B 

18]); therefore D is 

e least. But, because jl^ o A t>„^„ rooi 

A : B : : C : D, dividendo, ^ P^^p- [22 J. 

A— B:B :: C— D:D; and because in If one magnitude be to another as a 

this proportion B is greater than D^ magnitude taken, from the first to a 

A— B is greater than C - D ([18]. Cor.) magnitude taken from the others the re-- 

Therefore, if B+D be added to each, matnder shall be to the remainder in the 

the sum of A and D will be greater same ratio, 

than the sum of C and B. if one Let A, B be any two^ magnitudes, 

of llie means, as B, should be greatest^ from which respectively let mere be 

then invertendo B:A::D:C; and taken the magnitudes A', B', which have 

hence, as before, the sum of B and to one another the same ratio which 

C, that is, of tiie greatest and least, is A has to B ; the remainders A*- A' and 

greater than the sum of A and D. B— B' shall be to one another in the 

Cor. 3. If three magnitudes be proper- same ratio, 

tionals, the sum of the extremes will be For, because A : B : : A' : B', alter- 

greater .than twice the mean, and there- nando, A : A' : : B : B' ;• therefore, divi- 

fore half the sum greater than the mean, dendo, A *- A'" : A'^ ; : B — B' : B' : and 

For, if three magnitudes be propor- again, altemando. A— A' : B— B' : : A* 

tionals, and if the mean be greater tnan : B', that is ([12]) : : A : B. 

one of the' extremes, it must be less Therefore, &c. 

than the other; or again, if it be less Cor. 1. If there be any number of 

than one, it must be greater than the magnitudes, A, B, C, D, &c., in geo- 

other ([14] or [18]). Therefore, the metrical progression, the differences 

two extremes are the greatest and least. A^B, B^Qf C^, &c. will form a geo- 

Halfthe sum of two magnitudes, being metrical progression, in which the suc^ 

as much greater than the one as it is bessive terms have the saine ratio with 

less than the other (I. ax. 9.), is called an the successive terms of the former. 

arithmetical mean between the two. For B is to C- as A to B, C to D as 

It appears therefore, that the arithme- B to C, and so on ; therefore, A'^B is to 

tical mean between two magnitudes is B^C as A to B, B-C to C-^D as B to C, 

^eater. than the geometrical mean. * i. e. as A to B, i. e, as A'^'B to B ~ (3 

•p ray-i ([12]); and so on. 

rROP. L^AJ. Cor. 2. And conversely, any number 

If four magnitudes A, B, C, D be of magnitudes A, B, C, D, &c. in geo- 

proportioncUs, they shall also be pro- metrical progression, may be considered 

poriioncUs when taken conjointly ; thai as the differences of other magnitudes, 

is, the sum of the first and second shall a.', B'» C, D', E', &c. formmg a geo- 

be to the second, as the sum of the third metrical progression, in which the first 

and fourth to the fourth ; or compo- term A' is to A as A to A-B, and the 

nendo A+B :B::C+D :D. .successive terms have the same ratio 

For the measures M, N remaimng with the successive terms of the former, 

as m the preceding proposition, that is, . ; 

being contained in A and C respectively v* ^.' ** usual, when two demonstrations are eqaaUy 

m i.'.^ j*T» JTN i.* y A «nort and obrions, to prefer that which is the most 

7 times, and m B and D respectively 4 .lementary.or appVoaches iu«test to fint principk^ 

times, are contained in A + B and C -f D Now. it may be observed of thb csorollary, the corre- 

t«spectively 7+4 or 11 times ; and. rplO.'^'fer^'XT.iA;;? iK"™^ 

therefore, 11:4 will be the ratio of A+ Prop, [353, that, stated, aa is here the casf% of com* 

B to B, and alsOOf C+DtoD. There- mensurable pimwrtionals, they may. a U^^ 

«n-.« Aj.Tl."R..nj--n.n ?^*!3^ ?"** briefly, be referred to dcf. [7] as they may 

fore A+ JS : U : : O + 11 : U. h<s derived from other propositions. The connected 

Therefore, &C. demonstrations have in this case been preferred with 

^_^_^ a view to the next Section, where nearly afl the pro- 

_^ . , positions of this Section will be re-stated, and such 

• The case is here excepted in which the mapii< as have been referred to def. L7]. will have to be 

tudes are equal to one another; for in that case it is reconsidered with reference to a more inneral 

manifest that the arithmetical mean is e(|aal to the deBnition. A himilar consideration will be found td 

georaetncal meao. have di rected the arrangement.of th^ propotftioiis. 
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For, if *sucli ft'pro^ssion be taken, as A to B ([1 1 ] Cor. 3.) ; and therefore 

A', B', C, &c in which A' is to A as A+A' must have a 'less ratio ([11]) to 

A to A-B, and A' to B' as A to B; B+B'than A+P has to B+B'; but 

then because A' : B' : : A : B, (xmv9r- A+P has to B+B' the same ratio as A 

iendo. A' : A'-B' : : A t A-B ; but A' ! to B, by the proposition : therefore A + A' 

A :: A : A-B; therefore ([12]) A' t has to B+B' a less ratio than A has 

A' - B' : : A' : A ; and .because in this to B ([12] Cor. 2.) : and the other case 

proportion the first term is the sam^ in which A' has to B' a greater ratio than 

with the third, the second is equal to the A to B, admits of a similar demonstra- 

fourth ([18)], that is, A'-B' is equal to A. tion. 

But (by Cor. 1.). A.'-B', B'-C', C'-D', Cor. 3. Hence, if the ratio of A' to B' 

Sec, form a progression in which the be not the same with the ratio of A to B, 

successive terms, as A'-B', B'-C, have the ratio of A+A' to B+B' will lie be- 

the same ratio with A', B', that is, with tween the ratios of A to B, and of A' t6 

A, B ([12]). Therefore, also, B'-C is B'.'; that is, it will be greater than the 

equalto B ([18]), and hence again O'-^D' lesser of the two, and less than the 

is equsd to 0, vnd so on. In fact, the greater of the two. 

progressions A, B, C, D, &c. and A'-^-B', t3„^„ ro^i 

B'-C'. C'-D', D'-E', &0. having the • ^ , . ^*®^- 1.^> 

same first t»ms, and the same common ^ IftMre beikrwmagnitudes of the aoMe 

ratio of their terms, cannot but be htnd A, B,0, and other three A[,W,C\ 

identical. ichioh, taken two ana two m ordert have 

the aame roHo, via. A to B the eame 

Prop. [23]. ratio as A! to B\ and B to C the eame 

If one magnitude be to another asa ratio as B' toC; then ex sequali inpro- 

ihird magnitude of the same kind to a portione directs (or ex 8equq> the first 

fourth, tXe sum of the first and third shall be to the third qf the first magtiir 

s?udl be to the sum of the second and tudes, as the first to the third of the 

fourth in the same ratio. others; or, as it may "be more bri^y 

Let A, B be any two magnitudes, to *<«/«/, « , a/ uf 

which respectively let there be added the Mi ^ ' ^* *. «/ • S/ 

majpiitudes A',B\ whichhave the same «»« B ;C::B':C', 

ratio to one another which A has to B : iA«n ex «quali> A : C::A' : 0\ 

the wholes A+A' and B+B' shall be Let 3 ; 4 be the common ratio of A 

to one another in the same ratio. to B and of A' to B', and 5 : 7 the 

For, because A : B :: A' : B', alter* common ratio of B to C and of B' to 

ndmto. A: A':: B :B'; therefore com* C. Then, if B be divided into 4 x 5 or 

ponendo, A+A' : A': :B+B' : B'; and 20 equal parts, one of these parts will 

again, altemando^ A+A' : B +B': t A' : be contained 3 x 5, or 15 times m A, and 

B', that is, ([12.]) : : A : B. 4x7 or 28 times in C, because 3 : 4, 

Therefore, &c or 3 x 5 : 4 x 5 (l. Cor. 2) is the ratio of 

Cor, 1. Hence, if there be any num« A to B, and 5 : 7, or 4 x 5 : 4 x 7 is the 

ber of magnitudes of the same kind ratio of B to C. And for the like reason, 

antecedents, and as many consequents, if B' be likewise divided into 20 parts, 

and if every antecedent have the same one of these parts will be contained 3x5 

ratio to its consequent, the sum of all or 15 times in A', and 4 x 7 or 28 times in 

.the antecedents shall have the same ratio C'. Therefore, 15 : 28 is the ratio of A 

to the sum of all the consequents. to C, and also of A' to C ; and, con- 

Cor. 2. If the ratio of A' to B' be not gequently A : C : A' :; C, 

the same with the ratio of A to B, the Therefore, &c. 

ratio of A+ A^ to B+B' v?ill not be the Cor. 1. The same may be stated of 

same with the ratio of A to B ; but less, any numbei* of magnitudes A, B, C, D, 

if A' be to B' in a less ratio, or greater, and A', B', C, D' : that is, 

if A' be to B' in a greater ratio. if A : B : : A' : B' 

For if A' have to B' a less ratio than A and B : C : : B' : C 

has to B, A' must be less than a magni- and C ;D;;C' ; D' 

tude P,* which has to B' the same ratio then, ex eequali, A : D: :C' : D'. 

— -— 77 : 77" For by the first two proportions A : C 

• It isbere assamed that to twogtTen magnitudes ^ ■ 

'of the same kind and a third there in some magnitade . ^..^^ .^ ,, ^ >.^, _ ^„|». ,^ 

wladi U a fourth proportional : a tmth obWow eommon ^"'^^'^i^^^SS^^ Sit «.L«^ «S! 

eooaghia the case orcommentarable proportion ^-'^"'"S^Ji"^*!! "Sie ^?d^mr^S?^fonSh 

'^iS^VLSiLTi^'^^^ Sil So^wiUbe »^ce4atprop.a3.af theaextsect^" 
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: : A' : C, and from this combined with respectivBly the some in the two series, 

the third, A : D : : A' : D' ; and so on uny two combinations by- sum and dif* 

for any number of proportions. ference of the magnitudes of the first 

This may be stated in the following series, e.g. A+C — E and B — C + D, 
words : ** ratios,, which are compounded shall be to one another as two similar 
of any number of equal ratios in .the .combinations of the corresponding mag- 
same order, are equsd to one another.** nitudes of the second series, viz. A' + 
(def. 12.) C - E' and B' - C + D'. . 

Cor, 2. By help of this proposition For, because A : ¥ :: Af : F (ex 

another property of proportionals .may eeqtialij ; and again, C : F : : C : F', by 

be demonstrated, which is commonly .the proposition A+C : F:: A'+C :F'; 

cited by the word miscendo :* viz. but E : F : : E' : F; therefore, by the 

If four magnitudes A, B, C, D be preceding corollary, A + C — E : F : : 

proportionals, the sum of the first and A' + C — E' : F. In the same manner, 

second will be to their difference, as the it maybe shown that B — C + D : F : ; 

sum of the third and fourth to their dif- B' — C + D' : F ; therefore, invertendo 

ference. and ea? eegMo/t A + C — E : B — C +D 

For, since A : B : : C : D, ; : A' + C - E' : B' — C + D'. And a 

comjponendo A+B : B : : C +D : D. isimilar demonstration may. be applied to 

And agam> because invertendo B : A : : any other combinations by sum and dif- 

D : C, convertendo B : A-B : : D : C--D. ference. 

C+D^- c'-^D^whitf ^ tii^^ro^ iii ^^''''' f^^^' 

question. ^ * ^^^ ^ ^^^^ *^ '^^^^ magnitudes of the 

* p r„-T same kind A, B, C, and other three 

. y ^' * A', B', C, which taken two and tivo, but 

If two proportions have the samecmse- ,•„ ^ cross order, have the same ratio, viz. 

quents, tJie sum of the first antecedents ^'to B the same ratio as B' to C, andB 

shall be to their consequent, as the sum fo^Q the same ratio as M to B' ; then. 




__ , ., „ .. A ^ first to 1^ third of the others : or, as it 

Because by the first proportion A : B ^^ay be more briefly stated, 

: : C : D, and, by the second proportion, t/ A • B • • B' * C 

invertendo B I A : : D: C; exrcquali, and b\c\\a\ B' 

A : A . : G : C : hence, componendo, -, r 

A+ A' : A' : C + C : C, and on account ^^^ ex aequo perturbato, A : C : : A' : C. 

of the second proportion, viz. A' : B :: For, if 3 : 4 be the common ratio of A 

C : D, ex aequali, A + A' : B : : C + to B, and of B' to C, and 5 : 7 thf comr 

C : D, which is the property in question, mon ratio of B to and of A' to B', it 

Therefore, &c. may be shown, exactly in the same man- 

Cor. I. The same may be stated of any ner as in the demonstration of Prop. 24, 

number of proportions having the same that the ratio of A to C is 3 x 5 : 4 x 7, 

consequents : that is, the sum of all the that is 15 : 28, and in like manner that 

first antecedents shall be to their con- the ratio of A' to C is 5x3:7x4, that 

sequent, as the sum of all the second is again 15 : 28. Therefore, 15 : 28 is 

antecedents to their consequent. the ratio of A to C, and also of A' to C\ 

Cor. 2. In like manner also it may and consequently A : C : : A' : C. 

shown (by " dividendo'! instead of" comr Therefore, &c. . ; 

ponendo"*), that if two proportions have ' Cor. The same may be stated of any 

the same consequents, the difference of number of magnitudes A, B, C, D, and 

the first antecedents shall be to their A', B', C, IV ; that is, if A : B : : C : D' 

consequent as the difference of tiie se- and B : C : : B' : C 

cond antecedents to their consequent and C:D:;A^: B'. 

Cor. 3. Hence, if there be any number ihenex€BquoperturbatoA:J)::A:I>'; 

ofmagmtudes of the same kind A, B, C. for by the two first proportions. A : C 

Sj S; Sj a«d as many others A', B'.C, : : B' : D', and from this combined with 

D', E', F ; and if the ratios of the first to the third proportion, A : D : : A' : D", 

the second, of the second to the third, of and so on for any number of proportions. 

the thu-d to the fourtii, and so on, be This may be stated in the following 

• Sometimes also, and more appropriately, by the WOrds l/* RatioS which are Compounded 

Vinghah wonU " by sum and difference.* * ' 9f any number of equal Xatios. DUt ift * 
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reverse order, are equal to one another." of them wiU have to oAe an6ther a ratio 

(Dtf. 12.) which is the same with the duplicate 

Prop. [27]. n&> of A to B : and in like manner. 

Ratios uMch are compounded of the ^^'^Z]!!:!^^^*' ***.2"« Ti?^ 

,mne ratios, in whatsoever orden.<i-e the t^^^^'f!^ ?L""^ thweofthem 

san,e icith one another. XTJ^^ S^y * J^*^.- "•?"? 

The case of ratios which are com- « the same with the tnpkcate ratio of A 

pounded of the same ratios in the same " 5v , u^,?^ ... ... ,. 

Wer is that of [241. Cor. 1. The case. ^^'^LS?^^ ^''KH!^ ** *'"»?'- 

asain. of ratios, which are compounded- *^*;J* ^V^'^ *«• ^^ *« same ratio 

of the same ratios in a reverse Sder, is "V*>* **?« ^^ «>"« «>?*«"• , ^ 

that of [26]. Cor. 1. ^- ^' ^". ^ composition of ratios 




of A' to D' be compounded of the ratios ^^i.^"'^ r^il^ -.« , a * « v 

of A' to B*. of B' to C, and of C to D'. ^f^* ^'^H ^5, "^ *jf '*■ *% p ^ 

which are the same respectively with the S?'?P*"*°^t?*J^* ^ "V^.o .^ J? J' 

ratios of which the rafiTof A to D is *?*"i'V*5*'T?!!^.*'?^J<'C!*« 

compounded, but without regard to or- ™."> "^ *" " ^ '^.u^^i*^?*' T^^^ 

der ; thus, let 3 : 4 be the common ratio b«n« compounded with the dnwt ratio 

of A to B, and of B' to C. 5 : 7 the com- J *» <5.. «?'»*>««' «»e ratio of A to C : 

mon ratio of B to C and of A' to B'. and «»*»«.. >f on* «t»o be compounded with 

1 1 : 8 Oie common ratio of C to D and 5S ^«^***««^ of Motiier. a ratio will be 

of C to W. Then it is evident, from the Tf^ ^^» ^"^ compounded wiUi 

dem<MistrationofProp.[24],thattheratio IS?.* "*«'• w»Uagam produce Uie first 

ofAtoCisaxsTi X 7, and hence iZ.f?"P*'"?^"S of Uie recip«)cal is 

again, the ratio of A to D, 3 x 5 x 11 : Jl""**!?? / !^ s^Aducttng, or taking 

4x7x8. And on the other hand, tiie ^^^1 ^"^ .™*'°' *^ ">* "«"»lt » 

ratio- of A' to C is 5 X 3 : 7 X 4, and *««««»«» remaining ratio, 

hence the ratio of A' to D*. 5 x 3 x 1 1 .^%-"PP*S"; therefore, from the pro- 

: 7 X 4 X 8 ; which is the same with P?^?' ^t ''/"S "i?""*** •^"'^ 

3x5x11:4x7x8, because 5x3x11 *® one anotiier (and therefore com. 

is the same witii 3 x 5 x 11, viz. 165. and 5°"?"^!? **^ *^""' ??*'*" ^'""? ""y i*'.: 

7 X 4 X 8 is tiie same with 4 x 7 x 8, viz. ^^^ ™ //If composition of each), and if 

224.» Therefore 165 : 224 is the retio ."^ *>' ™ *3?Hv'^u*'* '^ subducted or 

both of A to D, and of A' to D*. and con- *":^*J' """y ^} *]>• *« rf raining ratios 

sequentty A : D : : A' : D*. But theratio ^ ^ ^"^ *° *"«' """t**""- 

of A to D is compounded of the same Scholium. 

^X^^ "* ^' *° ^' '''*°"* "" The demonstrations which have been 

^^fSj &c. «?'«" *»' Prop.. [24], [26], and [27], as 




one another a ratio compounded of any ^ *? ^,J* "?y "^'♦f «'' " ^ : 4. and. 

two of these shall have tlie same ratio to •«T' *!'**'?. °^^a*° C»ny whatever, 

one another with any other magnihides ". ^'/'J^ "^° *»' ^ *° S.'!"? .''* ^f *«';■ 

which have to one another a ratio com- ni«nedfrom these by multiplying Uieur 

pounded of the same two; and, in like fntecedente for a new antecedent, and 

"^ ' their consequents for a new consequent 

See the demonstration of Prop. [24] 

01 inese snau nave me same rauo to one T!^"^ ?Jf ^^T^,*" !? r?.i demoi«tira- 

anotherwith any other magnitudes which S""" "^ Pf:?P- 1^?] '"^ W- " follows 

have to one another a r«itfo compounded that a smiilar rule may be observed with 

of the same three ; and so on. "*««> ^ "»? """"ber of rat los which are 

Cor. 2. If the ratios of A to B, of compounded according to iX^. 12 , v«. 

toD, of E to F. &« be all equal to one I".*^ <=«?«" ''Vl'l'^ r*r f**r*'p , "n 

another, magnihides. which hive to one "»*"S'."^^J?f f '° w'h?„ ♦k^" 2,1" ^' 

«»other a X compounded of any two Sde^A^Sfcfi^; 'i^'^^S^nS; 

• SMAritiuMUo, «t. 83. (8. Cor. I .), the compound ratio, or that 
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of the first A io the last D, will be ex- but B' is always greater thui Q, be« 

pressed by an antecedent which is the cause it is supposed to be greater than B, 

product of all the antecedents, and a which is greater than Q ; therefore A^s 

consequent which is the product of always grealerthanP ([18]). Wherefore, 

all the conseq^uents." Hence, also, because P is always less than A', which 

a numerical ratio is frequently said to is less than A by a, P cannot approach 

be compounded of two or of any other to A within the diiference a, which is 

number of numerical ratios, when its against the supposition. Therefore 6', 

antecedent is the product of dl their an- cannot be greater than B. 

tecedents, and its consequent the pro- Therefore, in this case, B' cannot but 

duct of all their consequents: for the. be equal to B ; that is, A : B::C : D. 

magnitudes whose ratio it denotes will in And the other case, in which P and Q ap- 

sudh a case have to one another a ratio* proach to A and B tespectiyely, by a 

which is compounded of the ratios ex- continual decrease, may be demonstrated 

pressed by those others. alter the same manner; indeed in the 

In a geometrical progression A, B, C, same words, if the woi^ " greater** be 

B, &e. of commensurable magnitudes, everywhere substituted for " less," and 

the successive terms have a common- *' less** for " greater.'* 

numerical ratio, & ^. 6:7; therefore. Therefore, &c. 

the ratio of A to C, i. e, the duplicate of This proposition will be found of very 

A to B, is 5 X 6 : 7 X 7, the ratio of A extensive application in Geometry. By 

to D, t. &. the triplicate of A to B, is 5 x 5 help of it, the lengths of plane curves, 

X 5 : 7 X 7 X 7 ; and so on. and the areas bounded by them, the 

Prop r28l curved surfaces of solids, and the con- 

T-^» 1 f J^ J* .^ - A ^ents they envelope, may in many in- 

If there be two fixed magmtudes, A stances be brought into comparison with 

Sf^^'J?^*,^T^ .^^'"if^^r^^^J'fK*' little greater diliculty than right lines, 

P and Q, (that w, to whtchFandQ^by rectilineal areas, and soUds bounded by 

tncrmetng together or by dimtntshtng pi^nes. This will be exemplified in sub- 

together, may be made to approach more sequent parts of the present treatise in 

»flor/y <Aa»5yflwy<^*^ fitt;e» dtf- cases which suppose the magnitudes 

ferencej, and f/P be to Qcdwaye tnthe compared to be sikilar, or of the same. 

*flB^ gtven ratio o/ G to D, A sh(ai be fomi . but the use of the proposition is by 

to B in the sameraho. ^^ ^^^^ confined to these. It may U 

Fu-st, let P and Q approach to A and regarded as one of the first steps to what 

B respectivehr by a contmual increas^ is called the higher Geometry. Ind in this 

SO that P and Q can never equal, much ^iew. likewise/is well worth the attention 

less exceed, A and B. but may be made Qf ^^ student, 
to approach to A and B more nearly 

than by any the same given difPerence. General Scholium 

And let a magnitude B' be taketi* such ^ ..^ .^^^vv ^ ^ ^„Uo 

thatA:B':TC:D. Then, if B' is not ^ the proportion qf commen$urable 

equal to B, it must either be less than j, _. , ma^i^idee. 

■D*^^ .«*' Au^-. T> Tx-^i. i^i. :i. u_ It was shown m the & 




B' is always greater than Q [(18)]. S!"^. w V"i- "^^ *^^^^ 

Whereforc'^because Q is always less ^ll^t Tu^ VT^ V^"" **^ 

than B', which is less than B by 6, Q ¥^Zl If""^^,' ^f.^h^'"'^ Ta 

cannot approach to B within the dif- f^^« the ratio of the first to he 

ference «,^vhich is against the sup- f^"f • ,t!^I'^u^^^ *]''' ''''I''' ""^ ^^ 

position. Therefore. B^cannot be less It^'' 2?^ ^'^'^^ ^"^ 

than B. express the ratio of two magmtudes ex- 

Aeain if B' be supposed greater than ^P* *^® lowest, and such as are equi- 

B, take* A' such that A' rB'::A : B. f^^}""^ ^^.*^« lowest terms; that is. 

Then. becauseBislessthanB'. A is less ^f^}^'^' */"*' ware the lowest terms, 

than A' ([18]), as by some difference *"ii,^.^'i ^, **' "^^f"^ ^ V;;^"'VT 

a. And, because A' • B': : A • B. and ^ultiplymg the lowest terms (6. Cor. 1.). 

l^Q^ : B, ([12]} A' : B'::P : Q ; And ^ =i^^(Arith.art.80.). There-- 

■■ ; ^ n i X. n 

f See note »t prop. [sd]. ' fore, iSfoui magnitudes be prbportionalsi 
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and if a and 5 be the numbers of times any ' t ., A+B C+D 

common measure of the first and second adding 1 to each side, — g- = -g- , 

is contained in them respectively, and ^i^j^^ is the theorem cited by the Latin 

r and rf the numbers of Umes any com- y,ord componrndo; again subtracting 
mon measure of the second and fourth is A — B C — D "^""o 

. , , . ., ^ <^ rm 1 from each. C ■ = — =r— '» whioh is 

contained m them, r = y Tlie converse B D **»«*" 

that cited by the word dividendo : di- 
Is Hkewise tke, that is, if j - j- the ^j^ing 1 by each side, | = ^, and mul* 
four magnitudes must be proportionals ; n A B 
for it may easily be shown, that fractions tiplying = into each, 7^ = -fi* which are 
do not represent the same part of the , , ^ . ^ • 
whole unit, or, which is the same thing, the theorems cited by the words inver^ 
are not equal to one another, except 'i^jww and a/ftfrmwwfo respectively. And 
they be reducible to the same lowest ^^*^ ^<l^al readiness the rest may be' 
m , , derived from the same equation. As 
terms, as ^:* and these lowest terms they are ',811 however sufficiently con- 
will express, at once, the ratio of the fi^t^i^^^'i^^^^ ^^7^ ^l^^^ *^S "^ 
firettothe second, ^d of the third to mwnder of this scholium wiU 
the fourth (1. Cor. 3.), *^ ^^ explanation of certain rdes com- 
The same conclusion may be stated in "^,°!?^ f *t^f ^^ ^« treatment of pro- 
other words, as follows : ^ ??^*^°"'/ which suppose the terms A, B. 
. If /our ^lagmtudes be proporHonaU, C,D tobe numbers, and a^ at oncede- 

and tf A, B, C, D, represent those mag- livable from the equation ^ = k ' 
mtudes numerically ^ that ist t/A anoB o u 

represent the numbers of times the unit Rule, 1. If fourtnagnitudes, which are 

0/ their kind is contained in the two first, numerically represented by A, B, C, D, 

and if C and D represent the numbers be proportionals, the product of the ex- 

of times the unit qf their kind is conr tremes will be equal to the product of 

tained in the tux) last, the quotient or the means, i. *. if A : B : : C : D, A x D 

^ . A , „, G «BxC:andconverselyifAxD=BxC 

fraction^ shall he equal to ^: and oof^ the magnitudes represented by A, B^ 

^f^^elv. ^' ^ ^ ^ proportionals. 

: This equationg = 2 ig the founda- ^""^^ ^°«^ g=g. multiplying each side 

tion of the theory of proportion as it by BxD, Ax D=BxC: and hence, con- 
is treated in Arithmefic w Algebra. ^^"«> ^^^^^"« «^^ ^^^^ by BxD, 
(see Arithmetic, art 127 and 128.) and ^a^, t.^ A,B,C,D are proportionals, 
leads with great i^ility to all the theo- B O 
rems of the foregoing section. Thus, i2«fe2. The same things being sug- 

: posed, any common factor M, which is 

• It la sboini in the treatise on Arithmetic (art. lound in both the antecedents, or in 

•1.) that the same nrnnber can hare but ime set of both the Consequents, Or in both the 

primef.cta«:f«,mthisit^foUow,thatifaX4=W<f antecedent and Consequent of tiic samc 

(as is the ease when -• si— , Arith. art li7.)i and ratio, may be expung^. 

if a be prime to 6. the other factor d on the first side • ™ .- K X M L X M . , . ^« 

mnst contain 6, and therefore mnst be of the form J^Or if -rg = -p. > QlVlCimgDOtn 

/ X 6, where I is some whole namber mnltiplying the -D . -LI 

whole number h ; and hence it is evident that c is K L 

likewise'of the form / X a, where / is the same whole sides bv M ^ = *c : 
anmbermnluplyiag the whole namber 0. Therefora »^/ "*» B I) 



a e 



A C 



'^ r=7 * *"^ '^ " ^ P**"^ to 6, c and d must be Or if ^-jr-^ * tr-^T?' multiplying 

- KxM LxM ^^ ^ 

eqnimnltiplea of « and ft, that is - is redacible to f , AC 

by dividing and d by their greafest common factot ^^^ ^^^^^ ^y ^' K ^ L ' 

(see Prop. 5. Schofinm); and hence likewise if v v> liT n V n 

a c ' O T l^X JV l _ ^ "!r — _ foi«' 

-=j, widifabenotprim«tQ6,norepriBi«to<, iTxM " D' L "* D* 

■ • TT vlVT K 

the fnctionr-^ and*-- mast be redaciblo to the same * . ss -— . 

* « LxM L 

fcw«at terms by dmding a and ft by their greatest Or the Rule may be thUS stated : 

T^^IT'' wd.« Md< ify ih«ir^gf»t«i cm. E,pu„ge all_common factow, except 
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they be common only io the two ex- Thus if K : B t: C : D 

tiremes, or to the two means. For, in and B : B' :; C : D' 

aU other cases, if, as before, K x M and and B^:L ;;C^^D'^ 

L X M be the terms having a common |,y compounding the proportions, K x B 

factor, and if P and Q be the terms not ^^g . b xB'x L • : C x C'x C" : DxD' 

having a common factor, by multiplying ^ D"', and hence by Rule 2, K : L : : 

extremes and mean^ K x P x M = c x C x C" : D x D'^x D". 

LxQxM, and dividing each side by 

M, KxP = LxQ. Section 3.-7%^ General Theonf of 

Of these three cases, the one which Proportion, 

occurs most frequently is the last, viz. The foregoing theorems have been es- 

that in which the common ' factor is tablished upon the supposition that the 

found in the terms of the same ratio. magnitudes spoken of are commensu- 

Rule 3. If there be two or more pro- rable. This, however, is not always the 

portions, the products of the corre- case with magnitudes : there are some 

Monding antecedents and consequents (examples will appear in a future page) 

shall constitute a proportion. which have no common measure, and 

„ .- A C J -i? 1 A' C which are therefore said to be incom- 

*^°' ^ B= 5' B'=E?' mensurable. 

^,.^^^ 1 • i. ^ Av.«« ♦»,« ^.,««^»;»«,,»^.. In the present section, the similar re- 

S?&?H^ fn??Un t^^^^ lotions Of such magnitudes wUl be briefly 

!?^Kf of it^^^^^^ ^ considered ; a new definition will be lai'd 

nght of the two equations, ^^^^^ comprehendmg that ah-eady given 

Ax A CxC ^ j (jjgf^ ^7]) of the proportion of commen- 

BxB'~DxD' surable magnitudes, at the same time 

ti ^. if A : B : : C : D that it does not require that the magni- 

' a nd A^ : B^;;C^ ; D^ tudes which satisfy it shall be commen- 

A V A/.TivTi'««Pvr'.-nvn^ surable; and to this new definition the 

A^.'^ifi\^y^a'\w.^Ar.Ji.rL^ thcorcms of the preceding section wifl 

Again, if there be a third proportion u,. ^u«.«« *^ «»«5„ »^.,«ii.« «« *^ *ho 

A" : B" : : C" : D". the terms k this f ^^T" ^° "^^^^ "'^'"^^ *" *° "** 

S«°'a^A^AJ'-b'xWxB^-- ^C^ I« the first place. then, it is evident 

C^^rDxD^xiy'r^d so ok. i£ that, incommensurable ma^tudeshar- 

there he any number of proportions. >"« °°J^"""r«P'^' ^^k '^*'*' w 

When this Rule is applied, the result- ^«y*' ^ «*'«'"y expressed by numbew. 

ing proportion is said tSbe impounded- SS^^t^fXt^ "/^ *'" ^ Z**"^^ 

6f tEe others, and hence the'rule is t^f!^l aZau,^'"^' *w^ 

called. " com^unding the proportions." '^^'^A^^ ^^'^^ """^""^ *" 

We may observe that th6 compound ^f ?'o u ^?^* j • . . ». 

UU.J »>/<».• Tc I lov uit. «.vui|«uuuu Let B be divided mto any larec num- 

proportion commonly admits Of reduc. ^ ^^ 3^ ^ ^ million for ex- 

fZ^L^pi^Zf^wl^^^^^^^ ^n^Ple: tfien A will contain a certain 

nnrnfTh™n^n^^^^^^ "" number of these parts with an excess 

If fo^ Pv3n ?^^^^^ ^^^^^ « ^ess than one of them, less. 

If, for example. A : B :: C : D ^^^^ ^^ ^^^ ^ ^iUi^^tl^ ^^ ^^ B . ^^ 

Md A' • C' •• B' • D" *^*^ ^ ^® **^® ^^ account of this excess 

. _£ 1! • ' in our estimate of their relative magni- 




, by dividing ^ 

by Rule 2. to A" : B JJ C : D". greater number of equal parts, the error 

The terms are, however, seldom (or ©f our estimate may be made as small 

never) so intermixed as in this example. ^ vve please. 

The end which is usually proposed in it is found, for example, (by methods 

the compounding of proportions is to ^vhich will be noticed hereafter) that, 

obtain the ratio of one magnitude K to if the diameter of a circle be divided into 

another L by means of a number of 7 equal parts, the circumference will 

intermediate magnitudes ; in order to contain not quite 22 of those parts ; iff 

which, K is made the antecedent of the again, the diameter be divided into 1 13 

leading ratio of the first proportion, and equal parts, the circumference will con- 

L the consequent of the like ratio in the tarn not quite 355 of those parts ; if inta 

iastt I ofiQQ fiQQ^ ^ circumference will con^ 
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tain not qnite dl,415»927 ; and so on. cond which the third has to the fourth. 

Therefore the ratio of the circumference when any like parts whatsoever of the 

to the diameter is expressed by the second and fourth are contained in the 

ratio 22 : 7 nearly ; more nearly by 355 : first and third the same number of times 

133; still more nearly by 31,415,927 : exactly, or the same number of times 

10,000,000; and so on: nor is there with corresponding remainders less than 

any limit to the accuracy of this qp- the parts. 

proach, although there should (as is For example : let ABCD, EFGH be 

really the case) be no two numbers by two rectangles having the same altitude, 

which it can be expressed exactly. and let A B, £ F be their bases. Let 

This consideration brings us directly the base E F be divided into any number 

to the only case in which, consistently of equal parts £ /, &c., and the rect- 

with the view already taken of the sub- angle EFGH into as many equal rect- 

}ect of equal nAios, two magniittdes may angles, E/^H, &c. by lines drawn 

be said to be similarly related Cor in the ^^ 



K^ 



same ratioj to two others of the same f I ' " " ' ^ " ^ 
kind respectively, with which they are 
incommensurable. The ratios of thefor^ 
mer to the latter, each to each, must ad- jta 
mil of being approximately represented 

by the same numbers, to how great an through the points of division paraUel 

^tent soever the degree of approxtma- to EH. Then if A b, &c. be taken 

Honmaybecwrrted: m other words, aiiy equal to £ /, and if straight lines be 

hke parts whatsoever of the two latter drawn through the points 6. &c. parallel 

magnitudes, however minute they may to AD ; the base A B. and the r^itangle 

be taken, must be contamed m the two A B C D, wiU contain, the one a certain 

former, each in each, the same number number of parts equal to £/, and the 

of times, with corresponding* remain- other the same number of rectangles 

ders less than the parts. equal to E/^H. either exactly, or with 

It has been already observed that corresponding remainders less than E/ 

this obtains with regard to the proper- ^^^ g j^ ^L. ^And this will always be the 

tionals of def. [7]. When four magni- ^ase. whatsoever be the number of parts 

tudes are proportionals by that dehni- i^to which E F is divided, ThereW, 

tion, which supposes the first iwo and according to def. 7., the two rectangle^ 

second two to l)e commensurable there ^nd their two bases are proportionals, 
are. indeed, some like parts of the se- j^f g j^ the first of fouV magni- 

cond and fourth which are contained m tudes contain any part of the second a 
the first and tlurd the same number ^^ number ot^^times, with or with- 

of times without remainders ; viz. the ^^t a remainder, than the third con- 

patest common measures of the first tains the like part of the fourth, the first 

two and second two, and any like pwrts jg ^^^ to have to the second a greater 

of the greatest common measures : it is ^atio than the thmi has to the fourth : 

easy to perceive, however (and the same ^^^^ j^ this case, the third is said to 

has been demonstrated at large m Prop, y^^^^ to the fourth a less ratio than the 

[9]), tliat any other like parts of the ^^st has to the second. 

.^^i!i^^j^?uH^A?'^^^®^®°**^u®^^'i As from Prop. [9] with regard to 
the first and thwd the same number of commensurable proportionals. To from 
times, with corresponding less remain- the terms of our new general definitions 
ders The foUowmg. therefore is to be 7 ^^ g^ ^jth regard to the propor- 
considered as \h% genial test of two tionals described in def. 7. it is at once 
magmtudes A and C, having the same g^jdent that of four magnitudes. A, B, 
ratio to two ptiia^ B and D of the q ^^ the first A cannot be said to 
same kind with the former two re- 1^^^^ to the second B the same ratio 
spectivdy. ^ ^ ^ ^ .^ ^ which the third C has to the fourth 
Def 7. The first of four magnitudes jy^ according to def. 7, and at the same 
IS said to have the same ratio to the se- time a greater or a less ratio than C 
has to D, according to def. 8. : much 

• By the word •* corresponding** here used, it is less Can A be said tO have to B at the 
merel/ intended to point ont the fact of there beiag ^^ ^ ^^ greater and a IcsS ratio 

two remainders, i.e. a remainder in the comparison a»»"c uuic *'"'^L~ © ^"^ **^a« ««•»*** 

of the two first magnitudes, and a remainder corre- than C iias tO JD* 

spondimg to it in the comparison of the two last. And _ . 

in the same sense the word is to be understood in • a*. »m- &t p.«« ro i 

luhMHUeat passages on the same subject. : ^^ »*>*' •* ^^'^^P* l*J 
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We proceed \6 the properties of this B, C will eohtaiti, also, by the siipposi- 

more general description of proper- tion, more than tn! and less than m 4- 1 

tionals, which will be found the same of the like parts of D, that is, the same 

with those already demonstrated in the number m' of these with a remainder, 

preceding Section of commensurable and this, whatever be the value of «• 

proportionals. They will be considered Therefore, (def. f.) A, B, C, D are pro- 

accordingly in the same order, and will portionals. 

have the same numbers affixed to them. Therefore, &c. , 
It will be observed, also, that they are Cor, 1. The same had been expressed 
stated in the same words, with the excep- by saying, ** if A, B, C, D be propor- 
tion of Prop. 9., which is little more than m^ 
another form of expressing def. 7., and tionals, and if A be greater than - o, 
its corollaries, which again express the ^ 
same thing in different terms, the 2d. c shall be likewise greater than -- ^t 
of them being, in fact, Euclid's cele- 
brated definition of proportionals. if equal equal, and if less less, whatso- 
ever values may be given to m and tk 
Prop 9, and, conversely, if this be the case witn 

four magnitudes, they shall be propor- 

If four magnitudes A, B, C, D be tionals." 

proportionals, the first and third shall Cor. 2. (Euc. v. def. 5.) Or, again, 

'. , m,. ... , "if A, B.C,D be proportionals, and It 

contain respecHvely - ^^ of the second ^^^^ ^^^^er than t^ B, n C shall like- 

m wise be greater than m D, if equal equal, 

and fourth, or both more than — ^ or and if less less, whatsoever values may 

^ be given to m and n : and, conversely, if 

both less than "«", whatsoever values ^^^^ be the case with four magnitudes, 

^ they shall be proportionals." 

may be given to m and n ; and conversely ^ For wA,mB,wC,mD are equimul- 

tf this be the case with four magnitudes, . , in ^ m — j i? flip 

ikey shall be proportionals. ^'Pl^s of A, - B, C, - D ; and ot ine 

For, by def. 7., if A contain exactly equimultiples of two magnitudes, one 

— «» of B, C must contain exactly will be greater than, or equal to, or less 

^ than the other, according as the corre- 

— thsofD- or a^ain if A contain more sponding magnitude is greater thaii, or 

^ 01 u . or. again, it A contain more ^^^^ ^^^ ^^ ^^^^ ^^^^ ^^^ corresponding 

than m of the n'^ parts into which B magnitude of the other ; and con- 
is divided, as m' (suppose), or m' with a versely (ax. 1, 2, 3, 4).* 
remainder, where m' is greater than m, — ■ 

C must also contain m' parts, or ml with . ..^^e firstcffour ma^^nitudesis said to have th. 

a remainder, that is, more than m of the same ratio to th« second, which the third has Xo the 

fl^ parts into which D is divided : and fourth, when any equimultiples whatsoever of the 

i^ nirA «v«n«>»/%%. ;i.' A «r%,r.4-«:-. 1 i.1 hrst and third being taken, and any equimuiul/^^ 

in like manner, it A contain less than whatsoever of the second and fourth : if the multiple 

772 « T» ^ Ml ^-t . of the first be less than that of the second, the raulti- 

-***" of B, C Will likewise contain less pie of the third is also less than that of the fourth; 

f^ . or, if the multiple of the first be equal to that of the 

Yft tecond, the multiple of the third is also equal to 

than —***■ of D. thai of the fourth ; or, if the multiple of the first be 

fl * greater than that of the second, the multiple of the 

Next, let this be the case with four eJ^ vfdet's/"'"" ""'° *" "^ *' 

magnitudes, A, B, C, D, whatsoever This definition ofproportionals has been sometimes 

numbers be substituted for m and TI: fo"'^^f^"ltwith as too abstruse and recondite for ijc^ 

Ar» 1^ TV u n u -j^ 1 tinners;— which would not perhaps have been "'^ 

, 15, C, D snail be proportionals. case, had its connexion with the more obvious but 

For, if A and C contain exactly m of conhned view of def. [7 ] been always pointed out. 

4-Ua ^ th «%A-Mfa ;*»f^ nrVkw.U tj «-> J Tk 1*0^, wc havc secu that a general theory of pi*op"^ 

ttie nth parts mto whlC-h B and D are tion, which shall embrace** indifferently all magm- 

dlViaed, the tour A, B, C, D are com- tudes, whether commensurable or otherwise, aj^'JJ* -^ 

mensurable proportionals, according to l^ ""^ \^^\ essentially different froni that ;j'|''^,fi ' 

j_x M J AiT !• 1 Vr ii" here adopted. The greatest geometers in dweii»'ij 

def. 7 ; and, tnereiore, also (by Prop, upon this part of the Elements have ever founa 

[9] of the last Section, as has been al- ^^^^^- *° a^lmire the profoundness and sagacity o 

vA*«lkr AKoA«.«r^^\ vx.^^^.^:^*.^! ^ ^j their author. Witness the energetic testunony 

ready Observed) proportionals accord- Barrow, "That there is nothing Tn the whole body 
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Cor. 3. (Euc. V. def. 7.) In like man- Let D be the difPeretice of A and B • 

ner. it may be shown, that, if there be then, whether B and D be or be not both 

.four magnitudes A. B, C, D, and if a of them greater than O, multiples mB 

multiple of A, as fwA, can be found mD may be taken ofthem which are both 

which IS J^er than a mulUple of B greater than C. And, because C is less 

as « B, while the corresponding multiple than m B, let multiples of C be taken, as 

of C. vix. w C, is not greater than the 2 C, 3 C, &c. until a multiple be found 

a'iIIsTr^.^oS!!!^!?^ ?k "^'n 1^' as jp— l.C, which is the first greater than 

A has to B a greater ratio than Chw ^J Then, because m Bis Sot less thS 

to D. For, A will be greater than - ^^ preceding multiple p C, and because 

r -n 1. /^ Ml ^ w* D is greater than C, the two in B, m D 

of B, but C will not be greater than together are great er tha np C and C toge- 

- of D : that is, the n^ part of B ^^> ^^^t is, thanp+ l.C. But, because 

'». A IS equal to B and D together, it is evi- 

will be contained in A m times or more dent that m A is equal to w B and m D 

with a remainder, but the««» part of togeth er. Therefore m A is gre ater th an 

D will not be contained in C so much as n+i.C, and mB less than cTTC. 

mtimes with a remainder. (See def. 8.) r^u c *u ~~rT»h ^ of- 

^ ' Therefore the p+ l<i» part of A is coa- 

Prop. 10. (Euc. Y. 7.) tained in C, not so much as tn times. 

Equal magnitudes have the same ratio and the p + 1**^ part of B is contained in 

to the same magnitude : cmtl the same C, m times with a remainder. There* 

has the same ratio to equal mugnitudes, fore (def. 8.) C has a less ratio to A than 

For, any the same part of the same it has to B, or a greater ratio to B than 

magnitude will be contained Uie same it has to A. (See also 9i Cor, 3.) 
number of times in equal magnitudes Therefore, &c. 
with corresponding less remainders. Cor. 1. (Euc. v. 9.) Magnitudes which 

And, again, any bke parts of equal have the same ratio to the same ma^- 

magnitudes, being e^ual to one another tude are equal to one another : as like- 

(ax. 2), will be contained the same num- wise those to which the same magnitude 

ber of times with the same remainder in has the same ratio, 
the same magnitude. Cor. 2. A ratio which is compounded 

Therefore, &c. of two ratios, one of which is the reci- 

Cor, If a ratio which is compounded procal of the other, is a ratio of equality : 

of two ratios be a ratio of equaJity, one ror, A having to C a ratio which is com- 

of these must be the reciprocal of the pounded of the ratios of A to B and 

other. (See [10] Cor.) , of B to C, if the latter be the same 

^ „ ' with the ratio of B to A» A must be 

Prop. 1 1 . (Euc. v. 8.) equal to C. 

Of two unequal magnitudes^ the Cor. 3. (Euc. v. 10.) If one of two mag- 

greater has a greater ratio to tfie same nitudes have a greater ratio to the same 

magnitude: and the same magnitude has magnitude than the other has, the first 

a greater ratio to the lesser of the two, must be greater than the other: and if 

The first is evident : for, of any the the same magnitude have a greater ratio 

same magnitude a part may be found to one of two magnitudes than it has to 

less than the difference of two unequal the other, the first must be less than the 

magnitudes, which part must evidently other. 

be contained a greater number of times t>„^„ ,o /tjtt^ « i i \ 

inthegi^atei^thaninthelesserof thetwo. ^^^^- ^^- ^^''^- ^* ^^'^ 

In the second place, therefore, let A Magnitudes A, B and C, D, whitii 

and B be any two magnitudes of which ^a^'^ ^h^ ^^^^ ^^^^ ^^^ ^ ^^^^ ma^^ 

A is the greater, and let C be any third nitudes P, Q, have the same ratio mth 

magnitude : C shall have to the greater one another. 

A a less ratio than the same C has to For any part of B will be contained 

the other B. in A exactly or with a remainder, as 

often as a like part of Q is contained in 

done by Bucceeding writers, but to follow bis steps P cxactly or with a remainder, bccausc 

as cloaely as tbey are able: the principles, the A " B II PiQ, that is, aS oftcU aS a 

theorems, the demonstrations they are in search of i-i^' _„^ ^r t\ l„ /^nnininpH in P ^vonflv 

are aU to be found in tliis one niaiiterpicce, and for l"^e part Of D, IS COntainea lU O €Xa^Uy, 

the most part nnder the simplest form. From this or With a remamder, beoause C : D I C 

it will, of course, be easily understood how lar^e a P • O 

portion of the present Section is boriow«d ftwk thd IwL^,««a«a A-/» 

WiBooktftJwXleinettts, - Theieiore, «c. 

K a 
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Cor, 1. (Euc. V. 13.) If A have to B 
the same ratio as C to D, and C to D a 
greater or a less ratio than £ to F, A 
shall have to B a greater or a less ratio 
than £ has to F. 

Cor. 2. If A have to B a greater or 
a less ratio than C to D, and C to D 
the same ratio as E to F, A shaU have 
to B a greater or a less ratio than E 
has to F. 

Prop. 13. (Euc. v. D and C.) 

If four magnitudes be proportionals, 
and if the first he any multiple or part 
of the second, the third shall be the same 
multiple or part of the fourth: and 
conversely, if one magnitude be the same 
'multiple or part of another, that a third 
magnitude is of a fourth, the four mag- 
nitudes shaU be proportionals. 

The first is evident from def. 7. ; for 
it is supposed in that definition that if 
any part of the second be contained a cer- 
tain number of times in the first exactly, 
a like part of the fourth will be contained 
the same number of times in the third ex- 
actly. And, in th^ second place, if A be 
the same multiple or part of B that C is 
of D, A, B, C, D will be commensurable 
proportionals, and therefore ( [9] ) also 
proportionals by def. 7. 

Therefore, &c. 

Prop. 14. (Euc. v. A.) 

' If four magnitudes A, B, C, D 6e pro^ 
portionals, and if the first be greater 
than the second, the third shall be 
* greater than the fourth; ifequcd, equal; 
and if less, less. 

For, if A be greater than B, a part of 
the latter may be found which shall be 
less than their difference, and which 
shall therefore be contained a greater 
number of times exactly, or with a re- 
mainder, in A, than in B : therefore, 
because A, B, C, D are proportionals, 
tiie like part of D will also be contained 
a greater number of times exactly or 
with a remainder in C than in D, that 
is, C will be greater than D. 

And, in the same manner it may be 
shown, that if A be equal to B, C will 
be equal to D ; and if less, less. 

Therefore, &c. 

Prop. 16. (Euc. v. B.) 

Iffofur magnitudes A, B, C, D be pro- 
portionals, they shall also be proportion- 
als when taken inversely : tmt is, inver- 
tendo, B : A : : D : C. 

Of A, C take any equimultiples 

whateyw m A, m C, fma 9f B, D, 



any equimultiples whatever nB, nD. 
Then, according as n B is equal to, 
or greater than, or less than m A, it 
is plain that m A will be equal to, 
or less than, or greater than n B ; 
and, therefore, on account of the pro- 
portion, (9. Cor. 2.) w C will be likewise 
equal to, or less than, or greater than 
wD, that is, nD will be equal to, or 
greater than, or less thaji mC And 
mis will be the case, whatever be the 
numbers ff and m. Therefore (9. Cor. 2.) 
B, A, D, C are proportionals. 
Therefore, &c. 

Prop. 16. (Euc. v. 4.) 

If four magnitudes A, B, C, D be pro- 
portionqls, and if there be taken any 
equimultiples of the first and third; and 
also any equimultiples of t?te second and 
fourtfi : these equimultiples shall like- 
toise be proportionals. 

Let m A, m C be any equimultiples 
whatever of A,C, and n a, nJ) any 
equimultiples whatever of B, D. Take 
K, M any equimultiples whatever of 
m A, mC, and therefore (2.) like- 
wise equimultiples of A, C ; also L, N 
any equimultiples whatever of n B, 
n D, and therefore likewise equimulti- 
ples of B, D. Then, because A:B:: 
C : D, if K be greater than L, M wiU 
be greater than N; if equal, equal; 
and if less, less (9. Cor, 2.). But K, M 
are any equimultiples whatever of m A, 
m C, and M, N any equimultiples 
whatever of «B, « D. Therefore 
(9. Cor, 2,)mA: « B :: w C : « D. 

Therefore, &c. 

Cor. If A, B, C, D be proportionals, 
and if any like parts of the first and third 
be taken, and also any like parts of the 
second and fourth, these like parts wiU 
likewise be proportionals. 

Prop. 17. (Euc. v. 16.) 

Magnitudes have t?ie same ratio to one 
another which their equimultiples have. 

For, if m A,m B be any eauimulti- 
ples whatever of A, B, it is eviaent, that 
any part P of B will be contained in A 
exactly, or with a remainder, as often as 
m times that part or m P is contained in 
mA with a remainder. Also, what- 
ever part P is of B, 771 P is the like part 
of m B. Therefore, A: B : : m A : 
m B (def. 7). 

Therefore, &c. 

Cor. 1. Magnitudes have the sanac 
ratio to one another which their liw 
parts have. 

Cor. 2. If A, B, C, D b^ proportion* 
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als, and if any equimultiples whatever be For, if any like parts whatever, as the 

taken of the first and second, and also n^, of B and D be contained in A and 

any equimultiples whatever of the third C the same number of times, m, exactly 

and fourth, these equimultiples will like- or with corresponding remainders they 

wise be proportionals (12). will be contained in A-B and C-D, the 

The same, it is evident, may be stated same number of times, ni-fi, exactly, or 

with regard to any like -parts taken of the with the same remainders. Therefore 

first and second, and also of the third (def, 7.) A-B : B : : C-D : D. ' 

and fourth. Therefore, &c. 

PKOP. 18. (ECC.V. 14.) tud^^B.^C-'b^ iJp^iSal^rj 

Ifjbur magnitudes of the same kind convertendo, A ; A-B : : C : C-D (See 

be proportionals, and if the first be [20] Cor^ l.) 

greater than the third, the second shall Cor, 2. (Euc. v. 25.) If four magni- 
oe greater than the fourth; if equal, tudes of the same kind be proportionals, 
equal ; and if less, less. the greatest and least of them together 
Let A, B, C, D, be proportionals, and shall be greater than the other two to- 
first, let A be greater tlian C ; B shall gether. (See [20] Cor, 2.) 
be greater than D. Cor, 3. If three magnitudes be pro- 
For A, being greater than C, has to B portionals, half the sum of the extremes 
a 'greater ratio (11.) than C has to B : shall be greater than the mean : in other 
therefore (12. Cor, 1.) C has also to words, the arithmetical mean between 
D a greater ratio than the same C has two magnitudes is greater than the geo- 
toB : therefore, (11. Cor.3.)B is greater metrical mean between the same two. 
than D. (See [20] Cor. 3.) 

And, in like manner it may be shown, 

that if A be equal to C, B must be equal Prop. 21. (Euc. v. 18.) 

toD ; and if l^s, less. jfy^^ magnitudes A, B. C, D. be 

inerttore, &c. proportionals, they shall also be propor- 

Cor. Hence, also, if four magnitudes tionals when taken conjointly; thcUis, 

of the same kmd be proportionals, and the sum of the first and second shall be 

if the second be greater than the fourth, to the second, as the sum of the third 

the first will be greater than the third ; and fourth to the fourth : or, compo- 

if equal, equal ; and if less, less. nendo, A+B : B : : C+D : D. 

Prop. 19. (Euc. v. 16.) «/'''/« ''''^n 11**^'. ''^^^j^^^^^^ *' ?l? 
-.^, V. J A T^ ^ r^ , n*SofB and D be contained in A and G 
If four magnitudes A, B, C, D of the the same number of times, m, exactly, or 
same kind be proportionals, they shall with corresponding remainders, they 
also be proportionals, when taken alter- will be contained m A+B and C+D 
nat^; that is, alternando A:C:: the same number of times, m+n, exactly, 
fi • 1^' or with the same remainders. There- 
of A, B take any equimultiples what- fore, (def 7.) A+B ; B : : C+D : D. 
ever m A, m B, and of C, D any equi- Therefore, &c. 
multiples whatever n C, n D : then Cor, If four magnitudes A, B, C, D 
(17. Cor, 2.) m A, m B, n C, n D are be proportionals, A : A+B : : C : C+D. 
proportionals; and, therefore, (18.) if (See [21] Cor.) 
m A be greater than n C, m B will also _ „ 
be greater than « D; if equal, equal; ^^^^- 22. (Euc. v. 19.) 
if less, less. B\itmA,mB are any equi- If one magnitude be to another as a 
multiples whatever of A,B, and n C, magnitude taken from the first to a 
n D any equimultiples whatever of C, D, magnitude taken from the other, the re- 
Therefore, (9. Cor. 2.) A : C : : B : D. matnder shall be to the remainder in the 
Therefore, &c. same ratio. 

-o^^^ on /T? , *» X See the demonstration of [22]. 

Prop. 20. (Euc. v. 17,) Cor, 1. If there be any number of 

If four magnitudes A, B, C, D, be magnitudes A, B, C, D, &c. in geome- 

propor tionals, they shall also bepropor- trical progression, the differences A^B, 

tionals, when taken dividedly : that is, B-C, C-D, &c. will form a geometrical 

the difference of t?ie first and second shall progression in which the successive 

be to the second as the difference of the terms have the same ratio with the suc- 

third and fourth to the fourth ;*~or cessive terms of the former. (See [22] 

dividendo A-B : B : ; C-D : D, Cor. 1.) 
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Cw. 2. And conversely, any number 
of magnitudes A, B, 0, D, &c. m geome- 
trical progression may be considered 
as the diiiferences of other magnitudes 
A', B^ C, D', E', &c. forming a geome- 
trical progression, in which the first 
term A' is to A, as A to A^B, and the 
successive terms have the same ratio 
with the successive terms of the former. 
(See [22]. Cor, 2.) 

Prop. 23. 

If one magnitvde he to another as a 
Mrd magnitude of the same kind to a 
fourth, the sum of the first and third 
shall be to the sum of the second and 
fourth in the same ratio. 

See the demonstration of [23]. 

Cor, 1. (Euc. V. 12.) Hence, if there 
be any number of magnitudes of the 
same Kind antecedents, and as many 
consequents, and if every antecedent 
have the same ratio to its consequent, 
tiie sum of all the antecedents shall have 
the same ratio to the sum of all the 
consequents. 

Cor. 2. If the ratio of A' to B' be not 
the same with the ratio of A to B, the 
ratio of A + A' to B+B' will not be the 
same with the ratio of A to B ; but less, 
if the magnitudes added be to one ano- 
ther in a less ratio, or greater, if the 
magnitudes added be to one another in 
a greater ratio.* (See [23]. Cor. 2.) 

Cor. 3. Hence, if the ratio of A' to 
B' be not the same with the ratio of A 
to B, the ratio of A + A' to B + B' will 
lie between the ratios of A to B and of 
A' to B' ; that is, it will be greater than 
the lesser of the two, and less than the 
greater of the two. 

Prop. 24. 

If there be three magnitudes of the 
same kind. A, B, C, and other three 
A', B',.C', which, taken tivo and two in 
order, Jwve the same ratio ; viz. A to B 
{he same ratio as A! to W, and B to Q 
the same ratio as W to C; then ex 

* It is required in the demonstration of this Corol- 
lary, by helj) of the proposition, as in [23]. Cor. 2., 
that to two given magnitadesof the same kind, and a 
third, there may be found a fourth proportional. 
The case in which the two first mafpitudes are com- 
mensurable has been already noticed in the note 
upon [23]- Cor, 2. : in the other case, t. e. when they 
are iooommensurable, we can only approximate to 
the fourth proportional as we approximate to the ratio 
of the two magnitudes numerically, as in the opening 
of this section. Since, however, such approximation 
maybe continued without limit, and magnitudes can 
be obtained which are in a greater and less ratio to 
the given magnitude, acooiding to def. 8., we pre- 
anime that there is some magnitude between them 
which is to the given third magnitude in the same 
-ratio which the second has to the first — that is, 
some magnitude which is a fourth proportionil to the 
three. 



sequali in proportione directa {or ex 
aequo) the first shall be to the third of 
the first moirnitudes, as the first to the 
third of the others ; or, as it may be 
more briefly stated, 

if A: Br. A' : B' 
an dB:C::B':C' 

then, ex sequali A : C : : A' : C 

Of A, A' take any equimultiples mA, 
m A', of B, B' any equimultiples n B, 
«B', and of C, C any equimultiples jo C, 
pC: then, because A, B, A', B are 
proportionals, w A, «B, w A', nB' are 
also proportionals, (16.): and, in like 
manner, because B, C, B', C are pro- 
portionals, nB,pC,n B', p C are also 
proportionals. 

Now, if 7w A be greater than p C, it 
will have to ;sB a greater ratio thanp C 
has (U.); and therefore, (12. Cor. 1.) 
mA' will also have to w B' a greater 
ratio than p C has to n B ; that is, on 
account of the proportionals pC,nB, 
p C', n B' (15.), a greater ratio than© C 
nas to nB' (12. Cor. 2.); therefore, 
also, m A' will be greater than p C 
(11. Cor, 3.). In the same manner it 
may be shown, that if /» A be equal to 
pC,mA' will also be equal to j? C ; and, 
if less, less. And the numbers m,p may 
be any whatever. Therefore (9. Cor. 2.) 
A, C, A', C' are proportionals, and 
A : C : : A' : C. 

Therefore, &c. 

Cor. 1. (Euc. V. 22.) Hence, also, 
if A : B : : A' : B' 
and B ; C : : B' : C 
an d C ; D ; : C^ ; D^ 

ex €Bquali A : D : : A' : ly ; and the 
same is true whatever be the number of 
magnitudes A, B, C, D, &c. A', B', C',D', 
&c. 

This m^ be stated in the following 
words : ** Ratios, which are compounded 
of any number of equal ratios in the 
same order, are equal to one another.'* 
Cor, 2. If four magnitudes A, B, C, D 
be proportionals, then miscendo A + B 
: A-B :: Ch-D:C-D. (See [24] 
Cor. 2.) 

Prop. 25. (Euc. v. 24.) 

If two proportions haoe the same con- 
sequents, the sum of the first antecedents 
shall be to their consequent, as the sum 
of the second antecedents to their conse^ 
quent ; that i *, t/ A : B : : C : D, and if 
A' : B : : C : D, ^A«» A -f A' : B : : C + 
C':D. 

See the demonstration of [25]. 

Cor, \\ The same may be stated of 
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any number of proportions having the that if m A be equal to n C, m A' will 

same consequents ; that is, the sum of also be equal to n C\ and if less, less* 

all the first antecedents shall be to their And the numbers m, n may be any 

consequent as the sum of all the second whatever. Therefore (9. Cor. 2.), A, 

antecedents to their consequent. C, A', C are proportionals* and A : O 

Cor, 2. In like manner, also, it may be : : A' : .C\ 
shown (by " dividendo" instead of " coin- Therefore, &c. 
ponendo'") that if two proportions have Cor, 1. (Euc. v. 23.) Hence, also, 
the same consequents, the ditference of tf A : B :: C : IV 
the first antecedents shall be to their and B : C :: B' : C 
consequent as the difference of the se- and C : D ;; A'lB '' 
cond antecedents to their consequent. ex cequo perturbaio ATD : : A' : IV; and 
Cor, 3. Hence if there be any number the same is true whatever be the 
of magnitudes of the same kind A, B, C, number of magnitudes A, B, C, D, &c 
D, E, F, and as many others A', B', C, A', B', C\ D', &c. 
D', E', F, and if the ratios of the first This may be stated in the lollowing 
to the second, of the second to the words : ** ratios which are compounded 
third, of the third to the fourth, and of any number of equal ratios, but in a 
so on, be respectively the same in the reverse order, are equal to one another/* 
two series : any; two combinations by p„^„ o-y /t?,,^ « t? \ 
sum and difference of the magnitudes „ ,.^^°?: f ' ^®"^- ''• ^> , , 
of the first series, e. ^. A + C - E and ^"'^^^ ?^^*^ «7 compounded of the 
B-C + D shall be to one another as fj'"^ ratios, m whatsoever orders, are 
two similar combinations of the cor- ^^J'^me mth one (mother. 
responding magnitudes of the second The case of ratios which are corn- 
series vi«. A' + C — E' and B' — Pounded of the same ratios u^ the same 
' C + b'. ' order is that of 24. Cor. 1. 

p The case, again, of ratios which aro 

rROP. 26. compounded of the same ratios in a re- 

If there be three magnitudes of the verse order, is that of 26. Cor. 1 . 

same kind A, B, C, and other three Let the ratio of A to D, therefore, be 

A', B', C, which taken two and two, but compounded of the ratios of A to B, of 

in a cross order , have the same ratio, viz. B to C, and of C to D : and let these 

Ato3 t?ie same ratio as B' to C, and B ratios be the same respectivehr with tlie 

to C the satne ratio as A' to W ; then, ex ratios of C to D', of A' to B' and of B' 

sequaJi in proportione perturbata (or to C, of which the ratio of A' to D' is 

ex aequo perturbato), the first shall be to compounded, but in a different order : 

the third of the first magnitudes as the the ratio of A to D shall be the same 

first to the third of the others ; or, as it with the ratio of A' to D'. 

may be more briefly stated. For, because B : C :; A' : B' 

«/ A : B : : B' : C and C;D::B^a 

an d^.CwM \W ex ofguali, B : D : : A' : C'~ 

ex aequo perturbato A : C : : A' : c! ^^t ^""» A:B::C^:D' 

Of A, B and A' take any equimul- Therefore ex aequo 

tiples m A, m B and m A', and of C, B' perturbato . . . A : D : : A' : D'. 

and C any equimultiples n 0, »B' and And, in a similar manner, the case of 

n C : then, because A, B, B', C, are ratios which are compounded of the 

proportionals, m A, m B, n B', n C are same three ratios in any other order, 

also proportionals (17. Cor. 2.); and, may be demonstrated. For, ifK, L,M 

because B, C, A', B' are proportionals, represent the three ratios in one order, 

wB, wC, mkl, nB' are also proper- in whatever other order they may be 

tionals (16). arranged, two of them will be found 

Now, if 7/1 A be greater than nC, it which are contiguous in both arrange- 

will have to m B a greater ratio than n C ments ; commencing with which two, the 

has to mB (11.); and therefore, (12. demonstration will differ little from the 

Cor, 1 .)nB' will also have to n C agreater above. 

ratio than n C has to w B, that is, on ac- Hence, again, it may be shown, that 

count of the proportionals nC,mB,nB', ratios which are compounded of the 

m A' ( 15.), a greater ratio than n B' has same four ratios K, L, M, N in what- 

to mA' (12. Cor. 2.): therefore, also, soever orders, are the same with one 

?»A'willbegreaterthannC'(ll.Cor.3.). another; as torinstance, intheorders 

In the same manner, it may be shown K, L, M, N, and M, K, N, L : for the 
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latter ratio' is the same with the ratio nearly than by any the same given differ- 

which is compounded of the same ratios enceiand ifP be to Q alimys in the ^ne 

in the order M,K,L,N, because the ratio given ratio o/C to D ; A shall be to B tn 

which is compounded of K, N, L, is the the same ratio, 

same with that which is compounded of See the demonstration of [28.] ana 
K, L, N ; and, for a similar reasoii, the the note at 23. Cor. 2. 
ratio which is compounded of M, K, L, It has been already observed, that this 
N, is the same with that which is com- proposition b of extensive application 
pounded of K, L, M, N. m Geometry, and the uses have been 
And the same reasoning may be ex- mentioned to which it will he found ap- 
tended to five, six, or any other number plied in subsequent parts of this treatise, 
of ratios. The present section, or rather, the 
Therefore, &c. passing from a property demonstrated 
Cor, I, (Euc. V. G.) If there be any of commensurable proportionals to the 
number of ratios as those of A to B, of demonstration of the same property 
C to D, of E to F, &c. magnitudes which with regard to incommensurable pro- 
have to one another a ratio compounded portionals, offers an immediate lUus- 
of any two of these shall have the same tration of it ; which seems also the 
ratio to one another with any other mag- rather not to be passed by in this place, 
nitudes which have to one another a as we here take leave of the abstract 
ratio compounded of the same two ; theory of proportion, to consider its 
and, in like manner, magnitudes which application to the proper subjects of 
have to one another a ratio compounded Geometry, viz. hues, surfaces and 
of any three of these shall have the same solids; and a theory of proportion 
ratio to one another with any other would scarcely appear complete with- 
magnitudes which have to one another a out some notice of the equality existing 
ratio compounded of the same three; hetweenihe products ofthe extremes ana 
and so on. means. In what sense this expression 
Cor. 2. If the ratios of A to B, of B is to be interpreted with regard to a pro- 
to D, of E to F, &c. be all equal to one portion of four magnitudes of any Kind 
another, magnitudes which have to one A, B, C, D, was pointed out in the ue- 
another a ratio compounded of any two neral Scholium at the end of Section 11. ; 
of them will have to one another a ratio viz. that it supposes the magnitudes to 
which is the same with the duplicate be commensurable, and is to be under- 
ratio of A to B : and in like manner, stood of the numbers which stand for 
magnitudes which have to one another them. But we have seen that the term 
a ratio compounded of any three of them product is sometimes also, for the sake 
will havfe to one another a ratio which of brevity, used synonvmously for rect- 
is the same with the triplicate ratio of A angle, — as whenever the product of two 
to B ; and so on. lines is spoken of, meaning the rect- 

Cor. 3. Ratios which are the duplicate, angle which they contain. 
or triplicate, &c. of the same ratio are We propose then to demonstrate 

the same with one another. generally, that, if four straight lines 

Cor. 4. In the composition of ratios A, B, C, D be proportionals, {whether 

any two which are reciprocals of one commensurable or otherwise,) the rect- 

another may be neglected, without af- angle under the extremes will be equal to 

fecting the resulting compound ratio, the rectangle under the means ; and that 

(See 10. Cor.) in such a manner as may serve to illus- 

Cor, 5. Hence, if two ratios be equal trate the use of Prop. 28. 

to one another (and therefore com- First, let A and B 

pounded of equal ratios, having an^ be commensurable, and 

order in the composition of each), and if therefore also C and 

any of the equal ratios be subducted or D : and let their com- 

taken away, the remaining ratios will be mon ratio be any what- 

equal to one another. (See [27] Cor. 5.) ever, as 7:5; that is, ^ i^ c .n 

-- ^ let there be common \. i 

Prop. 28. measures M, N, the ,p 

If there be two fl.red magnitudes A and first of A and B, and the second of t/ 

B, which are the limits of tux) others P and D, which are contained in A and ^ 

and Q {thai is, to which P and Q, by respectively 7 times, and inB and D r^ 

increasing together, or by diminishing spectively 5 times. Then because A 

together, may be made to approach more contains M 7 times, and that D contains 
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N 5 times, the rectangle A x D contains Sbction 4.— Propoffton of the Side* of 
the rectangle M x N, 7 x 5 (1. 29, Cor, 1 .) TriangleM. 
that is 35 times : and for a like reason, Def 13. Two straight Imes are said to 
the rectangle B x C contains the rect- be similarly divided, when any two ad- 
angle MxN, 5x7 or 35 times. There- joining parts of the one have to one 
fore (ax. 1.) the rectangle A xDiseqaal another the same ratio with the cor- 
to the rectangle B x C. responding parts of the other. 
In the next place let the straight lines. It is evident (ex c&quali), that when 

A, B, and therefore also C, D, be in- this is the case, any two parts whatso- 
commensurable. A, B, C, D, being pro- ever of the one will have to one ano- 
portionals according to def. 7. Then ther the same ratio as the corresponding 
(def. 7.) straight lines P and Q may be parts of the other. 

found, which approach nearer to A and 14, (Euc. vi. Def 1.) Two rectilineal 

C, than bv any assigned difference, and figures are said to be similar when they 

contain like parts of B and D ; so that have all their angles equal, each to each, 

by what has been just demonstrated, and the sides about the equal angles 

FxD = QxB. But PxD, andQxB proportionals.* 

may be made, by increasing together, (Euc. vi. 21.) It is evident from this 

to approach more neariy to Ax D, and definition that rectilineal figures, which 

C X B, than by any assigned difference, are similar to the same recmineal figure, 

because, by taking the like parts of are simUar to one another. (I. ax. I. and 

B, D continually less and less, P and Q ij. 12.) 

may be made to increase towards A and 15. Homologous sides of similar 

C within any assigned difference. There- figures are those which lie between 

fore(Prop. 28.) AxD=CxB orBxC. equal angles, and are antecedents, or 

Therefore, &c. consequents, of the same proportion. 

The same will be demonstrated after - ig. T'wo straight lines are said to be 

a different manner in Section 5, to the similarly jOaced in two similar figures, 

subject of which Section the theorem ^hen they cut corresponding sides of 

properly belongs.* the figures proportionally. 

• Uoon qiUttinff thU tabjeet, the conaideration of ^^ ^^?^' ^?' (EuC. vL 2.) 

-w-Kielk has carried ua to so great a leng^th, it may be If a straight line OS drawn pctrollel to 

aulBeient for the parpoMs of Geometry. In the first StdeSy Or the Sides prodltced, proportion' 

place, that method does not represent the magnitudes cMy : Ondy COflVersely, if a Stratffht line 

tiiemselres as constituting the proportion, but only ^ ! zJL-i. ° 

the Bttmbcw by which the magnitudes are measured ; • This definition, like some others to be found in 

npon which account, should the method be adooted. the ElemenU, is excessive. To contain no more than 

tiie task would still remain of explaining its appljca- i, strictly necessary Cor. indeed, than as yet has ap- 

tioa to magnitudes in general, before it was applied peared to be possible) it should be modified as fol- 

to the magnitudes treated of in Geometry. In the lows. Ttco rectilineal figures are s»id to be similar, 

next place, it does not furnish a general test of pro- ^Am fA* Jirst has all tts sides but one proportional 

portion, bnt distinguishes, in every instance, the two to the sides of the other, and the angles included by 

cases of rational numbers and such as are irrational, those sides equal to the angles included by the corre- 

correspondiog to our cases of commensurable mag- sponding sides of the other. For a figure of any num- 

nitndes and such as are incommensurable— a separa- ber of sides, as o, being determined by 5 of those sides 

lion which, thourh it has been, for the sake of sim- placed at given angles, it is sufficiently evident, that 

piicity, admitted into the theory of the foregoing a figure of 6 sides may be constructed, which shall 

sections, is avoided in their application both hy the bave 5 of those sides in the same ratio respectively to 

definition of Euclid, and by our similar detinition in 5 sides of a given six-sided figure, and the four in- 

Section 3. Lastly, the arithmetical method is so eluded angles in order, equal to the four correspond- 

concise, that it becomes necessary to develope it in ing angles of that figure : but it is not sufficiently 

its application, and to state anew the important «^dent that, being so constmcted, it will have ito 

rules It furnishes for the treatment of proportions ; 6th side in the same ratio to the 6th side of the other 

whether with the view of deriving a new proportion figure, and the two adjacent angles equal, respee- 

from one taken singly, or with that of combining two . tively, to the corresponding angles of the other. 

or more proportions in order to obtain from them a This kind of excess in a definition is, in the accu* 

single proportion, which could result from neither of rate language of mathematics, always more or less 

them taken alone. The manner in which it has been objectionable; especially as instances are not wanting, 

attempted to supply these desiderata in the present in which it is assumed, without proof, as the founda- 

treatise, and to furnish a theory which, at the same tion of certain properties of the thing defined. Such 

time that it should be complete and general, might is the case, for example, when parallel straight lines 

be easily apprehended, and easily applied, is un- are defined to be such,that any two points whatsoever 

doabtedly prolix, though not more so than the im- in the one are at equtl distances from the other; 

portance of the subject seemed to demand. The whereas, it cannot be stated a priori of two straight 

embarrassments of the beginner have been obviated lines, that more than two points of the one shall be at 

and (,it is hoped) in a great measure removed by eqnaldistanees from the other. When speaking, there- 

the more simple theory of commensurable proportion fore, tor the first time of similar figures in 3S . Cor. 1, 

of Section 9., inserted chiefly with this view ; nor is it will be our care to demonstrate that part oiDef. 

the subject left so lame and incomplete as would have li, which is assumed, retaining it in the text as al- 

been the case had the general discussion of Section lowedly more concise and obvious to apprehension 

3. been entirely omitted, C^w note at prop. [9]). thaq under thenttristed form. 
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as A£ to AC. 



cut the sides of a triangle, or the sides the vertesp^ and apoint of the base^ shall 
produced^ proportionoMyy it shcdl be pa' divide the bciae and its parallel in the 
rallel to the base of the triangle, same ratio : and, conversely, if the base 

Let ABC be a triangle, and let the and its parallel be divided in the same 
straight line D E, which is drawn par ratio, the straight line which joins the 
rallei to the base B C, cut the sides A B, points of division, or that straight line 
A C, or tlie sides A B, AC produced, in produced, shall pass through the verteo) 
the points D,E;^: AD shall be toAB of the triangle. 

Let AB C be a triangle, and let the 
straight line D E, which is drawn pa- 
rallel to the base B C, 
cut the sides A B, 
AC in the points 
D, E respectively : 
then if any straight 
line AF be drawn 
through the vertex, 
to cut the base in F 
and its parallel in G, 
B F shall be to F C as D G to G E. 
Through F draw F H parallel to A D, 





XI » o 



Let A B be divided into any number 
of equal parts B b, &c. : then it may be 



to meet D E in H. Then, (29.) D G is 



shown, as in L 49, that AC will be divided to H G, as A G to F G, and, c^mvertendo, 
into as many equal parts C c, &c. by D G is to D H, as A G to A F. But 



lines drawn parallel to B C : also, if in 
A D there be taken as many parts D d, 
&c equal to B b, as can be found in it, 
exactly, or with an excess less than B ^, 
and if through the points d, &c. Unes 
be drawn parallel to B C or D E, there 
will be found in AE, the same number 
of parts E e, &c. equal to C c, exactly, 
or with a corresponding excess less than 
O c. And this will be the case, how 
great soever be the number of parts 
into which AB, AC are divided; 
therefore, (Z>e/. 7,) A D : A B : : A E : 
A C, 

Next, let AD be to AB asAE to 
A C : D E shall be parallel to B C. 
For, if there be any line whatever, B C, 



D H is equal to B F (L 22.) : therefore, 
D G is to B F as AG to A F. In the 
same manner it may be shown, that G E 
istoFC as AG to AF. Therefore, 
(12.) DG:BF::GE:FC; smdaltef^- 
nando, D G: GE : : B F : F C. 

In the next place let B F be to F C 
as D G to G E ; and let the points 
F,G be joined: the straight line FG, 
or F G produced, shall pass through 
the point A. For, let AF (produced 
if necessary) cut P E in any point 
whatever G': then, by the former part 
of the proposition, D Gr' : G' E ; : B F : 
F C, but D G : G E : : B F : F C, there- 
fore, (12.) D G' : (J' E : : D G : G E. 
Therefore the straight line D E is di- 

• J _ J • A"l_ A' • .1 -J ^^ t 



parallel to D E, then, by the first part of vided in the same ratio in the points G' 



the proposition, A E is to A C as A D 
to A B, that is, as A E to AC: there- 
fore, (18.) A C is equal to A C, that is, 
the points C and C coincide, and B C 
is parallel to D E. 
Therefore, &c. 



and G. But two points cannot divide 
the same straight line in the same ratio 
except they coincide : for if H, for ex- 
ample, be any other point than G in 
the Hne D E, and if D H be less than 
D G, the ratio of DH to GE will be 



Cor. In the same manner it maybe less (11.) than the ratio of DG to 

shown, that if the sides of an angle be G E ; and the ratio of D H to H E stiU 

cut by any number of parallels, any two less than the ratio of D H to Gr E, be- 

parts of the one will have to one another cause HE is greater than G E : much 

the same ratio as the corresponding more then is tne ratio of D H to HE 

parts of the otheri that is, the sides will less than the ratio of D G to G E. And 

be similarly divided in the points of in the same manner it may be shown, 

section (def. 13.) that if D H be greater than D G, D H 

_3 will be to HE in a greater ratio than 

^^°P' ^^' D G to G E. Therefore, as was before 

ff a straight line be drawn parallel to stated, two points cannot divide the. 

the base of a triangle, and be terminated same straight line in the same ratio, 

by the sides, or by the sides produced^ except they coincide. Therefore the 

any straight line which passes, through pointy G', G coincide, >. e. AFGis 
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no other than a straight line, and FG In the same manner It may be shown 

produced passes through A, that A B is to B C as D K to E F ; and 

Therefore, &c. again, A C to C B as D F to F E. 

Citr. 1. If two parallel straight lines Next, let the triangles ABC, D E F 

be cut by any number of straight lines have their sides, each to each, in the 

which pass through the same point, they same ratio, that is, A B to A C, as D K 

shall be similarly divided in the points of to DF, AC to CB, as DF to FK, 

section. and therefore, ejf f^qiuUi, (24.) A B to 

\ Cor, 2. It has been seen in the course B C, as D £ to £ F : the triangle ABC 

of the demonstration that the parts of shall have its three angles A, B, C 

the base are to the parts of the parallel equal to the three angles U, £, F of the 

respectively in the same ratio, viz. as tnangle D £ F, each to each, 

A G to A F, or, which is the same thing Let K L AI be a triangle having its 

(29.), as AB to AD: therefore also three angles K, L, M equal to thetliree 

the whole base (23.) is to the whole angles D, £, F respectively, and its side 

parallel as A B to A D ; that is, as the K L equal to A B (1. 50.). Then, by the 

side of the triangle to the segment next first part of the proposition, because the 

the vertex which is cut off by the pa* triangles K L M, DEF are equiangular, 

rallel from the side, or from the side K L : L M : : D £ : £ F, but D E : £ F 

produced. ::AB : B C, therefore, (12.) KL: 

The same is at once made evident by L M : : A B : B C : but K L is equal to 

drawing through C a parallel to A D. AB ; therefore, (18.) L M is equal to 

Cor. 3. It has also been seen in the B C, And in the same manner it may 

pourse of the demonstration that a be shown that KM is equal to AC. 

straight line D £ can be divided in the Therefore, the triangles ABC, K L M 

same ratio in one point only. Here have the three sides of the one equal to 

D £ and £ D are considered as differ* the three sides of the other, each to each, 

ent straight lines, viz. differing in their and are, conseouently (I. 7.), c(^ual in 

first points. every respect. Therefore A B C is equi- 

_ «, .« ... angular with K L M, that is, with 

Prop. 31. (Euc. vi. 4. 5.) D E F. 

ff two triangles are equiangular, they Therefore, &c, 

shall have the sides about the equal Cor, 1. Equiangular triangles are 

angles proportionals, those which are similar (D^/*. 14.) 

opposite to the equal angles, being the Cor. 2. Triangles which have the sides 

antecedents or consequents of the ratios : of the one pai-allel to the sides of the 

and, conversely. otlier, or perpendicular to tlie sides of 

Let ABC, D E F be two triangles ^^^ other, are similar. For such trian- 

having the three angles gles are ecjuiangulai- (I. 18.). 

A, B, C of the one ^ Cor. 3. The same may be said of tri- 

equalto the three angles /\ angles which have the sides of the one 

D, £, F of the other, k / \ making any equal angles with the sides 

each to each: the sides /\ T — r ^^ ^® ^^^^^^ towards the same parts 



about any two equal a ^^ » » (1. 18. Cor.). 
angles A, D, shall be a c^AnW./m 
proportionals, that is, A Scholium. 
AB shall be to A C as »^ This is not necessarily the case with 
D £ to D F. other rectilineal figures ; that is, it can- 
In D £, D F, or in D E, D F pro- not be said, that if any two rectilineal 
duced, take DG, DH equal to AB, figures be equiangular, the sides about 
A C respectively ; and join GH. Then, the equal angles will be proportionals. 
because the triangles ABC, DGH, And the reason of this difference between 
have two sides of the one equal to two a triangle, and a rectilineal figure of four, 
sides of the other, each to each, and the or a greater number of sides, is obvious, 
included angles equal, they are equal For, in the h-iangle. D E F, a hne GH, 
in every respect (I. 4.), and the angle which is drawn parallel to one of the 
D G H is equal to A B C, that is, to sides E F, will cut oft from the oUier 
D E F. Therefore, (1. 1 5.) G H is pa- sides, or from those sides produced, paits 
rallel to E F, and (2i).) D G : D E : : D H less or greater than them m the same 
: D F; therefore, a/^^-rnaw/o, D G : DH proportion m vvluch it is itself less or 

: : D k : D F, that is, A B : A C : ; D £ giealer than E F : ?f ^'Xh't"^^?:^^^ 

. D p^ new triangle DGH, which m equian- 
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gular with DEF (1. 15.) has its sides angles shall be equal, eax;h to each, viz. 

respectively less or greater than the cor- the angles A and F to the angles a and 

responding sides of the triangle DEF, /, and their remaining sides A F, a f, 

in the same ratio. But, in a quadrila- in the same ratio with any other two 

tend figure as G E FH, or generally any corresponding sides A B, ab: that is, 

rectilineal figure, which has more than the rectilineal figures, AB C D E F, 

three sides, a straight line drawn pa- abcdef,shaMhe similar according to 

rallel to one of the sides, as EF, and Def, 14. 
therefore cutting, as before, the two ad- 
joining sides, or those two sides pro- 
duced, will diminish or increase those 
two sides of the figure only, and even 
those not necessarily in the proportion ip 
which it is itself less or greater than E F ; 
and, accordingly, the new rectilineal 
figure, which is equiangular with the join AC, AD, A E, ac, ad, ae. 

former, has its sides, with the exception Then, because the triangles A B C, a d c 

of three, the same with the sides of the have one angle of the one equal to One 

former; whde tiiese three are dimimshed angle of the other, and the sides about 

ormcrea^ed. Therefore, although equi- the equal angles proportionals, they 

angular triangles have, necessarily, their are similar (32.) ; therefore, the angle 

corresponding sides, each to each, m A C B is equal to a c ^>, and A C : C B 
the same ratio, equiangular rectihneal -acre*. And, because the whole 

figures of a greater number of sides angle B C D is equal to the whole an- 

have not, necessarily, their sides so gig bed, and that the angles A C B, 

related. ^5 c i are equal to one another, the re- 

•D oo i-i? ^ • /. X maining angle A C D is equal to the 

Prop. 32. (Euc. VI. 6.) remaining Ingle acd: also, because 

Ifttoo triangles have one angle of the AC:CB \l ac: cb and C B : CD;: 

one equal to one angle of the other, and cb \ cd,ex eeqttali AC iCD II ac : cd, 

the sides about the equal angles vro- Therefore (32.) the triangles ACD, 

portionals, the two triangles shall be a c rf are similar : and in the same man- 

similar, ner it may be shown that the triangles 

Let the trianglfes A B C, D E F (see A D E, A E F are similar to the tri- 
the last figure,) have the angle at A angles ade, aef respectively. There- 
equal to the angle at D, and the sides fore, the angles at F,/are equal to one 
about the equal angles, that is, AB, another, and because the several angles 
A C, D E. D F, proportionals : the tri- making up the angle FAB are equal 
angle ABC shall be similar to D E F. respectively to those which make up the 

In DE, DF, or in DE, DF pro- angle /a 6, the angles rAB,/a6are 

duced, take DG, DH equal to AB, likewise equal. Also, because A F is to 

A C respectively, and join G H. Then A E, as af to a e, and A E to A D as a 5 

the triangles A B C, D G H are equal in to ad, and A D to A C, as arfto a c, and 

every respect (I. 4.). And, because AC to A B as a c to a ^, ex ofquali 

DG:DH::DE:DF, altemando AFis to AB as af to ab, and alter- 

DG:DE::DH:DF. Therefore (29.) wawrfb AF : a/:: AB lab, 
G H is parallel to E F: and (I. 15.) the Cor. 2. It apjjears from the preceding 

angles D G H and D H G are equal to corollary, that similar rectilineal figures 

the angles at E and F respectively : but may be divided into the same number of 

D G H is equal to B, and D H (3- to C : similar triangles, and that their corre- 

therefore the angles at B and C are spending or homologous sides are to 

equal to the angles at E and F, each to one another in the same ratio, each 

each ; and the triangle ABC (31. Cor.) to each, 
is similar to D E F. Cor, 3. It appears also from Cor. 1., 

Therefore, &c. that lines similarly drawn in similar 

Cor. 1 . Hence it may easily be shown, figures cut the sides at equal angles, and 

that, if any two rectilineal figures, as are to one another as the homologous 

A B C D E F, abcdef, have all their sides of the figures, 
angles but two equal in order, viz. B, For if the sides A B, ab of the similar 

C, D, E, to b, c, d, e, each to each, and figures ABCDEF and abcdef, be 

the corresponding sides about the equal divided in the same ratio in the points 

angles proportionals, ^their remaining P, p, it may easily be shown (23.) that 
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P B is to J9 6 as A B to d 6, or as B C to angles, which is impossible (I. 8.) : 

be; that is, altemando, PB : B C :: therefore, in this case, EG cannot but 

pbibc And, in the same manner, if coincide with E F, that is, the angle 

any other corresponding sides, as E F D E F cannot but be equal to the angle 

and ef be divided in the same ratio in D E G, that is, to AB C. 

the points Q. q, it may be shown that Again, if the angles AC B, D FE be 

Q E : E D :: qeied, or, invertendo, both greater than right angles, they will 

that D E : E Qy.deieq. Therefore, be together greater than two right an- 

by Cor, 1 ., the straight Imes P Q and gles ;— or, if they be both less than right 

p g, which join the points P, Q and p, q, angles, they will be together less than 

make equal angles with AB,ab respec- two right angles : but, if EG do not coin- 

tively, and with E F, ef, respectively, cide with EF, these same two angles will 

and P 6 is to p g as P B to p 6, or as be together equal to the angles D G E, 

ABtoab. D FE, that is, to the angles DGE, EGF, 

■o oo ^t? • nx (J- 6.) because E G is equal to EF, that 

Prop. 33. (Euc. vi. 7.) j^^ ^^ ^^^ ^igj^t a.ngles (1. 2.),— which is 

If two triangles have one angle of the impossible : therefore in these cases, also, 

one equal to one angle of the other, and E G cannot but coincide with E F, that 

the sides about two other angles pro- is, the angle D E F cannot but be equal 

portionals; and, if one of the remaining to the angle DEG, that is, to ABC 

angles be a right angle, or if thetf be And, l^cause the triangles ABC, 

both greater, or both less than right D E F have two angles of the one equal 

angles; the two triangles shall be to two angles of the other, each to each, 

similar.* they are equiangular (1. 1 9. Cor. l.)> and 

Let ABC, DEF be two triangles, therefore similar (31. Cor. 1.). 

which have the angle at A equal to the Therefore, &c. 

Sf'Ues'^about .» PKOP.34.(E.c.vi.8.) 

two other angles, a / In a right-angled triangle, if a per- 

B and E, proper- A / pendicular be drawn fi'om the right 

tionals : then, if / / «. ^'^^ ^^ ^^ hypotenuse, the triangles 

one of the re- / ^:^^ upon either side of it shall be similar to 

maining angles, k — o » ' /Ae whole triangle, and to one another, 
as C, be a right Let A B C be a right-angled triangle, 

angle, or if both of them, C, F, be and from the right angle A, let there 

greater, or both less, than right angles, be drawn to the hy- 

the triangle ABC shall be similar to potenuse the per- 

the triangle DEF. pendicular AD: the 

At the point E make the angle DEG triangles DBA, DAC 

equal to ABC, and let the line EG meet shall be similar to 

D F, or D F produced in G. Then, be- the whole triangle 

cause the triangles A B C, D E G have ABC, and to one another, 
two angles of the one equal to two an- Because the angles B D A, B A C are 

gles of the other, each to each, they are right angles, and because the angle at 

equiangular: therefore (31.)DE:EG B is common to the two triangles 

::AB:BC, but AB:BC::DE:EF: D B A, A B C, their third angles (T. 19. 

therefore (12.) D E : E G : : D E : E F, and Cor, 1.) are equal to one another ; and 

(18.) E G is equal to E F. therefore the triangle DBA, being ec[ui- 

And first, if one of the angles A C B, angular with the triangle ABC, is simi- 

DFE be a right angle, whether it be lar to it (31. Cor. I.). In the same manner 

A C B or D F E, one of the lines E G, it maybe shown that DAC is equiangular 

E F will be at right angles to D F ; and with ABC, and therefore similar to it 

therefore, if E G do not coincide with And, because D B A, D A C are equi- 

E F, there will be an isosceles triangle angular with the same triangle, they are 

E F G, which has one of the angles at equiangular with, and therefore similar 

the base a right angle, and therefore to, one another. 
(I. 6.) the other likewise a right angle. Therefore, &c. 
and the two together equal to two right Cor, (Euc. vi. 8. Cor,) The perpendi- 

• ' 7~. r~ cular A D is a mean proportional be- 

rigM*i2grrji7rbl^S:^i^"',fSr, tween the segments B D. .D C of the 

)>ence, iostead of saying " both greater or lioth less hvpotcnuse ; and eitlier Side, aS A U, 
than right angles," this proposition is sometimea . •'*^ mean PrOPOrtional betwe^U tb^ 
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whole hypotenuse B C, and the seg- rectangle of giveti altitude to its base, 

ment B D, which is adjacent to it. are of perpetual occurrence in the 

For, because the angles BAD, AOD, Mixed Sciences, and are commonly 

are equal to one another, the sides B D, enunciated, as in the proposition, by 

AD of the similar triangles BD A, ADC the word as. They constitute, indeed, 

are homologous, and the angles B D A, a peculiar class, which has received 

A D C are equal to one another ; there- the name of Variations ; one quantity 

fore (31.) B D : DA :: AD or DA : DC : being said to vaty as another when it 

and, in like manner, because the sides increases and decreases in the same 

B D, B A of the similar triangles B D A, proportion with that other. We have 

B A C are homologous, and the angles already had one instance in a rectangle 

at B equal, B D : B A : : BA t B C. of given altitude and its base. To take 

another perhaps more familiar, we say 

Section 5.— Proporfton of the Surfaces commonly, that the weight of a mass of 

of Rectilineal Figures, lead is in projjortion to its magnitude ; 

and the same is understood, when it is 

Prop. 35. said, that the weight of such a mass is 

Rectangles tvkich have the same or as its magnitude, or varies as its mag- 

eaual aitttudes, are to one another as "nitude. Again, the distance a horse 

their bases* runs in a given time " is in proportion 

For, if the base of one of the rect- to his speed," or " is as his speed," or 

angles be divided Into any number of " varies as his speed." It is evident that 

equal parts, the rectangle itself will be the use of the word as in these and the 

divided into as many equal rectangles like cases enables us to avoid the fol- 

hy straight lines drawn parallel to its lowing and similar enunciations. " The 

side through the points of -division, weight of one mass of lead is to the 

Also, the base of the other rectangle weight of another, as the magnitude of 

will contain a certain number of parts the first to the magnitude of that 

equal to those into which the first oase other." " The distance a horse runs in 

is divided, exactly or with an excess less a given time with one velocity, is to the 

than one of those parts, and that rect- distance he would run in the same time 

angle will contain as many rectangles with another velocity, as the first velo- 

equal to those into which the first rect- city to that other." (See Arithmetic, art. 

angle is divided, exactly or with a cor- 136.) 

responding excess less than one of P qa 

them. And this will be the case what- x'ROP. 36. 

soever be the number of parts in the Any two rectangles are to one another 

first base and rectangle. Therefore, in the ratio which is compounded of 

(def. 7.) the first rectangle is to the the ratios of their sides. 

second as the base of the first is to the Let AC, E F be two rectangles, and 

base of the second ; that is, rectangles let an angle of the one be made to 

of the same altitude are to one anotner coincide (I. I. and ax. 11.) 

'as their bases. with an angle of the other, 

^ Tlierefore, &c, as at B : the rectangle 

The same demonstration has been A C shall be to the rect- 

already given, with a figure, to illus- angle EF in the ratio 

trate tne definition of Proportionals in which is compounded 

Section 3. (See def. 7.) of the ratios of A B to 

Cor. (Euc. vi. 1 part of) In the same E B, and of B C to B F. 
manner it may be shown, that any two For the rectangle A C is to the rect- 
parallelograms which have the same or angle E F in the ratio which is corn- 
equal altitudes are to one another as pounded of the ratios of A C to EC, 
their bases; or, the same may be and of E C to EF. (def. 12.) But, be- 
directly inferred from this proposition, cause the rectangles A (D, E C have the 
for every parallelogram is equal to a rect- same altitude B C, AC is to EC as 
angle, having the same base and altitude. A B to E B (35.) ; and, in like manner, 

a^h^M^^ because the rectangles E C, E F have 

iicnoitum. ^j^g g^^g altitude E B, E C is to E F as 

Proportions of this kind, in which the BC to BF. Therefore, (27. Cor, 1.) the 

two first terms stand in the same rela- ratio which is compounded of the ratios 

tion to the two last respectively, as, in of A C to E C, and of E C to E F, is the 

th« above instance, in ttie relation of a same vith the ratio, which is com- 
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pounded ' of the ratios of A B to £ B, Ci^. 3. If A» B, C, D be four itraight 
and B C to B F ; that is, the rectanp:le lines, and A' B', C, D' four others, 
A C is to the rectangle E F in the ratio and if A : B :: C : D 
whicli is compounded of the ratios of and A^ : B^ ;:C^ : D^ 
A B to E B, and of B C to EF, then AA' : BB'::C(J':DD' ; that 
Therefore, &c. is, if four straig^it lines A, B, C, D be 
Cor, 1. (Euc. vi. 23.) In the same proportionals, and likewise four others 
manner it may be shown that any two a', B', C. D' ; the rectangles"A A', B B', 
parallelograms AC, EF, which have one c c', D D', which are contained under 
angle of the one equal to one angle the corresponding antecedents and con- 
of the other, are to one a — sequents» shal] also be proportionals, 
another in the ratio which / / Por ratios which are compounded of the 
is compounded of the ra- J J game ratios are the same with one ano- 
tios of the sides about the 7 Tj ther (27). And hence it is evident, con- 
equal angles. For if the b / / .. ^ versely. that if AA', BB', GO', DD' be 
equal angles be made to proportionals, and A', B', C, D' likewise 
coincide, as at B, the parallelogram proportionals ; A, B, C, D must also be 
AC is to the parallelogram E F in the proportionals. 

ratio which is compounded of the ratios Cor. 4. If four straight lines A, B, 

of A C to E C, and of E C to E F, c. D be proportionals, their squares 

that is (35. Cor,) in the ratio which is a«, BS C«,D« shall likewise be propor- 

compounded of the ratios of A B to £ B, tionals : and conversely* 
and of B C to BF. 

Cor. 2. It appears, also, fi-om the Prop. 38. (Euc. vi.,16.) 

proposition, that any two parallelograms ,^ ^ . . . ^ » • l u- t 

whatever are to one another in the ratio , VMr straight Itnesbe prMoHtmaU 

which is compounded of the ratio of the rectangle contained by the extremes 

their bases and altitudes • for the rect- ^hal^J>e equal to the rectangle contmned 

angles, to which (1. 24. Cor.) they aie ^ the meamj and conversely^ J the 

equal, are in that ratio. rectangle contained by two straight hnes 

^ be equal to the rectangle contained by 

Pliop.37. other two, the four straight lines 

If the straight line A be to the ^hall constitute a proportion, in which 

str^ght line B^in otie ratio, mid the '^V//'*/ one rectangle are extremes. 

sira^ht line A' to the straight line W in <mdthendes oftheoth^r rectangle means. 

anotier ratio, the rectangle A A' shall ^ Tlie first part of this proposition has 

be to the rectangle BBT in the ratio ^^^^ ^^^^^^y ^^JS^^^^^j^^^ 

whichiscompcmraedofthesetivoratios. /»«m pn Prop. 28., Sect.,3.: which de- 

TOs pSition is the same with the monstration the reader is here desired 

preceding^^^^^^^ here stated under a ^o consult, as depending immediate y 

Snt^form, as well for the sake of upon the definition of proporUonals m 

rendering more f Xf^^/Ji^^^ .f f^^^^^ So important a theorem, however^ 

t'SpllThtflw^^^^^^^^ T^ot be^onsideredintoomanypcnntJ 

Sos?^^ Prop 36. Its^dem9nstrationis of view. The Mowing proof, by help 

accordinSycon^^^^^^^ ^ff^M^"^';' 'p^U^^^^^^^^ 

Cor, I. If A be to B as A' to B\ the ^^f ^.^f^'^^^^^^^^** ^^ ^^^^^^• 

rectanjrle A A will be to the rectangle Let AB, AC, AD, 

B B' in the duplicate ratio of A to B. A E be the four pro- r 

For, if C be taken a third proportional to portionals, of which j 

A and B, then, because B is to C as A the extremes AB, AS. \ 



to B, that is as A to B', the ratio which are placed at right j 
is compounded of the ratios of A to B angles to one ano- ^U 



and ot A' to B' is the same with the ther, and contain the j j 

ratio of A to C, that is (Def. 11.) with rectangle B E, and L^J — ....v^.J 



A y 



the duplicate ratio of A to B. the means AC, AD 

Corf 2. Hence if three straight lines areplacedmBA,EA 

A, B. C, be proportionals, the square of produced, and, being for tha 

tiietiUtsh^^be to the square of these. lp-> ^^^rftSl^rtlZ^^ Com 

cond as the first is to the third; that is, ther, f.^"^;""^^^,^*^^^^^^ 

the duplicate ratio of two straight lines is f^f ^\^^";^^^^^^^ W tiS s^ 

tbe same with the raUo of their squares, the rectangles B 1l, i. il nave tlie s 



that reason 
one ano- 
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altitude AE, the rectangle BE is to the of the proposition ; 36. Cor. being cited 

pectande CE as AB to AC (35.) : and, m instead of 35. 

like manner, because the rectangles CD, Scholium. 

CE have the same altitude AC, the rect- gy ^elp of this proposition the ^ro- 

angle CD is to the rectangle C E as AD portion of Tfour lines is convertible into 

to AE ; but the line AB is to AC as AD ^^e equality of two rectangles, and the 

toAE; therefore, the rectangle BE IS to reverse. Thus it appears, that I. 36. 

CE as CD to CE. And, because the q^^ 2. and 3., in which it is inferred 

rectangles BE, CD have the same ratio iiioi the squares of the sides of a right 

to the same rectangle C E, they are angled triangle are respectively equal 

equal to one another (11. Cor, 1.). ^q {j^^ rectangles under the hypotenuse 

Next, let the rectangle under AB, and its adjoining segments, and thsi the 

A E, be equal to the rectangle under square of the perpmdicular is equal to 

AC, AD ; the lines AB, AC, AD. AE, ^^^ rectangle under the segments of the 

shall be proportionals, AB, AE being hypotenuse, may be slated in the words 

extremes, and AC, AD means.- of 34. Cor., in which it is inferred that 

For, the rectangles being placed as either side is a mean proportional be- 

before, and the rectangle CE being com- tifjegn the hypotenuse ana segment ad- 

pleted, BE is to CE as CD to CE (10.); jacent to it, and that the perpendicular 

but BE is to CE as AB to AC (35.),"and ^g ^ mean proportional between the seg- 

CD to CE as AD to AE ; therefore (1 2.) ^^^, ^y ^^^ hypotenuse. Again, I. ZS. 

AB is to AC as AD to AE.* in which it is demonstrated that, in every 

Therefore, &c. triangle, if a perpendicular be drawn 

The principle of this demonstra- from the vertex to the base, or to the base 

tion is contained in 10. Cor, and 11. produced, the difference of the squares 

Cor, 2., by the use of which corollaries of the sides is equal to the difference of 

it may consequently be put under a the squares of the segments of the base, 

more concise form. or of the ha9$ produced, may be stated 

Cor, 1 . (Euc. i. 1 7.) If three straight thus \—the base is to the sum of the sides 

lines be proportionals, the rectangle un- as the difference of the sides to the differ- 

der the extremes shall be equal to the enceofine segments of the base, or sum of 

square of the mean ; and. conversely, if the segments of the base produced. For it 

the rectangle under the extremes be is shown (1. 38.) that the difference of the 

equal to tiie square of the mean, the squares of two straight lines is equal to 

three straight lines shall be proper- the rectangle under their sum and dif- 

tionals. ference. 

Cor, 2. It appears from the propo- Many other instances will occur in 

sition that rectangles which have their the remaining part of this treatise, in 

sides about the right angles reciprocally ^hich the demonstrations are consider- 

proportional, are equal ; and, conversely, ably abridged by the use of this very 

that equal rectangles have their sides important theorem, 
about the right angles reciprocally pro- -yve shall conclude the present Scho- 

portional. Hum by applying it to the demonstration 

Cor. 3. (Euc. vi. 14.) And, in the of the following Lemmas (or auxiliary 

same manner, it may be shown, that any theorems) which will be found of ser- 

two parallelograms which have one an- yjoe in such problems as have the sum 

gle of the one equal to one angle of the or the difference of the sides of a tri- 

other, and their sides about the equal ^ngj^ among their data. (See Book III. 

angles reciprocally proportional, are ggct. 7.) It will be seen that they be- 

equal to one another ; and conversely, jong, according to our arrangement, to 

For, if the equal the subject of the preceding Section ; to 

angles be placed ver- / /* which they should have been subjoined, 

tically as in the fi- / / had they admitted of an easy demon- 

gure, and the paral- / / stration without the aid of this 38th Pro- 

lelogram CE be com- / A ^ position. 

pleted, the demon- ^f — f^ 7 *^ ^ 

stration of this more / / / Lemma 1 . 

general case will be L — .1 / If a perpendicular be drawn from the 

the same with that vertex of a triangle to the base, and if 
the base be equally produced both ways, 

• Or we may say, *' A. D : A £ : : A B : A C," in «„ *!,«♦ fhp base Droduced mav be a 
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sum of the sides* the sides shall be to 
one another as the corresponding seg- 
ments of the base produced. 

Let ABC be a trianglei and from the 
vertex A to the base B C let there be 
drawn the perpendicular AD ; also let 



Lemma 2. 




ST 




r D 



the base BC be equally produced both 
ways to the points £ and F ; so that 
BC may be to BA + AC as BA+AC 
toEF. BAshaUbeto AC as ED to 
DF. 

Bisect BC in 6 : then because EB is 
equal to C F, E F is likewise bisected in 
G. Therefore the difference of ED. DF 
is equal to twice GD. But twice GD is 
equal to the difference or to the sum of 
BD, DC, according as the point D is in 
BC, or in BC produced. Therefore the 
difference of E D, D F, is equal to the 
difference of BD, DC, or to the sum of 
ED, DC, according as the point D lies 
in BC, or in BC prwiuced. Again, be- 
cause AD is perpendicular to BC, the dif- 
ference of the squares of B A, AC is equal 
to the difference of the squares of B D, 
D C (I. 38.) or, which is tne same thing 
(1.34.), the rectangle under the sum and 
difference of BA, AC is equal to the 
rectangle under the sum and difference 
of BD, DC. Therefore (38.) BA-AC : 
BD If D C :: BD ± D C : BA-h AC ;* 
that IS, since the second term is equal 
to E D - D F, and the third to BC, B A- 
AC : ED-DF :: B C : BA + AC. that 
is, :: BA+ AC : E D+D F, by the sup- 
position. Therefore, alter nando (19.) 
BA-AC : BA+AC :: ED-DF : ED 
+ D F : and, by sum and difference (24. 
Cor.2.) 2B A: 2AC::2ED: 2DF, 
that is, ( 1 7. Cor. 2.) B A : AC : : ED : DF. 

Therefore, &c. 

Cor. If DE be taken to AB as B A + 
AC to BC, or, which is the same thing, 
in a ratio which is the subduplicate of 
G£ to GB, then the other segment DF 
of the base equally produced m the op- 
posite direction shall be to the other siae 
A C in the same ratio. 

* The sign ± denotes that the sum or difference is 
to be taken according to one or other of two supposed 
cases, that is, in the present instance, according as 
the point D lies in B C, or in B C produced : the sign 
7 that the difference or ivaa is to M taken according 
to those cases. 



If a perpendicular be drawn from the 
vertex of a triangle to the base, and if 
the base be equsdly reduced both ways, 
so that the base reauced may be a thu-d 
proportional to the base and the differ- 
ence of the sides, the sides shidl be to 
one another as the corresponding seg- 
ments of the base reduced. 

The demonstration is so similar io 
that of Lemma 1., that it will be readily 
apprehended from the following outline, 
with reference to the adjoined figures. 

ABC is the triangle, AD the perpen- 
dicular upon the base, EF the base 




equally reduced both ways, so that EF 
: B A- A C : B C, and G is the middle 
point of the base. Then, because B£=: 
C F, the point G bisects also E F, and 
EDH-DF= 2 GD, that is, =BD qiDC, 
according as the point D lies in BC, or in 
BC produced. N ow, converting BA*-* 
AC«=BD" *DC« into a proportion, as in 
Lefn. I, BA 4- AC : BD q: DC :: BD ± 
DC:BA-AC,orBA4-AC :ED + 
DF::BC : BA- AC, that is. ::BA 
-AC:EF(orED-DF). Therefore 
aliernando, BA H-AC : BA-AC ::ED 
4- DF : ED^DF : and hence, by sum atid 
difference, B A : AC :: ED : DF. 
' Therefore, 8cc. 

Prop. 39. (Euc. vi. 1., first part of.) 

Triangles which have the same or 
equal altitudes are to one another as their 
bases. 

For such triangles are the halves of 
rectang:les which are upon the same bases 
respectively, and have the same or equal 
altitudes : and because these rectangles 
are as the bases (35.), the triangles.which 
are their halves, have to one another the 
same ratio (17. Cor, 1.). 

Othertvise : As in 
35. it is demonstrated 
of the rectangles, so 
here it may, after the 
same manner, be de- 
monstrated of the 
two triangles ABC, 
A D E, and the two 
bases B C, D E, that they are propor^ 

F 
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tionals according tode£ 7. ; 1. 27. being 
cited instead of I. 25; 

Therefore, &c. 

Cor. 1. In like manner it may be 
shown that triangles which have the 
same or equal bases are to one another 
as their altitudes. 

Cor. 2. Also any two triangles are to 
one another in the ratio which is com* 
pounded of the ratios of their bases and 
of their altitudes. 

Cor. 3. Wherefore if the base of one 
triangle be to the base of another as the 
altitude of that other to the altitude of 
the first, the two triangles will be equal 
to one another (U. Cor. 2.). 

Prop. 40. 

Triangles which have one angle of 
the one equal to one angle of the other, 
are to one another in the ratio which is 
compounded of the ratios of the sides 
about the equal angles. 

For, if the triangles be completed into 
parallelograms having the same equal 
angles and the same sides containing 
them, these parallelograms (36. Cor. 1.) 
will be to one another in the ratio which 
is compounded of the ratios of the sides ; 
therefore the triangles, which are their 
halves, wiU be to one another in the 
same ratio. (17. Cor. 1.) 

Othenoise: As in 36. it is demon- 
strated of the rectangles, and in 36. 
Cor. I. of the parallelograms, so here 
it may, after the same manner, be de- 
monstrated of the two triangles ABC, 
E B F, by making the equal angles coin- 
cide, as at B, and completing the trian- 
gle EBC, that the tri- 
angle A B C is to the tri- 
angle E B F in the ratio 
which is compounded of 
the ratios of A B to E B 
andofBCtoBF; 39. 
being cited instead of 35. 

Therefore, &c. 

Cor. Triangles, which have one angle 
of the one equal to one angle of the other, 
are to one another as the rectangles 
under the sides about the equal angles 
(37.). 

Prop. 41. (Euc vi. 15.) 
Triangles which have one migle of 
the one equal to one angle of the others 
and their sides about the equal angles 
reciprocally proportional^ are equ(d to 
one another ; and, conversely, equal tri- 
angles which have one angle of the one 
equal to one angle of the other, have 
their sides about the equal angles reci- 
procally proportionolt 




-^ 




For, if the triangles be completed into 
parallelograms having the same equal 
angles and the same sides containing 
them, these parallelograms (38. Cor. 3.) 
will be equal to one another, because 
they have the sides about the equal 
angles reciprocally proportional; and 
therefore the triangles, which are their 
halves, are likewise equal (I. ax. 5.). 

And in like manner the converse from 
the converse part of the same 38. Cor. 3. 

Otherwise: As of the rectangles in 
Prop. 38., so here it may, after the 
same manner, be demonstrated of the 
two triangles A B C, A D E, by making 
the equal angles vertical, as at A, and 
completing the triangle A C D, that if 
the sides be reciprocally proportional, 
that is, if A B be to AD 
as A E to A C, the tri- 
angles ABC, ADE 
will have the same ratio 
to the triangle A C D, 
and therefore will be 
equal to one another: 
and, conversely, that if 
ABC, ADE be equal 
to one another, and therefore have the 
same ratio to the triangle A C D, A B 
will be to AD as A E to A C, that is, 
the sides about the equal angles will be 
be reciprocally proportional ; 39. being 
cited instead of 35. 

Therefore, &c. 

Prop. 42. (Euc. vi. 19.) 

Similar triangles are to one another 
in the duplicate ratio qf their homolo- 
gous sides, 

LetABCDEP a 
be similar triangles, [^ 
and let the sides B C, 1 Vy \ 
E F be homologous ; I \\ \ 
the triangle A B 9 LJ^ LJ^ 
shall have to the tri- 
angleDEF the du- 
plicate ratio of that which B C has to E F. 

Because the angle at B is equal to the 
angle at E, the triangle A B C is to the 
triangle D E F in the ratio which is 
compounded of the ratios of A B to D E, 
and of B C to E F (40.). But, because 
the triangles are similar, A B is to. B C 
as D E to E F, and alternando A B : 
D E ::B C : E F: therefore the ratio 
which is compounded of the ratios of 
AB toDE, and ofBCtoEF, is the 
duplicate of the ratio of B C to E F 
(37. Cor. 1.). Therefore the triangle 
ABC has to the triangle D E F the 
duplicate ratio of that which B C has 
toEF. . 
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Oiherwtsa: Take B G a third propor- one fi^re is to the perimeter of the 
tional to B C and £ F, and join A G. other as A B to a h. 
Then the triangle ABC is to the tri- Therefore, &c. 
angle ABGas BC to BG, that is. Cor, I, Similar rectilineal figures are 
(def. 11.) in the duplicate ratio of B C to one another as the squares of their 
to E F. But because AB is to D £ as homologous sides (37. Cor. 2.). 
B C to'E F, that is. (12.) as £ F to BG, Cor. 2. (Euc. vi. 22.)« If four straight 
the triangles A B G, DEF have their lines be proportionals, any similar recti- 
sides about the equal angles B and £ lineal figures described upon the first 
reciprocally proportional : therefore the and second shall be to one another as 
triangle A B G is equal to the triangle any similar rectilineal figures described 
DEF (41.). Therefore the triangle upon the third and fourth; and con- 
ABC is to the triangle DEF in the versely (37. Cor. 4.). 
duplicate ratio of B C to £ F, p^^p. 44, (Euc. vi. 31.) 
Thwefore, &o. • . , ^ , j ^ • , -^^ • •, 
Cor. Since the duplicate ratio of two ^2r '^f^i'^^f tnajle ^/s^mthr 
straight lines is the same with the ratio recttltnealjigures be simtTarly described 
of their squares (37. Cor. 2.) it appears T!J '^^ hpotenuseand the two sides, 
that similM triangles are to one anther '^^/f"/^ ^P^n the hypotenuse shall be 

as the squares of tlieir homologous sides. ??"«/ '^ ./^ ^"'^ ^/ '^^ ^"'•^* "/'^^ 

* ^ the tteo noes. 

Prop. 43, (Euc. vi. 20.) For the figure upon one of tlie sides is 

Similar rectUineal flgures ore to one *«» *« ^^"^ *g^ «P«», *"?? hypote- 

a«other in the duptiicUe ratio of their °"^' "^ *e square of that side to- the 

homoiogou* tide*, and their peAmetera squareof thehypotenuse(43.Cor.l.). and 

are asthtue sides *® similar figure upon the other side is 

For it has been seen (32. Cor. 2.) that *° *^« ^^^'IIT'Jk''*' hypotenuse as the 

any two similar rectUineal figures A B T.l"^ k^ ^^ "**' * ^•"'* k'^"'^^ 

C-DEY.abcdef. may be divided ?J ^^'^ hypotenuse-proportions having 

into the samenumter of similar tri- J^« same consequents: therefore (25.) 

re"fifn^Ss'n''r t^r ^ trthel^!.'rpoi^ r h SrnUt 

5^^'^'Xft^tSlnjdfc Jhesum of the s£ai.s oiZ two suies 

thi same with th« homologous .ide. of !?.innTr^a'^qPr.Sir' 

Therefore, &c. 

Sbction 6. — Of Lines in Harmonical 
Progression* 

Dqf, \ 7. Three sbraight lines are said 
to be in harmonical progression when 

the figures, are to one another, each to the first is to the third as the difference 

each, in the same ratio. But similar of the first and second to the difference 

triangles are to one another in the du- of the second and third.* 

plicate ratio of their homologous sides. Of three lines A, B, C, which are in 

Therefore the triangles into which the this progression, B is said to be an har- 

figure A B C D E F is divided, are to the monical mean between A . and C, and 

simUar triangles into which the figure • This progression wa« called harmonical from iU 

a be a ef is aiVlCled, each to eacn,] m havlnff been first noticed (.it is said, by Pythagorati) 

the same ratio (37. Cor. 4.) viz. in the in the lengths of chords which, having the same thick- 

J,,«^i:^»«» «.»4.:^ \c 4.u»4. ...i^:»u 'A "O Una »*•* *»<! tension, produce the sonnd* of a certain 

duplicate ratio of that which AB has note, its fifth and its octave. The.e lengths are as 

to 06, Therefore the sum of all the 1,2, and ^, of which it is plain that the first is to 

former is to the sum of all the latter the third as the difference of the fir«t and second to 

(23.Cor. 10 that is, the figure ABCDEF the difference of the second and third,. 

: i.^ au X5-. J. j^ • AU^ „»w,^ It IS observable that if harmonical means ba 

is to tne ngUre abcaej,Va. tne same inaerted between the numbers above mentioned, 

ratio. lengths will be found among them producing tba 

Again, because the sides AB. B C. •*T.°mu"ieJi%"rgCo«diu p.mDO.EO. 

&C. of the one figure are to the homolo- F O, Q O, a O, B O, c O, be in proportion to one 

gOUS sides ab, bc^ &C. of the other another as the numbers ^ ^ 

figure in the same ratio, the sum of the ., . ' "^' t' \?^l T "^ V "^* r q ^ a 

r 'A 1.1- ifi.%^ 1 Ai. •-. *u-. their vibrations Will exhibit the system of 8 sounds* 

former is to the sum of the latter in the ^JlJh musicians denote by the letters C, D, E, F. G. 

same ratio ; that is, the perimeter of the a, b, c." Smith's Harmonics, Sect ii. Art. i. 
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C a third harmonicdl progressional to monically divided, iivhen ' the distances 

A and B. of one extremity of the line and of the 

After the same manner, also, three points of division from the other extre- 

magnitudes of any other kind are said mity, are in harmonical progression, 
to be in harmonical progression, viz. Thus, A D is said to be harmonically 

when the first is to the third as the dif- divided, when the __. 

ference of the first and second to the points B, C are J 5~"S d 

difference of the second and third ; and so taken that 

the terms harmonical mean and third A B, AC, AD are in harmonical pro- 

harmonical ff'ogressional are applied to gression. 

them in the same sense. It will be shown in Prop. 45., that, if 

18. Any number of straight lines, the line A D be harmonically divided in 
or other ma^tudes, A, B, C, D, &c. are the points B, C, the line D A will like- 
said to be m harmonical progression, wise be harmonically divided in the 
when every consecutive (or following) same points : that is, that if A B, A C, 
three are in harmonical progression. and A D l)e harmonical progressionals, 

19. A straight line is said to be har- DC, D B, and D A shall likewise be 

Now 4- is an harmonical meanbetween 1 and 4, ^''^r Fo^ Kh'Tc^^^ said tO be 

4 the second of two harmonical means between 1 hoTmonicols, whIn they paSS thrOUgh 

and4,and|.thefirstofthreeharmomcalmeansbe. ^^^ ^^^^ ^^^^^^ and divide any One 

tween 1 and ^. Again, f is the first of two bar- straight line harmonically. 

raonical means between -§- and -j-, »nd ^Sj- the third 

of three harmonical means between -f- ^^^ "T"* ItROP. 45. 

In fact, taking the original progreteion 1, 4, 4., 7/" AB, A C, AD be harmonicol prO- 

and inserting first one harmonical mean between its gressionals in the Same Straight line, 

terms, we get the progression 1. |-, 4, f , ^ ; se- f) C, DB, D A shall likewise be har- 

condly, two harmonical means between its terms, monical prOgrCSSionals. (See figure of 

l.f» -T, ^, h XT, -i-S a°^ thirdly, three har- def. 19.). 

monical means between its terms, 1, |., f, ^8,., 4, BecauSC A B, A C, A D are in har- 

xV, h tV. i; from which progressions. rejecting monical progression, (def. 1 7.) A B : AD 

such fractions as admit 7, 11. and 13 in the denomi- tt B C : C D ; therefore, olternando^ 
iiator, that is, such as have other numbers entering AB :B C !! DAlC D, and, tw- 
in to their terms, besides 3, 3, 5. and their products, ^,,^'j^ "Tk'n.TiA •• Drt.All 
those which remain will represent the lengths of VertenOO, U ^ . U A .. l3Ly.AU. 
strings producing, with the same thickness and ten- Therefore DC, D B, DA are three 

sion.the sounds denoted by C,D, E, F, G. A, B, c. «jfroio>M linps such that the first is to 

The above observation, striking and ingenious as S^raigni lines, SUCH, inai me nrst IS 10 

it is, must not. however, lead the student to suppose the third as the Qllierence of the IirSt 

that the theory of Harmonics has any mysterious and SeCOUd tO the difference of the 

connexion with the properties of lines harmonically „««^«j ««j ♦v.;*^ . 4.l,«+ :« rJi^f it\ 

divided. Why such lengths only as are related by SCCOnd and tlura ; that IS, (def. 1 7.) 

the numbers 2, 3, 5, and their products, produce a D C, D B, D A are in harmonical prO- 

gradation of sounds pleasing to the ear as those of aression 

the gamut, it is for tnat theory to explain ; bat the ° Sl r o 

discovery of these relations, by taking harmonical -I hereforc, &C. 

means, is attributable to the simple property, that Cor, If a ffiveU line A C be divided 

the reciprocals of numbers in harmonical prosrression *> t.* ' 1.1. • t -a j t x r* 

are in arithmetical progression. Thus the reciprocals *D ^^7 ''^.tlO m the pomt J5, and if A U 

of 1.I-, f, -A-, -I-, T^T, h iV, 4-. that is of produced be divided in the same ratio 

-88'8 8 8 88 8 m thc point D (so that DA may bc to DC 

*, y, -ro-*."^' "' ^1 '^' ■^''V ^'^' "' as A B to B C), the whole Une A D will 

fractions having the common denominator 8. and 8. 9. u^ 1 • ii.. j:„;j^j :» au • i. 

10, 1 1. &c. for their numerators, that is. are in arithl ^ harmonically divided m the points 

metical progression. And. generally, if o, 6, c be in B and C. For it is obvioUS that D A 

£nUiS'i«l^m2T^5°m;a;i^"^ « harmohicaUy divided in the points 

tiply ing extremes and means, a 6<«ac=ac<«' 6 c, and t> j n *i. x • lu * -r^ a tx t» t^ /^ 

' 1111 1 i " 1 ^ ^^^ ^ 5 ^^^^ is> *^"^* DA, D B, D C 

dividing by 06 c,--.. - = --• ->».«. -> -0- a^g harmonical progressionals: there- 
are in arithmetical progression, itfoiiowsasaneces- forc, also, AD, A C, AB are hafmoni- 

sary inference, that, if the lengths ofthe strings which cal prOgTeSSiouals, and AD is divided 

produce harmonious sounds bear to each other a ratio v. ««,««. J?«.«ii« :„ *u« .^^:^4« n ««j n 

which can be expressed in whole numbers, however harmonically m the pomts ti and O. 

great, they may be made terms in some harmonical « 

series ; the singular resultwhich arises from this ratio JtROP* 46* 

being expressed in terms involving only the numbers y>.AT» a^ *-r>i » . t~^ 

2, 3, 5, and their products, is that the whole series is -/jT A B, A C, A D Otf harmomCOl prO' 

chained by the interposition only of two and of three gressionals in the SOme Straight line, 

harmonical means between the note and its fifth z,^j -v *k^ ^^»^ A rt A^ t^^Jj*L9 v*. IT 

And til* fiffv -«j ««♦-„- . r». 1 I <.- ^ • 1 ^wo If tne. mean Blkj be tnsectea tn Jv, 

ana tne fifth and octave ; for, J being comprised t/. t» tr r\ it- t\. 1^ it u • a ' 1 

in the series which results from the interposition of K B, K C, K D Shall be in geometTtCOl 

three means, that of one mean may be neglected. progression : and conversely. 
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In the first place, because A B : AD 

::BC : CD, and that AD is greater 
than CD, AB is also greater than 
BC.(18.Cor.). 

Wherefore the y, , 

point K,which a n ^ " 

bisects A C, 

lies between A and B. Ajjain, atter- 
nando,AB : BC :: AD: CD: there- 
fore, by sum and difference^ A B^B C : 
AB + BC :: AD-CD: AD+ CD. 
But the first term of this proportion is 
equal to 2 K B, the second to 2 K C, 
the third likewise to 2KC. and the 
fourth to 2 K D. Therefore 2KB: 
2 K C :: 2K C : 2 K D ; and hence, 
(17. Cor. 2.) KBrKC :: KC :KD, 
that is, K B, K C, K D are in geome- 
trical progression. 

Next, let K B, K C, K D be in geo- 
metrical progression, and let K'A be 
taken equal to KC: AB, AC, AD 
shall be m harmonical progression. 

For since KB:KC::KC:KD, 
by *tim and difference KB+K C : K B- 
KC::KC + KD:KC-KD,that is, 
AB : BC :: AD : CD. Therefore, alter- 
wondo, AB: AD:: BC: C D, or AB, 
AC, AD are in harmonical pro- 
gression. 

Therefore, &c. 

Prop. 4 7. 

The same being supposed^ D A, D K, 
D B, D C shall be proportionals. 

Because DA is equal to the sum, 
and D C to the difference of D K, K C, 
the rectangle under D A, D C is equal 
to the difference of the squares of D K, 
K C (I. 34.). Again, because K C is a 
mean proportional between KB and 
K D, the square of K C is equal to the 
rectangle under K B, K D, (38. Cor. 1.). 
Therefore the rectangle under D A, D C 
is equal to the difference of the square of 
D K, and the rectangle under KB, K D ; 
that is, (1. 30. Cor,) to the rectangle D K, 
DB. Therefore (38.) D A, DK, DB, 
DC are proportionals. 

Therefore, &c. 

Cor. I. If K B, K C, K D be propor- 
tionals in the same straight line, and if 
K A be taken in the opposite direction 
equal to the mean K C ; DA, DK, DB 
and D C shall be proportioncds (46.). 

Cor, 2. From this proposition it ap* 
pears that the harmonical mean DB 
between two straight lines DA and 
D C is a third proportional to the 
arithmetical mean D K, and the geo- 
metrical mean M between the same 
two. ForDBxDK=DAxDC = M» 



if M be a geometrical mean between DA 
and DC : and because DB x DK = M% 
D K, M, and D B are proportionals. 

Prop. 48. 

If four straight lines pass through 
the same point ; to tchichsoever of the 
four a parallel be drawn^ its parts in- 
tercepted by the other three, sfiall be to 
one another in the same ratio. 

Let the four straight lines P A, P B, 
P C, P D pass through the same point 
P ; through A, any point in P A, draw 
A C parallel to P D, and let it be di- 
vided by the other three P A. P B, P G 
into the parts A 6, be; through e 
draw B d parallel to P A, and let it be 
divided by the other three into the 




parts BCfCd; through d draw C a pa- 
rallel to PB, and let it be divided by 
the other three into the parts Cd, da; 
lastly, through a draw D b' parallel to 
P C, and let it be divided by the other 
three into the parts D a, a ^ : then, A b 
shall be to 6 c, as c^ to B c, as C (/ to 
da, and as a 6^ to D a. 

Because A c is parallel to P D, and 
cd to PA, Ad IS a parallelogram, 
therefore (1.22.) Prf is equal to Ac. 
And, by similar triangles B P rf, B A c, 
Prf: 6c :: Brf: Be, (31.): butPrfis 
equal to A c ; therefore, dividendo, A b 
:bc II cd:B c. In the same manner 
it may be shown that cdiBc :: C d: 
da; and again, that Cd : da H ab^ : 
D a. Therefore the ratio of A 6 to 6 c 
is the same with the ratio of cdioBc, 
which is the same aga^n with that of 
Cd to da, which is the same with that 
of a y to Da. And any straight lines 
parallel to these (30.) will be divided in 
the same ratio. 

Therefore, &c. 

It will be observed that, if the parts 
be considered as proceeding in a parti- 
cular direction, viz. from A towards 
B, C, D, the proportional parts are con- 
tinually in an inverted order: thus, Ad, 
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is to ^cnot as B to cd, but as c<f to 
B c, and so on. 

Cor. If four straight lines pass 
through the same point, and if a paral- 
lel to one of them has equal parts of it 
intercepted by the other three, a paral- 
lel to any of the others shall likewise 
have equal parts of it intercepted by the 
other three. 

Prop. 49. 

Tf four straight lines pass through 
the same pointy and divide any one 
straight line harmonically ; they shall 
divide every straight line, whidi is cut 
by them, harmonically. 

Let the four straight lines PA, P B, 
PC, PD pass through the same point 
P, and let the straight line A D be har- 
monically divided by them in the points 
B, C : then, if any other straight line 
a 6 be cut by the same four lines, the 




(12.) that is, a 6 is harmomcally divided 
in the points c, d. 

Therefore &>c 

Cor, 1. If there be four straight lines 
harmonicals (def. 20), and if a parallel 
be drawn to any one of them, equal 
parts of the parallel shall be intercepted 
by the other three. 

Cor. 2. And, conversely, if four 
straight lines pass through the same 
point, and if, a parallel bemg drawn to 
any one of them, equal parts of the pa- 
rallel be intercepted by the other three, 
those four straight hues shall be har- 
monicals. 

Thus, the two sides of a triangle, a 
line drawn from the vertex to the bisec- 
tion of the base, and a Une drawn through 
the vertex parallel to the base, are har- 
monicals. 

Prop. 50. (Eire. vi. 3. 8b A.) 

If the vertical and exfenor-vertical 
angles of a triangle be bisected by 
straight lines which cut the base and 
the base produced, the base and likewise 
the base produced shall be divided in 
the ratio o/" the sides : and conversely. 

Let ABC be a triangle ; and first, 
let the vertical angle B A C be bisected 



straight line a b shall likewise be divided 
harmonically. 

Through C draw E F parallel to P A, 
and let it cut PB, PD in the points 
E, F respectively. Then, by similar tri- 
angles BPA, B E C, (31.) the ratio of 
A P to EC is the same with that of 
AB to B C. Again, by similar trian- 
gles DP A, DFC, the ratio of A P to 
C F is the same with the ratio of A D 
to DC. But, because Ad is har- 
monically divided, A B has to B C the 
same ratio as AD to D C, (def. 19.); 
therefore, (12.) AP has to EC the 
same ratio as APto C F, and (ll.Cor.l.) 
E C is equal to C F. 

And, because E F, which is parallel to 
P A, has equal parts of it interceptedliy 
PB, P C, PD, if through the point d 
in which ab cuts P D, the straight hne 
ef be drawn parallel to P B and ter- 
minated by PC, PA, the line «/ will 
likewise be divided equally in rf (48. Cor.). 
But, by similar triangles cFb, ced^ 
cb:cd::Pb: ed, and by similar tri- 
angles aFb, afd, ab : ad :; Fb : df 
(or ed): therefore cbicdy.aS i ad, 




by the straight Une A D which cuts the 
base B C in D : B D shall be to D C 
as BA to AC. 

Through draw CE parallel to 
A D, and let it meet B A produced in 
E : then, because the angles A E C, 
ACE are (1. 15.) equal, respectively, to 
the halves of the bisected angle, they 
are equal to one another: wherefore 
A C is equal to AE, (1. 5.). But, again, 
because C E is parallel to D A, B D : 
D C :: B A : AE, (29.) : therefore B D 
:DC::BA:AC. 

And, conversely, if B D be to D C as 
B A to A C, A D shall bisect the ver- 
tical angle. For, C E being drawn (as 
before) parallel to A D, liecause B A is 
to A C as B D to D C, that is (because 
C E is parallel to D A) as B A to AE 
(29.), A C is (11. Cor. 1.) equal to AE. 
Therefore the angle A E C is equal to 
A C E (1. 6.), and the parts of the angle 
in question being equd to A EC, 
ACE respectively (1. 15.)/ are equal to 
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one another ; that is, it is bisected by 
the line A D. 

And, in the same words, it may be 
demonstrated, that if the exterior verti- 
cal angle be bisected by the line A d, 
which cuts the base produced indtBd 
shall be to dC as B A to AC; and 
that, conversely, if B dbe to tf C as B A 
to AC, Ad shall bisect the exterior 
vertical angle : the letters d, e, being sub- 
stituted for D,E. 

Therefore, &c. ' 

When the sides AB, AC are equal to 
one another, A D bisects the base B C 
at right angles (I. 6. Cor. 3.) ; and A d 
is parallel to the base BO; for A d is 
always at right angles to A D, because 
the angle D A d is equal to the halves of 
the two angles B A C, C A E together, 
that is, to the half of two right angles. 

Cor. Since the ratios of B D to D C, 
and of Bd to dC, are each of them the 
same with the ratio of B A to A C, they 
are the same with one another (12.), and 
B d is harmonically divided in the 
points D, C. Therefore the two sides of 
a triangle, and the lines which bisect 
the verticsd and exterior- vertical angles, 
are harmonicals (def. 20.)* 

Sbctiox 7. — ProbleTm. 

t)ef. 21. A straight line is said to be 
divided in extreme and mean ratio, when 
the whole line is to the greater segment 
as the greater segment is to the less. 

A straight line so divided is also said 
to be divided medially ; and the ratio of 
its segments is called the medial ratio. 

Prop. 51. Prob. 1. (Euc. vi. 13.) 

To find a mean proportional between 
two given straight lines A B and B C. 

Let the straight lines A B, B C be 
placed in the same straight line : from 
the point B (1. 44.) draw B D at right an- 
gles to AC: bisect AC 
in E (I. 43.), and from 
the centre E, with the 
radius E C, describe a 
circle cutting B D in ^ 
D: BD shall be the 
mean proportional required. 

For, the angle E B D being a right 
angle, the square of B D is (T.36.Cor. 1.) 
equal to the difference of the squares of 
E B, E D. But, because E A and E C 
are, each of them, equal to E D, A B is 
equal to the sum, and B C to the differ- 
ence of E D, E B: therefore (1. 34.) the 
square of B D is equal to the rectangle 
under AB, B C, and (38. Cor, 1.) B D 
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is a mean proportioiial between A B, 
BC. 

Therefore, &c. 

Prop. 52. Prob. 2. (Ere. vi. II.) 

To find a third prfnx^rtionai to two 
given straight lines A U, B C. 

Let A B, H C be placed in the tame 
stralj^lit line: from the point A draw 
A D, making? any an- 
gle with A C, and n 
make A D equal n 
to BC: join B I), _ \ 
and throufi:h C draw ^ » " ' 6 
(I. 48.) C E parallel 
to B D, to meet A D pnxhicod in E. 

Then, because (29.) A B is to B (7 at 
AD (or B CJMo D K. D E is the thiid 
proportional required. 

Tnerefore, &c. 

Prop. 53. Prob. 3. (Eve. vL 12.) 

To find a fourth projHirtional to three 
given straight lines A B. B C, and D. 

Let the straii^ht lines A B, B C be 
placed in the same straigl)t line : from 
the point A draw A E, making any 
angle with A C, 
and make AE equal 
toD : join BE, and 
through C draw a 
CF parallel to BE - ;, 

(L48.),tomeet AE produced in F. 

Then, because (2'J.) A B is to B C _ 
AE (orD) toEF, EF is the fourth 
proportional required. 

Therefore, &c. 

Prop. 54. Prob. 4. (Euc.vi. 10.) 

To divide a given straight line A, simi- 
larly to a given divided straight line BC. 

Method 1. Draw B D making any 
angle with B C, and make B D equal to 
A : join C D, and 
through the seve- 
ral points in which 
B C is divided, 

draw lines parallel 

to CD (1.48.): then '^ 

(29. Cor.), because these lines are pa- 
rallel to CD, the straight line DB, 
that is. A, is divided by them similarly 
to the given divided straight line B C. 

Afe^Aorf 2. Upon B C describe ( L 42.) the 
equilateral triangle 
DB C: take DE, 
D F each of them 
equal to A, and join 
E F ; and from D 
through the several 
points in which B C 
IS divided, draw 
straight lines cut- 
ting E F. 
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Then, because DE is equal to D.F, 
and D B to DC, the triangles D E F, 
DBC are similar (32.): but B C is 
equal to B D ; therefore E F is equal to 
E D, that is, to the given straight line 
A ; and, for the same reason, the angle 
DEF is equal to the angle DBC: 
therefore (I. 15.) E F is parallel to B C. 
And, because EF, BC are parallels, 
E F, that is. A, is divided similarly to 
B C by lines drawn from the point D 
(30. Cor. 1.). • 

Therefore, &c. 

Prop. 55. Prob. 5. 

To divide a given straight line, or a 
given straight line produced* in a given 
ratio. 

Let AB be the 
given straight 
line, and let the 
given ratio be 
that of the 
straight line P 
to the straight 
line Q. 

Draw AC mak- 
ing any angle with 
A B ; make A C equal to P and C D 
equal to Q ; join D B, and through C 
draw C E parallel to D B to meet A B, 
or A B produced in E. Then because 
AE is to E B as AC to CD (29.), 
that is, as P to Q, A B, or A B pro- 
duced, is divided in the point E in the 
given ratio. 

Therefore, &c. 

Prop. 56. Prob. 6. 

To divide a given straight lint A B, 
or A B produced, so that the rectangle 
under the s^ments may be equal to a 
given square, viz. the square ofC. 

Bisect AB in D, and take D E such 
that the square of D E may be equal 
to the diflPerence or to the sum of the 
squares of D B and C (I. 59. or 60.), ac- 
cording ab A B is to be divided or A B 




squares of D B, D E (1. 34.)* that is, to 
the square of C ; and A B is divided, 
as required, in the point £. 

Therefore, &c. 

Cor, Hence also a given straight Una 
AB or AB produced may be so di- 
vided, that the rectangle under the seg. 
ments may be equal to a givetl rect- 
angle (I. 58.). 

N, B, In the first case, viz. when the 
point E is to be found between A and B, 
the problem will be impossible if C be 
greater than the half of AB ; for AE x 
£ B is equal to the difference of the 
squares of D B, D E, which is never 
greater than the square of DB. The 
second case is not thus limited. 

We may remark also, that in both 
cases, two points E may be found satis- 
fying the given conditions, viz. one upon 
each side of the point D : in the first case, 
when C is equal to the half of AB, 
these two points coincide at D. 

Prop. 57, Prob. 7. 

To find an harmoniccd m^an between 
two given straight lines A B and A C. 
Divide BC in the . ^ ^ 

point Din the ratio -^ ^ — ' — * 

of B A to A C (55.) : then, because AB : 
AC::BD : DC, the three lines AB, 
A D, and A C are in harmonical pro- 
gression (def. 17.), and AD is an har- 
monical mean between A B and AC. 

Therefore, &c. 

Prop. 58. Prob. 8. 

To find a third harmonical prog res - 
sional to two given straight lines A B, 
AC. 

Divide AC produced in the point D 
in the ratio of A B to B C (55.) : 
then, because AD : CD :: AB : B C, 
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produced ; then, because A E is equal 
to the sum, and E B to the difPerence 
of D B, D E, the rectangle under A E, 
EB is equal to the difference of the 

* A line or a line produced is said to be divided in 
a given ratio, when the segments of the line or of 
the line produced are to one another in that ratio. 
Br the segments of a line produced are meant the 
whole hne produced and the part produced. 



alternando AD:AB::CD;BC; 
therefore (def. 17.) A B, A C, A D, 
are in harmonical progression, and A D 
is a third progression^ to A B, A C. 
^ Therefore, &c. ' 

Prop. 59. Prob. 9. (Euc. vi.'30.) 

To divide a given straight line A B 
in extreme and mean ratio. 

From A draw A C 
perpendi cular to A B 
(L 44.), and make it 
equal to the half of 
AB : join CB : from 
the centre C with the 
radius C A describe a circle cutting 
C B in D, and from the centre B with 
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the radius B D describe a circle cutting 
A B in £ : A B shall be divided in ex- 
treme and mean ratio in the point E. 

Because (1. 36.) the squares of C A, 
A B are together equal to the square of 
C B, that is (I. 32.), to the squares of 
C D, D B, together with twice the rect- 
angle C D, D B, and that the square of 
C A is equal to the square of C D (T. 25. 
Cor.) ; the remaining sauare of A B is 
equal to the square or D B, together 
with twice the rectangle CD, D B, or, 
which is the same tiling, to the square 
of B E, together with the rectangle A B, 
B E, for B E is equal to D B, and AB 
to twice C D. 

But (1. 30. Cor,) the square of A B is 
also equal to the rectangle A B, A E, 
together with the rectangle A B, BE. 
Therefore the square of B E, together 
with the rectangle A B, 6 E, is equal to 
the rectangle A B, A E, together with 
the rectangle A B, B E. Therefore the 
rectangle AB, A£ is equal to the square 
of BE (1. ax. 3); and (38. Cor. 1.) 
AB:BE::BE: AE,that is, AB is 
divided in the point E in extreme ana 
mean ratio, (def. 21.) 

Therefore, &c. 

' Scholium, 

The parts of a line thus divided be- 
long to a certain class of incommen- 
surable magnitudes, described in the 
following genera] theorem. 

If P, Q be two magnitudes of the 
same kind, and such that P is contained 
in Q a certain number of times with a 
remainder which is to P as P is to Q ; 
the magnitudes P and Q shaJl be incom- 
mensurable. 

For, let P be contained in Q 5 times, 
and let R be the remainder ; then, be- 
cause R : P :: P : Q, 5 R : 5 P :: 
P : Q (17. Cor. 2.); therefore, alter- 
nando, 5 R : P ::5 P : Q, and rfm- 
detido, 5R-P:P :: 5P-Q : Q. But 
P : R :: Q : P: therefore, ex tpquali, 
5R-P : R :: 5P-Q (or R) : P; in 
which proportion the third term is less 
than the fourth: therefore the first term 
is less than the second (14.), that is, R 
is also contained in P 5 times, with 
a remainder SR-P orR,, which is to R 
as R to P. Therefore, a^ain, R, is con- 
tained in R 5 times with a remainder 
Ra which is to R, as R, to R ; and so 
on : t. e, every following remainder is al- 
ways contained in the preceding 5 times 
with a new remainder, and there is no 
remainder which is contained in the pre- 
ceding a certain number of times ex-> 




actly ; therefore P and Q have no com- 
mon measure (5. Cor, I.). 

Therefore, &c. 

Now it is evident that the segments of 
aline medially divided are magnitudes 
of this description, for the greater seg- 
menf £ B bemg contained in the whole 
line AB once with a remainder A£ 
which is to E B as £ B to A B, it fol- 
lows, as in the preceding demonstration, 
that A £ likewise is contained in E B 
once with a remainder, which is to A B 
as AE to E B ; and therefore A E, £B 
are incommensurable. 

Another instance of incommensurables 
of this class is afforded by the side and 
diagonal of a square. 

Let A B be a side, 
and A C one of the 
diagonals of the 
square AB CD. Pro- 
duce AC to E so that 
C £ may be equal to 
C B ; and from C A cut off C F like- 
wise equal to C B. Then because A £ 
is equal to the sum, and A F to the dif- 
ference of A C, C B, the rectangle under 
A F, AE is (I. 34.) equal to the differ- 
ence of the squares of A C, C B, that is 
(I. 36. Cor, 1.), to the square of AB. 
Therefore (38. Cor. 1.), AF is to A B as 
AB to AE. But, because A B is equal 
to B C, and that £ F is equal to 2 B C, 
A B is contained in A £ twice with the 
remainder A F. Therefore A B, A £ 
are magnitudes of the same kind with 
P, Q in the above theorem, and are in- 
commensurable. And because A £ is 
incommensurable with A B, and that 
its part C £ is equal to A B, the re- 
mainder, that is, tne diagonal A C, is 
incommensurable with A B. 

We shall conclude this Scholium with 
an easy method of approximating nume- 
rically to all ratios of this description. 
"' To explain it, let us suppose, as in 
the latter instance, that there are two 
magnitudes, P and Q, and that P is 
contained in Q twice with a remainder 
R, which is to P as P to Q : the ratio of 
P to Q shall lie between any two conse- 
cutive ratios of the series 1 : 2, 2:5, 
6 : 12, 12 : 29, 29 : 70, &c. the terms of 
which are formed from the two first, 
by making every new term equal to 
twice the last, together with the last but 
one ; that is, it shall lie between 1 : 2 
and 2:5; again between 2 : 5 and 5 : 
12, &c., the ratios of each successive 
pair approaching always more nearly to 
one another, and therefore to the ratio 
sought. 
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For, since P is contained in Q twice 
with a remainder R, Q = 2 P+ R : there- 
fore R: P ::? :2 P+R; that is, a ratio 
the same with that of R to P is formed 
by taking P for a new antecedent, and 
twice P together with R for a new Qon- 
sequent. 

The same may be shown of the ratio 
2P + R:5P + 2R, which is formed 
from this last acconling to the same 
rule, viz. that it is likewise the same with 
the ratio from which it is formied, that 
is, with the original ratio ; and so on. 
Let these successive ratios be written 
one after ano&er in the order in which 
they are derived : (a) R : P ; (6) P : 2 P 
+JR,»'(c) 2P+R : 5 P -h 2R; (d) 5 P + 
2 R : 12 P + 5 R ; (e) 12 P + 6 R : 29 P 
+ 12 R, &c. Now, of these ratios, each 
of which is equal to the ratio sought, the 
ratio (c) lies between (23. Cor. 3.) 2 P : 
5 P anji R : 2 R, that is (def. 5.) between 
2 : 5 and 1 : 2 ; in like manner, (d) lies 
between 5 * 12 and 2 i 5, (e) between 12 
I 29 and 5 : 12, &c. Again, 5 : 12 is 
formed by adding the terms of 2 x 2 : 
9 X 5 to those of 1:2, and therefore 
lying between 2:5 (1. Cor. 3.) and 1 : 8 
approaches more nearly to 2:d than 
1 : 2 approaches) in like manner, 12 : 
29 is formed by adding the terms of 
2x5 : 2x12 to those of fl: 5, and there- 
fbre lying between 5 ! 12 snd 2:5, ap- 
proaches more nearly to 5 : 12 than 2 : 5 
does ; and so on. Not only, therefore, 
does the ratio sought lie between the 
successive ratios of the series 1 : 2, 2 : 5, 
5 : 12, 12 : 29, &ce, ; but these approach 
continually more and more nearly to 
one another, and therefore to the ratio 
sought. 

In the same manner, if P were con* 
tained in Q 5 times, we might approxi- 
mate to their ratio by means of the series 
1, 5, 26, 135, &c. which is formed from 
the two first terms by making every fol- 
lowing term equal to 5 times the last, 
together with the last but one : whence 
the application of the Rule to any given 
case is sufficiently apparent. 

In the case of tne medial ratio the 
series becomes 1, 1, 2, 3, 5, 8, 13, 21, 
34, 55, &c. which is formed from the 
two first terms by making every follow- 
ing term equal to the sum of the two 
last terms ; and this is the simplest case 
possible.* 



• The converging; rafios in the text are alsoderiv- 
able from the doctrine of ContiDued Fractions. The 
series are of the kind called recurring series, because 
every term has a given relation to a certain nnmUer 
of the terms preceding it. It may aUo be remarked. 



Prop. 60. Prob. 10. 



Upon a ^ven hypotenuse A B, to 
describe a right angled triangle, which 
shall have its three sides proportionals. 

Divide AB mediallv 
(59.) in the point Cf, /5r"^v 

and from C draw CD // \\\ 
(1. 44 .) perpendicular l^ \\ ^ 
to AB; bisect AB ^^^^ » 
in E, and from the 
centre E, with the radius E A describe a 
circle cutting C D in D ; join DA, D B, 
DE ; ADB shall be the triangle required. 

For the triangle AD B is right-angled 
at D, because ED is equal to EA or EB 
(1. 1 9. Cor, 4.). Also A D8 is to D B" as 
therectande (I. 36. Cor. 2.) under A C, 
A B, to the rectangle under CB. AB, 
that is, as A C to CB (35.) ; and D B» 
is to B A* as the rectangle under C B, 
B A, to the square of B A, that is (35.) 
as C B : B A. But because A B is me- 
dially divided in C, A C : C B :: C B : 
BA; therefore (12.) AD« : DB« : : 
D B> : BA«, and AD : D B :: D B : B A 
(37. Cor, 4.); that is,. AD, DB, B A 
are proportionals. 

Therefore, &c. 

Prop. 61. Prob. 11. 

Throttgh a given point A, to draw a. 
straight line such that the parts of it 
intercepted by the legSt B C, B D, of a 
given angle B^ may be to one another in 
a given ratio. 

Let the given ratio be that of the two 
straight hnes P, Q, of which the latter 
is greater than the distance of A from 
BE. From A to BD draw the straight 
line AE equal to Q, and take AF equal 





to P ; through F draw F C parallel to 
B D (I. 48.), and draw the straight line 
A C D. Then, because A C is to AD 
as AF to AE (29.), that is, as P to Q, 
C D is the straight line required. 

Therefore, &c. 

In the solution of this problem the 
ratio is supposed to be that of two 
given straight lines P, Q. If Q be less 
than the perpendicular drawn from A 

that the incommensnrable ratios of the text are all 

inelnded in the surd formnla 4 (»» + \/ m* + 4), 
where m is the namber of times P is contained in Q ; 
and may therefore be readily obtained by the pruceiw 
for extracting the square root. 
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to B £, take any line Q' which is not 
less than that perpendicular, and P 
such that F : Q' ;: P : Q (53.)» and 
proceed with P', Q', as above. 

Prop. 62. Prob. 12. 

Hirou^h a given point P, to draw a 
straight line which 9hall pa»9 through 
the intersBction of two given straight 
line^ AB, CD, that intersection being 
without the limits of the draught,* 

Through P draw 
any straight line 
catling; the given 
lines m the points 
A, C ; and through 
«'iy point B in A 6 
draw BD parallel to 
AC to meet CD in 
D. ([.480 Take Pa, 
e(|ual to twice P A, 
aiid P c equal to 
twice P C: join aB| 
cD, and let them 
be produced to meet 
one another in Q ; 
and join P Q ; P Q 
shall be the line required. 

For, let BD cut P Q in E ; then, be- 
cause BD is parallel to a c, B E is to ED 
as aP to Pc (30.), that is, as AP to P C 
(17.); and therrfore the line PQ pro- 
duced (30.) passes through the intersec- 
tion of A B, C D. 

Therefore^ &o. 

Prop. 63, Prob. 13. 

Tojind two straight lines which shaU 
cfmtain a rectangle equal to a given 
rectangle, and have one to the other a 
given ratio. 

Let the rectangle 
AB, BC be the given 
rectangle, and, A B 
making any angle 
with B C, let B C 
be produced to D, 
so that A B may be 
to BD in the given ratio (53.). Join 
A D ; take B E a mean proportional (51.) 
between B C and B D, and through E 
draw EF parallel to AD (I. 48.), to 
meet AB in F ; B E, B F shall be the 
straight lines required. 

For (29.) they are evidently in the given 
ratio ; and because BF is to BA'as BE 



• This operktion occurs so frequently in perspec- 
tive drawings, that it is convenient to nave a ruler 
expressly constructed for the purpose, called a cei»- 
trolinead. _ Saoli an instrument i»as a desidoratum 
among draoKhtsmen, until it was supplied by th« io- 
genoity of BU,P. Kichcilson, 



to BD, the rectangle under BF, BE Is to 

the rectangle under B A. BD as the square 

of B E to the square of B D (37. Cor. 1. 

and 2.), that is, as B C to B D. But the 

rectangle under A B, H is likewise to 

the rectangle under A B, B D, as B C to 

BD (35.) ) therefore the rectangle under 

E B, B F is equal to the rectangle under 

AB. BC (U. Con 1.)* 

Therefore, 8co« 




Prop. 64. Prob. 14. 

Oiven any number of straight lines 
A, A,, Aj, A 4, antecedents, and as 
many B, B,, B,, B^. consequents, to find 
a straight line such that A shall bear 
to it the ratio which is compounded of 
the ratios ofKio^^ A^ to B„ A, /o B„ 
and A4 to B4. 

Find (53.) the straight line P such that 
fl ! P :: Aa : Bt. Q such that P : Q :: 
A3 : B,. and R such that Q : R :: A^ : 
B4; R shall be the straight line required. 

Fot- the ratio of A to R is compounded 
(def. 12.) of the ratios of A to B, B to P, 
P to Q, and Q to R, that is, of the ratios 
of A to B, A, toB,, As to B,, and A^ 
toB^. 

Therefore, &c. 

Prop. 65. Prob. 15. (Euc. vi. 18.) 

Upon a given straight line A B, to 
describe a rectilineal figure similar to a 
given rectilineal figure C D E F G. 

Method 1. Join C E, C F ; at the 
points A, B (I. 47.) make the angles 
B A K, A B K, equal to the angles 




D C E, C D E respectively ; and because 
these two angles are, together, less than 
two right angles (I. 8.) AK, BK will 
meet, if produced, in some point K 
(I. 15. Cor, 4.). Again, at the points 
A, K, make the angles KAL, AKL 
equal to the angles^ECF, CEF re- 
spectively, and (as before) let A L, K L 
meet one another in the point L : lastly, 
at the points A, L make the angles 
LAM, ALM equal to FCG, 0¥Qt 
respectively, and let A M, L M meet one 
another in the point M : the rectilineal 
fififure A B K L M shall be similat* to 
CDEFG. 

For the angles of the two figures are 
evidently equal, each to each, because 
they are the sums of correspondin'" 
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angles of equiangular triangles. Also, equal to C D E F G, may then be easily 

because the triangles KB A, E D C are derived from I. 21. 

simUar, BKis toKAasDEtoE C; Therefore, &c 

and for the like reason, K Ais to K L The last method will 

as EC to EF: therefore, ex caquali, appear under a still 

BK:KL*tD£ : EF. And in the more simple and conve- 

same manner it may be demonstrated, nient form, if A B be 

that the sides about the other equal made to coincide with 

angles of the two figures are propor- C D, and B with D, as in the adjoined 

tionals. Therefore, the figure descnbed figure. 

upon A B is similar to the given figure „ «- t> ^ , - 

C D E F G. (def. 14.) P»op- 66. Prob. 16. 

Method 2. Hace A B parallel to C D, To describe a rectilineal Jigure, which 
and join CA, D B. Then, if A B be shall be similar to a given rectilineal 
not equal to C D, C A wiU^not be pa- M^re CDEFG, and shall have its peri- 
raUel to D B (I. 21. and 14. Cor. 2.), meter eqridl to a given straight line kQ. 
and C A, D B will meet, if produced, in Produce CD to R, (see the second 
some point P: join P E, P F, P G : figure of Prop, 65.) so that C R may be 
through B draw BK parallel to DE equal to the perimeter of the given 
(I. 48.), and let it meet P E in K : figure CDEFG; take A B (53.) a 
through K draw K L parallel to EF, fourth proportional to CR, AQ, and 
and let it meet PF in L: through L CD, and upon AB (65.) describe a 
draw L M parallel to F G, and let it meet rectilineal figure A B K L M similar to 
PG in M; and join AM: the figure the given figure. Then, because the 
A B K L M shall be similar to the ^ven figures ABKLM and CDEFGare 
figure C D E F G. j similar, the perimeter of the first is to the 

perimeter of the other (43.), as A B to 
C D, that is (12.), as A Q to C II : but 
the perimeter of C D E F G is equal to 
CR: therefore (18. Cor,) the perimeter 
of A B K L M is equal to A Q, that 
is, to the given perimeter. Therefore, 
AB K L M is the figure required. 
Therefore, &c. 

Prop. 67. Prob. 17. (Euc. vi. 25.) '. 

To describe a rectilineal figure which 
shall be similar to a given rectilineal 
figure ABC, and shall have its area 
equal to the area of another given recti- 
For, because PC:PA::PD:PB lineal figure DEF. 
(29.), that is, :: P E : PK, that is r: Find (1.58. Cor,) 
PF : PL, that is, :: PG : P M, AMis the straight lines 
parallel to C G ; and because the sides G, H such that 
of the two figures are parallel, each to their squares may 
each, they are eauiangular (I. 18.) with be equal to the ti- 

one another. Also, because the tri- gures ABC, DEF 

angles C D P, A B P are similar, C D : respectively : take * la 

D P : : A B : B P, and for the like reason K L a fourth pro- ^ 

DP:DE!:BP:BK; therefore, ex porlional ( 53 ) to 

lequali, CD : DE :: AB : BK. And G, H, and B C, ^ ^ 

in the «ame manner it may be demon- and upon K L (65.) describe the figure 

strated, that the sides about the other K L M similar to the figure B C A 

equal angles of the two figures are pro- Then, because the figure A B C is to the 

poilionals. Therefore the figure upon figure MKL as the square of B C 

A B IS sunUar to the given figure. When to the square of K L (43.), that is, {37. 

^n'' ^'^.'{!^r''^^viT'PJJ';f^ ^^ ^or 4.) asthe square of Gto the square 

B D and the hues E K, F L, G M, m- of H, and that the figure ABC is equal 

Stead of bemg drawn to a point P, must to the square of G, the figure K L M is 

be drawn parallel to C A or B D. • The ( 18.) equal to the square of H, that is, 

l^'^on! "'^'''i^^*,*^^ l^l^ .ABKLM, to the figure D E F: and it is similar to 

so constructed, wiU be both similar and ABC ; therefore it is the figure required. 
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Pro^.68. Prob. 18. 



To divide a given rectilineal figure 
A B C D E F in a given ratio, by a 
straight line drawn from one of its an- 
^les, or from a given point in one of 
tte sides. 

In the first place, let A be the given 
angle from which the line of division is to 
be drawn. 




. Describe (1. 54.) the tnanrfe A B G, 
equal to the figure AB C DEF, and 
having the side AB, and angle ABC 
the same with it : divide (55.) the base 
B G in the given ratio in the point H : 
join A C and A D : through H draw 
H K parallel to A C, to meet C D pro- 
ducea in K ; through K draw K L pa- 
rallel to A D to meet D £ in L, and 
join AL: AL shall be the line re- 
quired. 

For, by the construction, which is si- 
milar to that of I. 55., it is evident, that 
the figure AB CD L is equal to the 
triangle A B H :• but the whole figure is 
equal to the triangle A B G : therefore, 
the part A L E F is equal to the triangle 
AHG. Therefore, the parts of the 
figure are as the triangles A B H, A H G, 
that is (39.) as the bases BH, HG, 
that is, in the given ratio. 

Next, let P be the given point in the 
side AB, from which me line of division 
is to be drawn. 



as before, the part PBCDL of the 
given figure, is equal to the trians:le 
P B H, and the i-emaining part PAF E L 
to the triangle P H G'. Therefore, the 
parts of the figure are as the bases B H, 
H G' (39.), that is, in the given ratio. 
Therefore, &c. 

Prop. 69. Prob. 19. 

Given a triangle A, aooint B, and 
two straight lines C D, (J E, forming 
an angle D C E ; to describe a triangle 
which shall be equal to the triangle A, 
so that it may have the angle D d Kfor 
one of its angles, and the opposite side 
passing through the point B. 

In the solution of this problem we 
have three cases to consider; first, when 
the point B is in one of the given lines 
as CD ; secondly, when the point B is 
without the given angle D (3 E ; and 
thirdly, when B is within the angle DCE. 

Case 1 . Let the point B be in the line 
C D. Take C D equal to a side of the tri- 
angle A, and upon C D (1. 50.) describe 
a triangle CDF, which shall have its two 
remaining sides eciual to the two remain- 
ing sides of the tnangle A, each to each, 
and therefore (I. 7.) shall be equal to the 





Describe, as before, (I. 54.), the tri- 
angle A B G equal to the given figure, 
and, by drawing A G' parallel to P G, 
make the triangle P B G' equal to A B G 
(as in I. 56.): divide (55.) BG'in the 
given ratio in the point H : join P C 
and P D : through H draw H K paral- 
lel to P C, to meet C D produced m K : 
throu^ K draw K L parallel to PD to 
meet D E in L, and join P L. Then, 

* The line AH is wanting in this figure; and 
PH is in like manner wftnting in the figure below, 
Ma]«oAO,AQ\ 



triangle A in every respect : through P 
(I. 48.) draw F E parallel to D C : join 
D E, B E : through D (I. 48.) drawDG 
parallel to BE to meet (^E in G, and join 
G B : the triangle C B G shall be the 
triangle required. 

For, because E B is parallel to G D, 
the triangle GE B (I. 27.) is equal to 
DEB: therefore, adding the triangle 
ECB to each, the whole triangle GCB is 
equal to E C D, that is (because E F is 
parallel to C D) to F C D, that is, to the 
given triangle A. 
Case 2, Let the 
point B be with- 
out the angle 
DCE. Through 
B (I. 48.) draw 
B D parallel to t' 
C E to meet C D 
in D, and by the construction pointed out 
in Case 1. describe a triangle DCF 
having the given side D C andihe given 
angle D C E, and equal to the given tri- 
angle A: in CF produced take the 




78 



OEOMBTRY. 



[in. § L 




point G such that C G x G F may he 
equal to B D x C F (56.) : join B 6, and 
let EG cut C D in H: C HG shaU he 
the triangle required. 

Join HF. llien, because C G x G F 
isequaltoBDxCF, CF : FG::CG 
: BD (38.), that is, since D H B and 
C H G are (I. 15.) equiangular, :: C H 
: H D. Therefore (29.) H F is parallel 
to DG ; and hence, as before, the trian- 
gles DHF and GHF are (I. 27) equal to 
one another, and CHG is equal to CDF, 
that is to A. 

Case 3. Let the 
point B be within 
the angle D C £. 
Through B (I. 48.) 
draw BD parallel to 
E C to meet C D in 
Id, and, by the con^ 
struction pointed out _ 
in Co*^ 1, describe^ 
a triangle D C F, having the given side 
CD and the given angle DC£, and equal 
to the given triangle A ; in CF (if it be 
possible) take the point G such that 
CGxGF maybe equal to BDxCF 
(56. Cor*); jom BG, and let GB pro- 
duced cut C D in H ; C H G shall be the 
triangle required. 

Join HF. Then, by a demonstration 
which may be given in the same words 
as that of Case 2, the triangle C H G is 
equal to C D F, that is to the given tri- 
angle A. 

In this last case a solution will be 
impossible if BD exceed a fourth of 
CF; for then BDxCF will exceed a 
fourth of the square of C F, that is 
(I. 29. Cor. 2.) the square of half C F ; 
and no point G can be taken in CF 
such that CG X GF may exceed the 
square of half C F (56. N. B.). 

We may remark also that, whenever 
the solution is possible in the last case, 
twopoints G may be found such that C G 
X Gf F =s B D X C F, (56.) and therefore 
two lines G H may be drawn satisfying 
the given conditions. When B D is ex- 
actly a fourth of C F, these two points 
coincide with one another and with the 
middle point of C F, and therefore the 
two solutions become identical. 

If B be in one of the lines D C, E C 
produced, or within the angle which ia 
vertical to D C F, the solution will be 
manifestly impossible. 

Scholium, 

Had the problem been proposed 
under the following form : " through 
a given point B to draw a straight line 




which shall form 
with two given 
straight lines CD 
C E cutting one 
another in C a 
triangle equal to 
a given triangle ^ 
A ;" we should 
have had four 
solutions, two 
of them corre- 
sponding to the 
angle in which 
B Ues, and one 
for each of the adjacent angles ; as is 
apparent from the foregoing construe-, 
tions applied to the adjoined figure. 
When B D is equal to a fourth of C F, 
two of these become identical; when 
B D exceeds a fourth of C F, the same 
two become impossible, but the other 
two, viz. those which correspond to the 
adjacent angles, are always possible, ex- 
cept when B is in one of the lines as 
D. This last- mentioned position is 
peculiar : it has likewise, however, two 
solutions, one for eaoh of the adjoining 
angles. 

BOOK III. 

} 1. First Properties of the Circle-- 
$ 2. 0/ Angles in a Circle — J 3, Bed- 
angles undkr the segments qf Chords 
— }4, Regular Polygons, and Ap- 
proximation to Circular Area — § 5, 
Cirde a Maximum of Area, and 
Minimum of Perimeter — ^ .6- Simple 
Qind Plane Loci — } 7. Problems, 

Section 1. — First Properties of the 

Circle. 

Def 1. Any portion of the circum- 
ference of a circle is called an arc; and 
the straight Une which 
joins the extremities of 
an arc is called the chord 
of that arc. 

When the chord passes 
through the centre, it is 
a diameter, and the arcs 
upon either side of it, being equal to 
one another, are called, each of them, 
a semi'Cireum/erence.* 

2, The figure which is contained by 
an are and its chord is called a segment. 

* That erery diameter dividee a circle and its wT 
cTtmference into two eqoal parts, is evident from tbe 
symmetrical character of the circle. The same may 
be proved by daiibline the figure upon the diameter; 
for, every point of the circumference being at the 
same distance from the centre, the parts so applied 
(whether of circumference or area) will coiafiidft 
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A segment which is contained bjr a semi- 
circumference and a diameter, is equal 
to half the circle, and is therefore called 
a semicircle, 

3. An angle in a segment is the 

angle contained by two ^ 

straight lines drawn 
from any point of the 
arc of the segment to 
the extremities of its 
base or chord. 

4. A sector of a cir- 
cle is the figure con- 
tained b^ any arc, and 
the radii drawn to its 
extremities. 

5. Eqtial circles are those which 
have equal radii 

By this is intended no more than that 
when the term ** equal circles *' may be 
hereafter used, those which have equal 
radii are to be understood. That such 
circles, however, have also equal areas, 
is at once evident by applying one to 
the other, so that their centres may 
coincide. 

6. Concentric circles are those which 
have the same centre. 

7. (Euc. iii. def. 2.) A straight line is 
said to touch a circle^ when it meets the 
circumference in any point, but fceing 
produced does not cut it in that point. 
Such a line is fi-equently, for brevity's 
sake, called a tangent ; and the point 
in which it meets the circumference is 
called the point of contact, 

8. Circles are 
said to touch one 
another J when they 
meet, but do not 
cut one another. 

9. A rectilineal figure is said to be 
inscribed in a circle, when all its angular 
points are in the cir- 
cumference of the cir* 
cle. Also, when this 
is the case, the circle 
is said to be circum- 
scribed about t/ie rec^ 
Hlineal figure, 

1 0. A rectilineal figure is said to be 
circumscribed about 

a circle, when all 
its sides touch the 
circle. Also, when 
this is the case, the 
circle is said to be 
inscribed in the reO" 
tilinealfigwe*^ 



Prop. 1. (Euc. iii. 2.) * 

If a siraiffht line meet the aVcwm- 
ference of a circle in two points, it shall 
cut the circle in those points ; and the 
part of the straight line which is 
between them shall fall within the 
circle. 

Let the straight line AB meet the 
circumference of a circle having the 







centre C in the points A and B : it 
shall cut the circle in those points, and 
the part AB shall fall within the 
circle. 

Join C A, C B : bisect A B in D, and 
join C D : take also the points E and F 
in the line A B, the former between A 
and B, the latter upon the othe^r side of 
B, and join G E, C F. 

Then, because C A is equal to B. 
C A B is an isosceles triangle ; there- 
fore (1. 6, Cor, 3.) CD, which is drawn 
from the vertex to the bisection of the 
base, is perpendicular to A B. And, 
because C £ is nearer to the perpendi- 
cular than C B is, (I. 12. Cor, 2,) C E 
is less than C B ; therefore the point E 
is within the circle : on the other hand, 
because C F is farther from the perpen- 
dicular than C B is, C F is greater than 
C B ; and therefore the point F is with- 
out the circle. And the same may be 
said of the parts about A. Therefore 
the straight Une in question cuts the cir- 
cle in the points A and B. 

Also, because every point, as E, of 
A B, is at a less distance from C than 
the radius, the part AB falls within 
the circle. 

Therefore, &c. 

Cor, L A straight line cannot meet a 
circle in more than two points. 

Cor, 2. A straight line which touches 
a circle meets it in one point only. 

Cor, 3, A circle is concave towaids 
its centre. . 

Prop. 9. (Euc. iii. 16.) 

The straight line, which is drawn at 

right angles to the radius of a circle 

from its extremity, touches the circle; 

and no other straight line can touch it 

in the same point ^ 
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From the point 
A in -the circum- 
ference of a circle 
having the centre 
C, let the straight 
line A T be drawn 
at right angles to 
the radius C A : 
AT shall touch 
the circle. 

For, C A being shorter (1. 12. Cor, 3.) 
than any other line which can be drawn 
from C to AT, every other point of 
AT lies without the circle: therefore 
A T meets the circle in the point A but 
does not cut it, that is, it touches the 
circle. 

In the next place, let D E be any 
other straight line passing through the 
same point A : D E shall cut the circle. 

For, C A not being perpendicular to 
D E, let CE be perpendicular to it. Then, 
because CE is less than C A (I. 12. 
Cor, 3.)i.the point E is within the circle. 
But if D be a point in D E upon the 
other side of A, C D will be farther from 
the perpendicular than C A ; wherefore 
GD bemg (1. 12. Cor. 2.) greater than 
C A, the point D will be without the 
circle. Therefore the straight line D E 
cuts the circle ; and the same may be 
demonstrated of every other straight line 
which passes through A, except the 
straight line A T only, which is at 
right angles to A C. , 

Therefore, &c. 

Cor, 1. (Euc. iii. 18.) If a straight 
line touches a cu-cle, the straight hne 
drawn from the centre to the point of 
contact, shall be perpendicular to the 
line touching the circle. 

Cor, 2, (Euc. iii. 19.) If a straight 
line touches a circle, and from the 
point of contact, a straight liiie be 
drawn at right angles to the touching 
line, the cen&e of me circle shall be in 
that line. 

Cor, 3. Tangents T A, T B which 
are drawn to a circle from the same 
point T, are equal to one another. For, 
CAT, CBT being right-angled tri- 
angles which have the common hypo- 
tenuse C T, and their sides C A, C B 
equal to one another, their remaining 
sides T A, T B are likewise equal. (1. 1 3.) 

Cor, 4. Tangents which are at the 
extremities of the same diameter are 
plirallel to one another. 

Prop. 3. (Euc. iii. 3.) 

If a diameter cut any other chord at 
right angles, it shall bisect it; and 
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conversely, if n diameter bisect any 
other cJiord, it shall cut it at right 
angles. 

Let AB be a diameter of the circle 
AD E, the centre of 
which is C ; and, 
first, let it cut the 
chord DE at right 
angles in the point 
F: DE .shall be 
bisected in F. 

Join C D, C E. Then, because C D E 
is an isosceles triangle, the straight line 
C F which is drawn from the vertex C 
at right angles to the base D E, bisects 
the base, that is, DF is equal to 
FE. (I. 6. Cor. 3.) 

Next let D E be bisected in F by the 
diameter A B ; the angles D F A, E F A 
shall be right angles. For in the 
isosceles triangle C D E, the straight 
line which is drawn from the vertex C 
to the middle point of the base D E 
is at right angles to the base. (I. 6. 
Cor. 3.) 

Therefore, &c. 

Cor, 1. A diameter bisects all chords 
which are parallel to the tangent at 
either extremity of the diameter. 

Cor. 2, The straight line which bi- 
sects any chord at right angles passes 
through the centre of the circle. 

Cor, 3, If two circles 
have a common chord, 
the straight line which 
bisects it at right angles 
shall pass through the 
centres of both the 
circles. 

Cor. 4, (Euc. iii. 4.) It appears from 
the proposition, that two chords of a 
circle cannot bisect one another except 
they both of them pass thi*ough the 
centre. 

For, if only one of the chords pass 
through the centre, it cannot be bisected 
by the other which does not pass 
through the centre. 

And if, when neither of them passes 
through the centre, it were possible that 
they should bisect one another, the 
diameter passing through the supposed 
point of mutual bisection would be at 
right angles to each of them, which is 
absurd. 

Prop. 4. (Euc. iii. 15.) 

The diameter is the greatest straight 
line in a circle; and, of others, that 
which is nearer to the centre it greater 
than the more remote: also the greater 
is nearer to the centre than the less. 
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Let A B be a clia- 
meter of the circle 
AB D, the centre of 
which is C : let D E, 
FG be any two chords 
to which perpendi- 
culars C H. C K are 
drawn; and let the 
distance C H be less than C K : the 
diameter A B shall be greater than the 
chord D £, and the chord D E shall be 
greater than the chord F G. 

Join C D, C E, C F. Then, because 
G A is equal to CD, and CB to C E, 
the whole A B is equal to C D and C E 
together: but C D and D £ together 
(1. 1 0.) are greater than D E : therefore 
A B is greater than D E. Again, be- 
cause C H D, C K F are right-angled 
triangles, and that C D-square is equal 
to C F-square, the squares of C H, H D 
together (1. 36.) are equid to the squares 
of CK, KF together: but the souare 
of C H is less than the square of C K; 
therefore the square of H D is greater 
than the square of K F, that is, II D is 
greater than K F. And D E, F G are 
double of H D, K F respectively, be- 
cause the perpendiculars C H, C K 
pass througn tne centre (3.) : therefore 
D E is greater than F G. 

Next, let the chord DE be greater 
than F G ; it shall slao be nearer to the 
centre. For, C H and C K being drawn 
as before, the squares of CH, HD 
tocrether are equal to the squares of 
C IC, K F to^tner ; but the square of 
H D, which is half of D E, is greater 
than the^ square of KF, which is hsdf 
of FG : therefore the square of C H is 
less than the square of K, and C H is 
less than C K, that is, D E is nearer to 
the centre than F G is. 

Therefore, &c. 

Cor. (Euc. iiL 14.) Equal shtught 
lines in a circle are equally distant mm 
the centre ; and tiiose which ai*e equally 
distant from the centre ai*e equal to one 
another. 

Prop. 5. (Euc. iii. 9.) 

If a point betaketitfrom which to the 
circumference of a circle there fall more 
than two equal straight lines ^ that point 
ihcUl be the centre q/' the circle. 

Let ABC be a circle, 
and kt D l>e a point ta- 
ken, such that the three 
straight lines D A, D B, 
DC drawn from the 
point D to the circum- 
ference, are equal to 
one mother : tne point 




D shall be the eentre of the ciixde 
ABC. 

Join A B and B C, and bisect them in 
the points E and F respectively ; and join 
D E, D F. Then, because D A B is an 
isosceles triangle, the straight line D E, 
which is drawn from the vertex D to 
the bisection of the base A B, is at right 
angles to A B (L 6. Cor, 3.) ; and, be- 
cause D E bisects the chord A B at right 
angles (3. Cor. 2.), it passes through the 
centre o( the circle. In the same man* 
ner it may be shown that the straight 
line DF passes throueh the centre of 
the circle. But the only point through 
which each of the straight lines D E, 
D F passes, is their point of intersec- 
tion D. Therefore D is the centre of 
the circle. 

Therefore, &c. 

Cor. I. Prom any other point than 
the centre there cannot be drawn to 
the circumference of a circle more than 
two straight lines that are equal to one 
another, whether the point be within or 
without the circle. (Euc. iii. 7 and 8 
parts of.) 

Cor. 2. It appears from the demonstra- 
tion that if three points A, B and C be 
given which are not in the same straight 
line, a circle may be found, the circum- 
ference of which shall pass through the 
tluree points A, B and C ; the circle, 
namely, which has for its centre the in- 
tersection of the two lines which bisect 
A B and B C at right angles. 

Prop. 6. 

If two circles have the same centre, 
either they shall coincide, or one of them 
shall fall wholly within the other. 

For if the radii of two 
concentric circles be 
equal to one another, it 
is manifest that every 
point in the circum- 
ference of the one must 
be at the same distance 
from their common cen- 
tre, with every iM)int in the circum- 
ference of the other ; and therefore the 
two circumferences cannot but coincide. 
But if the radii be imequal, every point 
in the circumference of that which has 
the lesser radius is at a less distance 
from the common centre, and therefore 
must fall within the circumference of 
the greater circle. 

Therefore, &c. 

Cor, (Euc. iii. 5 and 6.) If two cir- 
cles cut or touch one another^ they can<* 
not have the same centre. 

G 
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Prop. 7, (Buaiii. l«.) 



The circumferem^ of two circles 
cannot intersect one another in more 
than two points. 

For if they should have three points 
in common, those three points covid 
not be (I.) in the same straight line. 
Therefore a point might be found 
(5. Cor.) equally distant from the three, 
which point would (5.) be the centre of 
each of the circles ; that is, there would 
be two circles cutting one another and 
Jiaving the same centre, a thing impos- 
sible. 

Therefore, &c. 

Prop. 8. 

If the circumferences of tt&o circles 
meet one another in a point which is 
not in the straight line joining their 
centres, or in ihdt straight line pro^ 
duced; they shall meet one another 
in a second point upon the other side 
of that straight line, and shall cut one 
another. 

Let A, B be the centres of two circles, 
the circumferences of which meet one 
another in the point C, which is not in 
A B, nor in A B produced : from C 
draw C D perpendicular to A B or to 
A B produced, and produce C D to E 
so that D E may be equal to t) C : the 
circumferences shall meet one another 
in the point E, and shall cut one another 
in each of the points C, E. 




Join A C, AE, B C, B E. Then be- 
cause the triangles A D C, ADE have 
two sides of the one equal to two sides of 
the other, and have also the included 
angles ADC, ADE equal to one 
another, the base A C (I. 4.) is equal to 
A E : therefore, the point E is m the 
circumference of the circle which has the 
centre A. In the same manner it may 
be shown, that the same point is in the 
cxrcuniference of the other circle. There- 



fore, the two circumfereilQea meet pne 
another in the point £. 

Again, let the ciroumfereece of tbe 
first circle cut the line A B produced in 
the points F, /, and let the circumferenoe 
of the other cu*cle ^eet the same lioe 
A B, in the points G, ^r, the points E 
and G being towards the same partsi, as 
also / and |r; then, AG is. equal to the 
sun), and A^ to the difference of AB, 
B 0. But, because A B C is a triam!;le 
(I. 10.), the sum of the sidea AB, B C 
i9 greater, and their difference is less, 
than the side A C, that is, than A F or 
A/. Therefore, A G ia greater than 
A F, and A ^ ii less than A/ But, 
because (7.) the drcumferenees cannot 
have more than the two points C, £ in 
common, it is evident that if the ares 
C GE, C FE do not coincide, the one 
must be whoUy without or wholly within 
the other : and the same may be said 
of the arcs C^E, C/E. Conse- 
quently, the arc C G E of the second 
circle is without the first, and the arc 
C ^ E of the same circle within the first, 
that is, the circumferences cut one 
another in the points C and E. 

Therefore, &c. 

Cor. 1. (Euc. iii. n, l%» and 13.) 
Circles that touch one another nieet in 
one point only, which point is in the 
straight line thiat joins their centres, or 
in that straight line produced. 

For, should they meet in two points* 
they would have a common chord, which 
common chord would (3, Cor. 3.) be bi- 
sected by the straight line joioii^ their 
centres ; and, therefore, the points of 
meeting being upon either side of this 
straight line, the circles, as in the pror 
position, would not only meet, but cut 
one another. 

Cor. 2. Hence, if two circles touch 
one another, the distance between their 
centres must be equal to the sum or to 
the difference of their radii ; the sum if 
they touch externally, the difference if 
they touch internally. 

Scholium. 

We may remark that firom the second 
part of the demonstration of this pro- 
position, it likewise follows that — 

1. If a point A be taken in the dia- 
meter of a circle CGE, which is not 
the centre (see the lower figure), of a» 
the straight lines which can be drawn 
from that point to the circumference, 
the greatest is that which passes through 
the centre, viz. AG, and the other part 
A ^ of that diameter is the least; 9isf> 
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Qf 'tuy «tbeca that ifKhJeh is nearar to 

the greatest is greater thaa thfs mare 
remote. (£uc. iii. 7. part o£> 

2. If a point A be taken without 
a circle C G £ (see the upper figured 
and straight lines be drawn irom it to 
Ihe circumliereace, whereof one AG 
passes throogh the centre; of those 
which fall upon the concave circum- 
feoice* the greatest is that which passes 
through the centre, viz. AG; and of 
the rest, that which is neaeer to the one 
passing through the centre is alwa]rs 
greater than one more remote : but of 
Siose which fiill upon the convex cir- 
eua&rence»the least is that between the 
point without the circle and the dia- 
meter; and of the rest, that which is 
nearer to the least is always less thaa 
the more remote. (Euc. iii. 8. part of.) 

The parts of the circumference which 
are here termed concave and convex 
towards the |K)int 
A, are determined 
by the points H 
and K, in which 
tangents drawn 
from A meet the 
circumference, — 
the part HGK 
being concave, 
and H ^ K convex. 

Prop. 9. 

If the circumferences of two circles 
meet one ano^er in a point ttkich w in 
the straight line Joining their centres, 
or in that straight Une produced, they 
shall meet in no other point ; the cir^ 
cun^ierence of that which has thegrecder 
radius shall fall wholly unthout thecir' 
eumference of the other; and the two 
circles shall touch one another. 

Let A, B be 
the centres of 
two circles, the 
circumferences 
of which meet 
ene another in 
the point C, 
which is in the 
Hne A B, or in 
A B produced : 
and let the ra- 
dius of the first 
circle be greater 
than the radius 
of the other : the circumferenee of tlie 
first shaH fall wholly without the cir- 
cumfcarence of the other, and the circles 
shall touch one another in C. 
> liet D be say point in the cireum- 





ferenoe of the circle wbidi hat the 
e^tre A ; and join AB, D B. Then, be- 
cause A D B is a triangle, the side D B 
(1. 10.) is greater than the diii^nce of 
A B, A D, that is, greater than B C : but 
B C is the radius of thecirde which has 
the centre B : therefore^ the point D lies 
without the latter circle. And the same 
may be demonstrated of every point in 
the circumference of the greater circle* 
Also, because the arcs £ C, « C of the 
one circle, lie upon the same side of the 
arcs DC, d C of the other, the corclei 
me^, but do not cut one another in the 
point C ; that is, they touch one another. 

Therefore, &c. 

Cor, 1. Circles that ent one another 
meet m. two pcants, one upon dther side 
of the straight line which joins their 
centres. For circles meeting in a point 
which is IB that straight line <k) not cu^ 
but touch one anottar, as is shown in 
the proposition : and such as meet in a 
point which is not in thai straight Une, 
meet also (8.) in a second pomt upon 
the other side of it 

Cor, 9. Henee, if two eirdes cut one 
another, the straight hne which joins 
Ihar centres nmst be kss than the sum, 
and greater than the difference of their 
vadiL (L 10.) 

Prop. IQ. 

If Ike circumferences of two circles do 
not meet one another in any point, the 
distance between their centres shall be 
greater than the stmt, or less than the 
difference of their raeKi, according as 
eadi of ihe circles is without the other, 
or one iif them within the other, 

LetA, B be 
the centres of 
•the two circles, 
and let the 
Kne AB, or 
that line pro- 
duced, cut 
the circum- 
ferences in the 
points C, D. 
Then, it is 
evident that A B is equal to the smn, or 
to the difference of AC, B C, accordr 
ing as each of the circles is without the 
other, or one of them within the other. 
If it be equal to the sum, then, be- 
cause B C is grater than B D, the 
sum of A C, B C is greater than the sun^ 
of AC, B D ; that is, the distance oif 
the centres is p^eater than the sum of 
ttie radii : and if it be equal to the dif- 
ference, then, for the same reason, the 
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differeiKJe of A C, B is less than the 
difference of A C. B D, that is, the 
distance of the centres is less than 
Uie difference of the radii. 

Therefore, &c. 

^^' ^' Hence it appears, conversely* 
that two circles will, !•, cut one another ; 
or 2°, touch one another ; or 3°, one of 
them fall wholly without the other ; ac- 
cording as the distance between their 
centres is, I Mess than the sum, and 
greater than the difference of their radii ; 
or 2«, equal to the sum, or to the differ- 
ence of their radii ; or 3», greater than the 

3um or less than the difference of their 
radii. 

Cor. 2. Therefore, 1 o, if two circles 
cut one another, the distance of their 
55f°*resmust be at the same time less 
than the sum and greater than the dif- 
ference of their radii ; and conversely. 
If this be the case, the circles will cut 
.one another. 

2<». If two circles touch one another, 
the distance of their centres must be 
equal to the sum or to the difference of 
their radu, according as the contact is 
extenial or internal ; and conversely, 
If either of these be the case, the circles 
Will touch one another. . 

3«. If two circles do not meet one 
another, the distance of their centres 
must be gi-eater than the sum or less 
than the difference of their radii, ac 
cording as each is without the other, or 
one of them within the other; and con- 
versely, if either of these be the case, 
the circles will not meet one another. 

Section 2,-^ Of Angles in a Circle. 

Prop. 11. 

In the same, or in equal circles, the 
greater chord subtends the greater 
angle at the centre : and conversely, the 
greater angle at the centre is subtended 
by the greater chord. 

Let C be tjhe centre of 
a circle A B D, and let 
A B, D E be two chords 
in the same circle, of 
which AB subtends a 
greater angle at C than 
D E does : A B shall be 
greater than D E. 

For, the radii A C, C B being equal 

n A^if "^'J. 5 ^' ^ E respectively, 
C A B and C D E are triangles having 

two sides of the one equal to two sides 

of the other, each to each, but the angle 

A C B greater than D C E : therefore. 
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the base A B (1. 1 1 .) is tikewise greater 
than the base D E. 

And, conversely, if AB be greater 
than D£, it shall subtend a greater 
angle at C : for A B and C D E are, in 
this case, two triangles having two sides 
of the one equal to two sides of the 
other, each to each, but the base A B 
greater than the base DE: there- 
fore the angle A C B (I. 11 .) is likewise 
greater than the angle D C E. 

The same demonstration may be ap- 
plied to the case of equal circles* 

Therefore, &c. 
• Cor. In the same or in equal circles^ 
equal chords subtend equal angles at 
the centre ; and conversely. 

Prop. 12. (Euc. iii. 26 and 27, first 

parts of.) 

In the same or in equal circles, equal 
angles at the centre stand upon equc^ 
arcs ; and conversely. 

Let C, c be the centres of two equal 
circles, and let ACB, acb be equal 
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angles at the centres ; the arc AB shall 
be equal to the arc a 6. 

For if the circles be applied one to 
the other, so that the centre C may be 
upon c, and the radius CA upon ca, the 
radius CB will coincide with cd, because 
the angle AC B is equal \oacb. Also 
the points A, B will coincide with the 
points a, b respectively, because the ra- 
dii C A, C B are equal to the radii ca, 
cb. Therefore the arc AB coincides 
with the arc a b, and is equal to it. 

And conversely, if the arcs A B, fl ^ 
be equal to one another, the angles 
ACB, acb shall be likewise equal. 
For, if not, let any other angle ac2' be 
taken equal to A C B ; then, by the for- 
mer part of the proposition, the arc a b' 
is equal to A B. that is, to a b, which is 
absurd; therefore, the angle a c6 can- 
not but be equal to A C B. 

In the next place, let A C B, D C E be 
equal angles in the same circle : then, ifc 
be the centre of a second circle equal to 
it, and if the angle acbbe made equal to 
ACB orDCE, the arc a* will be equal 

to AB or D E J therefore, the arcs A B, 
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D E are equal to one another. And, in cumferenee which measures an equal 

like manner, the converse. ansple at the centre. 

Therefore, &e. In Book I. def. 9. an angle was stated 

' Cor. I. (Euc. iii. 28 and 29.) In to have its origin in the meeting of two 

the same or in equal circles, eaual arcs straight lines in a point, and to be 

are subtended b^ equal chords ; and greater or less accorciing to the extent 

conversely (II. (for.), of the opening between those lines: a 

Cor. 2. By a similar demonstration ri^ht angle was then defined ; an angle 

it may be shown that in the same or in "less*' than which was said to be on acuta 

equal circles, eaual sectors stand upon angle, and an angle " greater** an obtuse 

equal aras ; and conversely. an^e, Weouffht rather however to have 

^ ,« .,^ • «« ^ *v dehned the obtuse angle to be greater 

Prop. 13. (Kuc vi. 33, part of.) than one, and less than two richt angles : 

In the same or in equal circlee, any for if the opening between Uie legs of 

angles at the centre are as the arcs upon such an angle be increased to a still 

which they stand ; so also are the further degree, it becomes equal to two 

sectors. 'ig^t angles — greater than two — equal 

Let C, r be the centres of two equal to three— greater than three — and, by a 

circles ; and let A C B, o c b, be any auT still increasing separation of one leg 

from the other in the same direction, 
equal to four right angles — ^greater than 
four — and so on. 

An anele which is greater than two 
and less than four right angles is fre* 
quently called a reverse or re-entering 
angle.* 

ries at the centre : the angle ACB shall These angles (right, acute, obtuse, and 

be to the angle acb bs the arc A B to re-entenng) are all that have place m 

the arc a b elementaiy Greometry, or in the subjects 

Let the angle acb h^ divided into to which it is commonly applied ; the an- 

any number of equal angles by the ^«s spoken of being understood never 

radii erf, ctf, c/,c^, and fierefore the to exceed four nght angles. But where 

arc a 6 into as many equal parts (12.) no such limitation, confimng the mag- 

bv the points rf, e,f,g. Then, if the arc njtude of the angle, is supposed, it is 

AD be taken equal to arf, and if CD be pl*»n from the considerations abovcr 

joined, the angle ACD wiU be (12.) menUoned, that the magnitude of any 

equal to a erf; and if the arc AD be angle, m general, cannot be estimated 

cwitained in AB a certain number of from the apparent opening between the 

times with a remainder less than AD, Jf^s. Besides this opening, there is to 

the anele AC D will be found in the be considered the direction in which it 

anele A C B the same number of times ^^ supposed to have been generated, 

with a remainder less than A C D : and and yet further, the number of times the 

this, whatsoever be the number of parts revolving leg may have coincided with 

into which the arc a 6 is divided. There- and passed by the other ; for the same 

fore, (II. def. 7.) the angle ACB is to apparent opemng is the result of dif. 

the anirle a c 6 as the Src AB to the [erent angular revolutions: just as the 

arc a o hand of a watch is at the same appa- 

Andinthe same manner it may be rent distance from any given position, 

shown that the sector A C B is to th^ whether it has made fifty and a quarter, 

sector a c 6 as the arc AB to the arc a 6 o*" » hundred and aciuartw'. or a hundred 

(12 Cor 2) °*^'"^ circuits. . The traversed space 

The case of arcs or sectors occurring ^'^& ?ade up of pwrts which comcide, 

in the same cirde has a simUar demon- ^^ ^'*nch do not therefore distinctly 

stration appear, the number of these parts must 

Therefore &o. be specified if we would form an esti- 



Scholium. 



mate of the whole. 



Hence the angle at the centre of a • it hw bwn already obwrred (J;«- »?JO tb»t 

. , . .J A °». _ J u i.u:^ an angle i« sometimeii wnd to b« ««pp#*in«iiiar«, via. 

Circle is said to be meaSUrea by the ^hen it is consiaered an the supplement of the ad- 

arc upon which it stands: and gene- jacentangle to two right angles: m like manner, an 

rally, any angle in a cinde is «i^ to ;"^^5SS.;'';i,r.r4*nU'lin?^V.»'ga 

be measured Oy that part of the Cir- it eUt up the whole spaee about the an^lar point. 
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an angle at the circumference ^PJ"^ *^j5 
same base A B : the angle A C B snau 
be double of the angle A D B. 

Join D C, and produce it to E. Then, 
because C A is equal tb C D (I. «•)» *» 
angle C AD is equal to C D A: there^ 
fore the anrie ACE, which is equal t« 
C AD, C D A together (1. 19.) i? dou- 
ble of C D A. In like ihanner it may 
be shown that the angle B C E is do^» 
of C D B. Therefore the sum or difier* 
ence of the angles E C A. E C B is also 
double of the sum or difference of tne 
kngles C D A, C D B. that is, thfe angle 
AC B is double of thfe angle A D B. 

The adjoined figure 
shows that this proof 
is equally applicable 
when the angle ACB 
is re-entering. 

Therefore, &c. 

Cor. 1. Any angle at the circumfer- 
ence is measured by half the arc upon 
which it stands. 

Cor. 2. (Euc. iii. 26 and 27, second 
parts of, and Euc. vi. 33 part oO. Ii^ 
the.same or in equal circles, equal angles 
at the circumference stand upon equal 
arcs, and conversely ; and, generally, any 
angles at the circumference are as tnj 
arcs upoti which they stand. (13. and 
II. 17.) 

t>ROP. 15. (ftuc. iii. 21.) 

Angli^ in the same eegmeni of a eir* 
de are equal to one another. 

For they are halves of the same an- 
gle, viz. tne angle at the centre which 
stands upon their common base; or, 
which is the same thing, they are mea- 
sured by the same arc, via. the halt of 
their common base. 

Cor. 1. (Euc. iii. 31., first part of*) 
The angle which is in a 
semicircle is a right an- 

fle, for it is measured 
y half the semi-circum- 
ference, that is, by a 
quadrant. 

Cor. 2. (Euc. iii. 31. 
second part of.) 
The angle, which is in 
a segment greater than 
a semicircle, is less than 
a right angle ; and the 
angle, which is in a seg- 
ment less than a semi- 

__...^ ■ circle, is greater than a ^ 

• From the Latin word quadrant, a fourth part, right angle ; for the one^is meaSUTGd by 



This complete dfefinition of angular 
magnitude is of the greatest hnpbrtance 
in the higher parts of the mathematics, 
and may be well illastrated by hielp of 
tiie measuring circumference. 

With the cen- 
tre C , and radius ^^" 

CA, let there be 
described a cir- 
cle A QQ.Q., 
and let the dia- 
meters A Q,, 
Q Q, be drawn 
at right angles 
to one another, 

dividing the whole angular spaCe about 
the centre into 4 equal angles, each of 
which win be measured by a quadrant,^ 
or fourth part of the circumference. 

Let us now suppose that the radius 
of the circle, being made to revolve 
about its cenU« from the original posi- 
tion C A, is brought successively into 
the positions C Q, C Q,, C Q., and 
thence agailn, continuing its revolutibii, 
a second time into the same positions 
CA, CQ, C Qa, CQa, and so on. 
Then it is evident that the angular space 
through which the radius will have re- 
volved, win be, in these successive po- 
sitions, one, two, three right angles-; 
upon returning to A four right angles, 
which is the wnole angular space about 
the point C : and thence again, coming 
a second time to the same positions 
C Q, C Qg, C Q„ ^ve, six, seven right 
kngles, and so on : which angular spaces 
wiU be measured respectively by one, 
two, three quadrants, a whole circum- 
ference ; five, six, seven quadrants, and 
so on : and any angular spaces interme- 
diate to these will be measured by cor- 
l^sponding.arcs intermediate, that is, of 
ma^itudes between one and two, two 
and three, three and four, &c. quadrants. 

Prop. 14. (Etrc. iii. 20.) 

7%« ftngle at the centre of a circle ie 
double of the angle at the circuntference 
upon the same base, that is^ tqton the 
same part of the circuntference. 

Let A C B be any angle at the centre 
C of the circle ABD, and let AD B be 
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kh ore which is tareater, and tiie other 
b^ axi arc which is i«88 than a quadrant. 

Cor, 3. If upon the base of a tri- 
angle there be described a s^pnent of a 
circle, the vertex of the triangle shall 
fall without, or within, or Upon the a^ 
of the segmoit, accordinif as the verti- 
cal angle of the triai^e is less thaii, or 
tfreater than, or equal to the angle in 
tiie segment. 

For it may easily be shown, (I. 8. 
Cor, 1.) that if the vertex fall within 
the arc of the segment, the vatical 
angle' must be greater than the angle Of 
the segment, and if without it, less. 

Prop. 16. 

* 

l^dny chord he draeen in a cirde, the 
angles contained in the two opposite 
segments shail be together equdl to ttoo 
right angles. 

Let AD B be a cir- 
cle, and let it be di- 
vided by the chord AB 
into the segments A D 
B, A E B : the angles 
ADB, abb contained 
in these se^ents shall 
be together equal to 
two right angles. 

For the angle A 1) B is measured by 
half the arc A £ B upon which it stands 
(14. Cor. yx and in like manner the 
angle AE B is measured by half the arc 
A D B. Therefore the angles A D B, 
AEB together are measured by half the 
circumference, that is, by two quadrants, 
and are consequently equal to two right 
angles. 

Theiretore, &c. 

Cor. 1. (Euc. ill. 22.) If a quadri- 
lateral figure be inscribed in a circle, 
either pair o( its opposite angles shall 
be equal to two right angles. 

Cor. 2. And conversely, if the oppo- 
site angles of a quadrilateral be together 
equal to two right angles, a circle may 
be described about it. For, it the cir- 
cle described through the three points 
A, D, B (5. Cor») were to cut the side 
B £ in any other. point than £» suppose 
F, the ajDgles A F B, AD B being equal 
to two ri^t angles, would be equsd to the 
angles A £ .Bf A D B, and therefore the 
angle A F B to tlie angl^ AEB; where- 
one of them, being exterior, must 




(1* 8. Cor. 1.) be greater than the other. 

1*R0P. 1!^. (Euc. Hi. 32.) 

ffa straight line touch a circle, <md 
if from the point of contact a straight 



line he dranjon cutting tlt$ circle, the 
angUs which it makes with the tangent 
shall he equal to the angles which are 
contained in the attemate segments ^ 
the circle. 

Let the straight line A B touch the 
circle C D E in the point C, and firom 
C let there be 
drawn the straight 
line C D cutting 
the circle : the an- 
gle DC A shall 
be equal to the 
angle in the seg- 
ment D F C, and -^ 
the angle D B to the angle in the seg- 
ment DEC. 

From C draw C E at right angles to the 
tangent A B, and therefore (2. Cor. 2.) 
passinc: through the centre of the circle : 
let C£ meet the circumference in £: 
take any point F in the arc of the oppo- 
site segment, and join C E, E D, D F, 
F C. Then, because C D E is a semi- 
circle, the angle C D E is a right angle 
(15. Cor. 1.): therefore the remaining 
angles of the triangle CDE (L 19.), 
that is, the angles DEC and D C E, are 
togettier equal to a right angle. But the 
angles D C B and D C E are likewise 
together equal to a right angle : there- 
fore the two latter angles are equcd to 
the two former, and the angle D C B is 
equal to DEC, that is, to the angle in 
the alternate segment 

And because (16.) the angles intlie 
two segments are together equal to 
two right angles, that is (I. 2.)* to the 
angles D C B, D C A, the angle D C A 
is equal to the angle in the oilier seg- 
ment D F C. 

Therefore, &c. 

Cor. The converse is also true : that 
is, if from the extremity of a chord there 
be drawn a straight line, such that the 
angles which it makes with the chord 
are equal to the angles in the alternate 
segments of the circle, that straight line 
must touch the circle. 

Scholium. 

The theorem which has been just 
demonstrated, states no more than is 
contained in Prop. 15., if the tangent be 
considered as a chord in which the 
points of section are coincident. For, 
if the point F be supposed to move 
up to the point C, the chord C F will 
tend more and more to coincide in 
position with the tangent C B. Biit 
if EF be joined, then, by Prop. 15, 
th* angle D C F is always equal to the 
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aiigle D E F. Therefore, when F coin- 
does with C, that is, when the chord 
C F becomes a tangent at C, thie angle 
B C B is equal to the angle DEC. As 
this, however, was a case not contem- 
plated in the demonstration given of 
that proposition, the inference could 
not have been directly drawn from it. 
The proposition (2.) that the tangent 
is at right angles to the radius is an 
instance of Ihe same kind. Others may 
be seen in the corollaries of the two 
following propositions, and in certain 
properties of tangents which will be 
found in the next section; 

Prop. 18. 

Parallel chords intercept equal arcs ; 
and conversely. 

Let A B C be a 
circle, and let the 
chords A B, C D be 
parallel to one ano- 
ther: the arc AC 
shall be equal to the 
arc B D. 

Join BC. Then, becaase AB is 
parallel to C D, the angle A B C (1. 15.) 
is equal to the angle BCD: therefore 
(14. Cor, 2.) the arc A C is equal to the 
arc B D. 

And conversely, if . the arc A C be 
equal to the arc B D, the angle 
ABC will (14. Cor. 2.) be equal to the 
angle BCD, and therefore (1. 15,) A B 
will be parallel to C D. 

Therefore, &c. 

Cor. If one of the chords, as AB, be 
supposed to move parallel to itself until 
the points A and B in which it cuts the 
circle coincide, as at E, the same and 
its converse will be true : that is, if a 
chord and tangent be parallel, they 
shall intercept equal arcs; and con- 
versely. 

For, because E F is parallel to C D, 
the angle FE C is equal (I. 15.) to the 
angle £ C D, which stands upon the arc 
E D : but, because E F is a tans^ent, 
(17.) the same F E C is equal to E^D C 
which stands upon the arc E C\ "Diere- 
fore the arc EC is equal to ED, 
(14. Cor. 2.) And the proof of the con« 
verse is similarly varied. 

Prop. 19. 

If two chords of a circle meet one 
anothet\ the angle contained by them 
shall be measured by half the eum, or __. ,. 
by half the difference </ the intercepted circle. 





arcs, according as the point in which 
they meet is uHthin or unthout the 
circle. 

Let ABC be a cir- 
cle, and let the 
chords AB, CD 
meet one another 
in the point E : the 
angle AEC shall 
be measured by 
half the sum or by 
half the difference 
of the arcs, AC, 
BD, according as 
the point £ is with- 
in or without the 
circle. *" ^ 

Through B draw B F parallel to D C, 
and let it meet the circumference in F : 
then (18.) the arc F C is equal to B D, 
and therefore the arc A F is equal to the 
sum or to the difference of A C, B D, 
according as the point E is within or 
without the circle. But, because B F is 
parallel to D C, the angle AEC is 
equal to A B F (1. 15.) ; and A B F is 
measured by half the arc AF, ( 14. Cor. 1 .): 
therefore the angle A £ C is measured 
by half Ihe sum or by half the differ- 
ence of the arcs A C, B D, according as 
the point £ is within or without the 
circle. 

Therefore, &c. 

When the point £ is in the circum- 
ference, the result of this proposition 
coincides with that of 14. Cor. 1. 

Cor. By a similar demonstration 
(18. Cor.) if a chord meet a tangent in 
a point which is not the point of contact, 
the angle contained by them will be 
measured by half the difference of the 
intercepted arcs. 

The case of a chord meeting a tan- 
gent in the point of contact, has been 
already contemplated in Prop. 17. It 
may be considered, however, as included 
under the above rule, the measuring arc 
in this case being the same by this co- 
rollary as by Prop. 1 7. 

Section 3. — Rectangles under the 
Segments of Chords, 

Prop. 20. (Euc. iil 35.) 

If two chords of a circle cut one 
another, the rectangles under their seg- 
ments terminating in the points of 
section shall be equal, whether they 
cut one another within or without the 
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Let ABC be a 

circle, and let the 
chords A B, C D 
cut, or be produced 
to cut, one another 
in the point £ : the 
rectanele under AE. 
EB shall be equal 
to the rectangle un- 
der C £, £ D. 

Join AD, BC. 
Then, because the 
angle EAD is equal 
to the angle£CB 
in the same segment (15.), and that 
the angles at £, which are vertical (1. 3.) 
as in the upper figure, or coincide as in 
the lower, are equal to one another, the 
triangles AE D, C E B are equiangular. 
Therefore (II. 31.) AE : E D :: E C : 
E B, and (II. 38.) the rectangle under 
A £, £ B is equal to the rectangle under 
CE, ED. * 

Therefore, Sec. 

We may remark that an easy demon** 
stration of this proposition is likewise 
afforded by 1. 39. ; for the rectangles in 
question are each of them equal to the 
difference of the squares of the radius* 
and of the distance of the point E from 
the centre of the circle. 

Cor. And hence, conversely, if two 
straight lines A B, C D cut one another 
in a point E, and if the points A, B and 
C,D be so taken, that the rectangle 
under A E, E B be equal to the rect- 
anrfe under C E, £ D ; the points 
A, jB, C, D shall lie in the circumference 
of the same circle. 

Prop. 21. (Euc. iii. 36.) 

If any chord of a circle be produced 
to cut a torment to the same circle, the 
square of the tangent shall be equal to 
the rectangle un£sr the segments of the 
chord. 

Let ABC be a circle, and let the 
chord A B be pro- 
duced to meet the 
tangent £ in £ : 
the square of C £ 
shall be equal to 
the rectangle under 
A£,EB. 

Join C A, C B. Then, because the 
angle £ O B is equal to the angle E A C 
in the alternate s^ment of the circle, 
(17.) and that the angle at £ is com- 
mon to the two triangles £ C B, £ A C, 
these two triangles are equiangular. 
Therefore (II. 31.) A£:EC::EC: 
£ B, and (II. 38. Cor, 1 .) the square of 
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E C is 'equal to tte reetang^ under 

A £, £ B* 

Therefore, &c. 

The same remark may be made here 
as at the end of the pr^seding proposi* 
tion : viz., that an easy demonstration 
is likewise afforded by 1. 39. and I. 36. 
Cor. 1. 

Cor, And hence, conversely, if two 
straight lines A B, C £ cut one another 
in a point £, and if the points A, B and 
C, be so taken, that the square of £ C 
be equal to the rectangle under AE, 
£ B, the straight line £ C shall touch 
the circle which passes through i\m 
points A, B, C. 

Prop. 22. (Euc. vi. B.) 

If the vertical or exterior-vertical 
angle of a triangle be bisected by a 
straight line, which cuts the base, or 
the base produced, the square of thai 
straight line shaU be equtd to the 
difference of the rectangles under the 
two sides, and under the segments of 
the base, or of the base produced,* 

Let AB C be a 1rian|;le, and let the 
vertical or exterior-veiucal angle be 
bisected by the 
straight line 
A D, which 
meets the base 
or the base 
produced in D : 
the square of 
AD shall be 
ecjual to the 
difference of 
the rectangles 
BA, AC. and 
B D, D G. 

Let A £ C be the circle which (5.Cor.) 
passes through the points A, B, C, and 
let A D be produced to meet the cir- 
cumference in £, and join E C. 

Then, because the angles BAD. 
£ A C are halves, or supplementary to 
the halves of ihe bisected angle, they 
are equal to one another : also the angle 
A B D is equal to the angle A E C in 
the same segment (15.): therefore, the 
triangles B A D, £ A C being equiangu- 
lar, (11.31.) BA : AD::EA : AC, and 
(II. 38.) the rectangle under B A, A C is 
equal to the rectangle under £ A, AD. 
Again, because the chords B C, E A 
cut one anoth er in D (20.), the rect- 

• This, as is evident from the enunciation, is a 
property not of tha circle, but of a triangle, and 
belong/as such to I. § 6. The required demonstra- 
tion has, however, in this and one or two other in- 
stances rendered an infringement of the classificatioa 
unavoidahlc. . • 
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aflglfe uftder BD, b G is «<ltol to thjft 
rectangle under ED, DA: therefore, 
the difference of the rectaftglea Under 
B A; A C and B D, b G Is fequftl tb the 
differetide of the t^diigies tittdfer E A; 
AD; knd ED, DA,tHati^tOtftfesquaW 
of AD<I. 3J.). 

Therefore, &c. 

It should be obSefvfed in the cAse of 
extcripi' bi*ecti<yn (s^e the lower fifeurej; 
that the bisecting line AD must, if piro- 
duced, cut the circumference in a second 
point E, in aU cases in which it cuts the 
case B C produced in a point D ; that 
is, in all cases in ivhich the sides A 6, 
AC are unequal. For when AB k equal 
to A C, the ^n^s ABO, A C B are 
likewise equal (I. 6.), and therefore 
(I. 19. and I. ax. 5.) equal tb thfe haltes 
of tiie eitferior angle: therefbi-e, the 
angle CAD bemgequdl to A C B, A D 
is barkllel to i8C (L.l^-)» and the same 
tJ AD being equal to tne an^le ABC 
in the alternate segment, A D touches 
the circle in A (17. Cor»), Bi\t, when 
one of the ^ided, a^ A B, is greater than 
tHfe olher, the angle ACB is also greater 
than ABC (t. 9.); therefore the angle 
CAD, which (I. 1 9.) is equAl to half the 
sum of the two ABC, ACfB, is leis thaii 
ACB, and greater than ABC; and 
because the angle C A D is not equal to 
ACB, AD is not parallel to BC (1. 15.) : 
and because the same CAD is not equal 
to ABC, that is to the angle iii the alt,er- 
nate segment, A D does fiot touch the 
circle in A, but cuts it and meets the 
circumference m a second point E, a^ 
was observed. 

Pkop. 23. (Euc. vi. C.) 

/jTtt triangh be inscribed in a circle, 
and if a perpendicular be drawn frovi 
the v^tex to the base; the rectangle 
under the ttoo sides shall be eipial to the 
rectangle under the perpendicular And 
the dumeter ^ the circle. 

Let A B C l>e a triangle inscril)ed in 
the circle ABC; from A draw A D 
perpendicular to BC, and 
AE through the cetitre of 
the circle to meet thej^^ 
circumference iii £ : the 
rectangle under B A, AC 
shall be equal to the rect- 
angle under E A, A D. 

Join C E. Then, because A C E is a 
semicircle, (15. Cor, 1 .) the angle ACE 
is a right angle : but A D B is likewise 
a right angle, and the ang^le A £ C is 
equal to the angle AB D m the same 
segment (150; therefore, the thAng^ 





E A C, B A D being ^uiangular, BA : 
AD::EA : AC (II.3l.).andai.38.) 
the rectangle under B A, A G is ^utfl 
to the rectangle under S A, A D. 

Therefore, &c. 

Cor. If two triangle* be ihscrlbiSd in 
the same, or in equal circles, the rect- 
angle under the* two .'sides of the one, 
shall be to the rectangle under the two 
sides of the other, as the perpendiculikr, 
which is drawn from the vertex tb the 
base of tiie one, to the perpenditiular 
which is drawn fronl the vertex to the 
base of the other (11. d5.>. 

Prop. 24. 

J(f a quadrilateral be inscribed in a 
circle, its^ diagonals shall be to one an- 
other as the sums of the rectdngles under 
ike sides adjacent to their extremities. 

Let ACBD be a 
(^[uadrilateral fi^re, 
inscribed in the circle 
ABC andAB, CD 
its diagonals, : A B 
snail be to CD, as 
the sum of C A x A D 
andCBxBDtothe 
sum of A G ,x C B, 
and A D X D B. . 

Let A B, and C D cut one another in 
the point E : and« first, let A B cut CD 
at nght angles. Then, l)ecause A C D» 
BCD, CAB.andDAB are triangle^ 
inscribed in tl>e same circle, the per- 
pendiculars A E, B E, C E and D £» are 
to one another as the rectangles A C x 
AD, B C X B D, C Ax C B, and D Ax 
D B : therefore, (it. 25. Cor. 3.) the sum 
of AE and B E, that is AB. is to the 
sumof CE and DE, that is CD, as the 
sum of AC xAD, and BCxBDto 
the sum of CAxCB andDAxDB. 
In the next place, let A B cut C D, but 
pot at right angles.; and let the per- 
pendiciilars A a, B ^, C c, and D a be 
drawn. Then, as before, it may be 
shown that Aa+Bi is to Cc+Dd^ 
as AC X AD+BC xBD to CAx 
CB-HDAxDB. But, because the tri- 
angles AEa, BE6, CEc, D Kd are 
equiangular, A a, B 6, C a» and D (^ are 
to one another as A E, fi E,C E, and 
D E (II. 31 .). Therefore, A a •+- B 6 is 
to Cc+Drf, asAE+BEtoCE-HDE, 
that itf, as AB to CD. Therefore, 
(1L12.)AB :CD ::ACxAD+BC 
xBD:CAxCB+DAxDB. 

Therefore, &c. 

Prop. 26, (Euc. vi. D.) 
If a quadrilateral be inscribed (H d 
citile, m^ rectangle under its diagonals 
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(angles tMder its opposite Hdei, 

Let A C B D be 
a quadriiatefid ih* 
Scribed in the cmsle 
ABG*ahdlel AB, 
CD be its diagonals : 
the rectangle undei^ 
AB, CD fthail hn 
equal to the sum of 
the rebtftngles under 
AD, BC> andAC» 
BD. 

At th^ point A niake ibe angle D A F 
equal to B A C> and kt AF meet C D 
inF. 

Then, because the Imgle ABO is 
equal to AD F in the saxhe segment 
(15.), and that BAG vfrid Ihadfe equal 
to DAF, the triangles ABC, ADF 
are equiangular : therefore, ( II. 8 1 .) AB ! 
BC :: AD : D F, and (11. 38.) the rect- 
angle under AB, DF is equal to the 
inectan^le under A D, B C. 

A^aun, because the angled BAC, 
D A F are equal to one anothei*, let the 
kngle B A F be added to each | the^efoi!« 
the ^hole angle FAC ii equal to the whole 
angleDAB; and the angle FCA ii 
equal to the angle D B A in the same 
segment I[15.) * therefore, the triangles 
A F C, AD B are equiangular. There- 
fore (11.31.) AB:BD::AC: CF, 
and (II. 38.) the rectangle undet AB, 
C F is equal to the rectangle A C, B D. 
Therefore, the sum of the rectangles 
under A B, D F and AB, C F, that is, 
(I. 30. Cor.) the rectahgle Under A B, 
C D, is equal to ttic sum of the rectangles 
under AD, B C, an^ A 0, B D. 

Therefore, &c. 

Cor, Hence, a quadrilateral may be 
constructed, which shall have its sides 
equal to four given straight lines, in k 
given order, each to each, and its angular 
{>oints lyit\g in the circumfei-ence of a 
circle. For, by the 24 th proposition, the 
ratio of the diagonals, and by that which 
has been just deittonstrdted, their rect- 
angle is given : therefore, (II. 63.) the 
diagonals may be found, and (1. 50.) the 
quadrilateral constructed. 

It is only essential to the possibility 
of the construdion that of the four given 
etrai^t lines, every three be greater 
than the fourth (I. 10. Cor. 2.). It is 
remarkable that, although the diagonals 
will be different in different orders of the 

given sides, thift cwcumscriblftg circle 
as the same magnitude whatsoever bfe 
their orcfer. (See Sect 5. Prop. 41, 



SsctioH A.^Riguktt polf^nu, ani 
i^^xiiikU^ii to me «rAt if tM 
€^rM* 

XW: H. A re^tUar polygon is that 
which has all its sides equal, and likewise 
•U its angles equal. 

A figure of five sides is called a peHtiP' 
gon ; a figure of six sides a hexagon ; of 
ten sides a decagon ; and of fifteen skies 
a pente-decagom* There is so seldom 
any occasion, however, to specify the 
numbor of sides of an irregular figure, 
as distinct from a multilateral figiue ilk 
general, that it has become common to 
approfHriate these names with others of 
sunilar derivation (as by way of pre* 
eminence) .to the r^ular fiisiures — ** a 
hexagon/* for instancei is understood to 
mean a regular figui« of six sides, and 
so of the rest. 

It ia evident, that regular pdy^ns, 
which have the same number of sidesi 
are similar figures ; for their angles are 
equal, each to each, because they are 
contained the same number of times in 
the same number of right angles (1. 20.); 
and thdr sides about the equal angles 
are to another in the same ratio, viz. the 
ratio of equality. 

. 12. The centre of a regular polygon 
is the same with the common centre of 
the inscribed and circumscribed circles 
(see Prop^ 26.) : and the perpendicular 
whkh is drawn from the centre to any 
one of the sides is called the apothem, 

13. Similar arcs of circles are those 
which subtend equal angles at the centre. 
Similar sectors sjid segments are those 
which Bie bounded by similar arcs. 

Pabp. 26. (Euc. iv. 13 and 14,). 

J^ any two Of^oining cobles of a 
regular polygon be bisected, the inter^ 
section of the bisecting lines shall be the 
eommofi centre of two circles, the one 
circumscribing, the Other inscribed iff, 
the polygon. 

LetABCDEF 
be any regular po- 
lygon, and let the 
aneles at A and B 
be oisected by the 
straight lines AO, 
B O ; which meet 
in some point O, 
(I. 15. Cor. 4.) because each of the an- 
gles F A B, C B A is less than two right 
angles, and therefore each of their halves 
OAB, OBA less than aright angle, and 
the two together less than two right an- 
gl^ Tbe )^int O shall be ^e centra 
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-of two eircles, one passing through alt 
the points A, B, C, I>, E, F, and IJie 
other in contact with all the si(}es A.B» 
BC, CD, DE, EF. 

join O C, O D, O E, O F, and draw 
the perpendiculars O a, O b, Oc, Od, 
O e, O/. Then, because the triangles 
O B C, B A have two sides of the one 
equal to two sides of the other, each to. 
each, and the included angles O B C, 
O B A equal to one another, (I. 4.) the 
base O C is equal to the base O A, and 
the angle OCB to the angle OAB. 
But OAB is the half of FAB, and FAB 
is equal to D C B : therefoire O C B is 
the half of DCB, and the latter angle is 
bisected by the line O C. By a similar 
demonstration, therefore, it may be 
shown that OD is equal to O B, O E to 
OC, and OF to OD. And, because the 
angles OAB, O B A, being halves of 
equal angles, are equal to one ahoUier, 
OB is equal to OA (I. 6.). Therefore the 
straight lines drawn from O to the angu- 
lar points of the figure are equal to one 
another, and O is the centre of a circle 
passing through those points. And be* 
cause A B, B C, &c. are equal chords 
of the same circle, they are ^t equal 
distances from the centre O (4. Cor.) : 
that is, the perpendiculars O a, 6, &c. 
aie equal to one another, and O ia 
likewise the centre of a circle described 
with the apothem O a or O 6 for its ra- 
dius, and (2.) touching the sides in their 
middle points (d.)» a, b, c, d, e,f. 

Therefore, &c. 

Prop, 27. 

If the circumference of a circle be di- 
vided into any number of equal parts, 
the chords joining the points of division 
shal.l include a regular polygon inscribed 
in the circle; and the tangents drawn 
through those points shall include a re-? 
gular polygon of the same number <^ 
sides circumscribed about the circle. 

Let the circumfe- 
rence of the circle 
ACF be divided 
into any number of 
equal parts in the 
points A, B,C,D,E, 
F. The figure which 
is included by the 
straight lines joining 
those points shall be 
a regular ];)olygon. 

For its sides being 
the chords of equid 
arcs of the same cir- 
cle, are (1 2. Cor, 1 .) equal to one Wiother; 




and itsan^tes standfngiipon equal arcsr^ 
viz. the difi'erences between the whol& 
circumference, and two of the former, 
are likewise equal (14. Cor. 2 .) . 

Next, \eiabcdefh^ the figure which 
is included by tangents drawn through 
the points A B C D E F : this shsdl like* 
wise be a regular polygon. 

Let O be the centre of the circle, and 
join OA, OB. Oa, O 6, OC. Then be- 
cause a A, a B, are tangepts drawn from 
the same point, they are equal to one 
another (2. Cor. 3.). And because the 
triangles A O a, B O a have the three 
sides of the one equal to the three sides 
of the other, each to each, the angle 
B O a is equal to AO a, that is, to the 
half of A O B. In like manner, it may 
be shown that the angle B O 6 is equal 
to the half of BOC; and A OB is 
equal to BOC, because the arc A B 
is equal to the arc BC (12.); there- 
fore the angle B O a is equal to B 06, 
Therefore B O a, B O 6 are triangles 
which have two angles of the one equal 
to two angles of the other, each to each, 
and the mteijacent side OB common 
to both : consequently, (I. 5.) they are 
equal in every respect, and B a is equal 
to B6; therefore ab is bisected in B. 
In the same manner it may be shown 
that a/ is bisected in A; and it has 
been shown that aB, aA^ are equal to 
one another ; therefore a 6 is equal to 
af. And by a like demonstration it 
may be shown that the other sides of 
the figure are each of them equal to a 6 
or af Therefore, the figure abcdef 
has all its sides equal to one another. 
And because its angles, as a, 6, are supr 
plements (1. 20.Cor.) of equal angles, as 
AOB, BOC, they are likewise all equal 
to one another. Therefore it is a regular 
polygon. 

Therefore, &c. 

Cor. I . ( Kuc. iv. 1 2.) . If any regular 
polygon be inscribed in a circle, a similar 
polygon may be circumscribed about the 
circle by drawing tangents through the 
angular points of the former ; and con? 
versely. 

Cor. 2. If, any regular polygon beings 
inscribed in a circle, a tangent oe drawn 
parallel to one of its sides, and be terr 
minated both ways by radii passing 
through the extremities of that side, 
such terminated tangent shall be a side 
of a regular polygon of the same num-^ 
ber of sides circumscribed about the 
circle. For^ since the radius drawn to 
the point of contact bisects the side 
(3. Cor. 1.) at right angles, and there* 
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Sore also bls^ts the angle fonned bjr'the 
radii passing through its extremities 
(I. 6. Cor, 3.) it is obvious from I. 5. 
that the parts of the tangent in question 
are equal to one another, and to the 
halves of any side of the regular circum* 
scribed polygon of the same numl>er of 
sides. 

Prop. 28. (Kuc. iv. 10. and 15. Cor,) 

The nde of a regular hesagon u 
equal to the radius of the circle in which 
it is inscribed ; tne side of a regular 
decagon is equal to the greater segment 
of the radius divided medially ; <md the 
side-square of. a regular pentagon is 
greater than the square of me ramus by 
the side-square of a regular decagon 
inscribed in the same ci^de. 

First, let A B be 
the side of a hexa- 
gon inscribed in the 
circle ADB, the cen- 
tre of vrhich is C. 
Join C A, C B, and 
let A C produced 
meet the circum- 
ference in D. Then, because the arc 
A B is contained in the whole circum- 
ference six times, it is contained three 
times in the semi-circumference A B D, 
and twice in the arc B D. But the an- 
gle BAC is measured by half of the arc 
B D, (14. Cor, I.) and the angle A C B 
by the arc A B. Therefore the an^le 
B A C is equal to A C B, and the side 
A B is equal to BC ; that is, the side of 
the regular hexagon is equal to the ra- 
dius of the circle. 

Secondly, let AB 
be the side of a regu- 
lar deca^n inscribed 
in the circle ADB 
the centre of which 
is C. JoinCA,CB, 
and let AC produced 
meet the circumfer- 
ence in D. Then, because the arc A B 
is contained ten times in the whole cir- 
cumference, it is contained five times in 
the semi-circumference A B D, and four 
times in the arc B D. But the angle 
B A C is measured by half of the arc 
B D (14. Cor, 1 .) and the angle A C B is 
measured bv the arc AB. Therefore 
the angle BAC is equal to twice, the 
angle ACB. Let the angle BAC be 
bisected by the line A £, and let A E 
meet C B in E. Then, because the an*> 
gle EAC is equal to ACE, the side EA 
is equal to £ C ; and because A E B is 
«qual to the two EAC, AGE, that is 





doubleof ACE, and that ABE being 
equal (I. 6.) to BAC is likewise double 
of ACE, AEB is equal to ABE, and 
AB is equal to AE or E C (L 6.). But, 
because the straight line AE bisects the 
angle B A C, CA : A B :: C E : E B 
(IL50.). Therefore CB : CE::CE : 
£ B, Ihat is the radius C B is medially 
divided in £ ; and A B. the side of the 
decagon, is equal to the greater seg- 
ment C £. 

Lastly, let A B be 
the side of a regular 
pentagon incribed in 
the circle ADB, the 
centre of which is C. 
Bisect the angle 
A C B by the radius 
CE (L Post. 4.): 
then the arcs AE, £ B measuring equal 
angles, are equal to one another (12.). 
Join AE ; take C F equal to AE, and 
join A F. Then, because the arc A E 
IS the half of AB, it is contained ten 
times in the whole circumference, and 
the chord A E is the side of a regular 
decagon inscribed in the circle AD B. 
Again, the angle EAC bein^ measured 
by half the arc £ B D, that is, by. two- 
fifths of the semi-circumference AED, is 
equal to the angle F C A, which is mea- 
sured by the arc AB, that is likewise 
by two-fifths of the semi-circumference 
A £*D ; therefore, because the trian* 
gles EAC, F C A, have two sides 
of the one equal to two sides of the 
other, each to each, and the included 
angles equal to one another, the base 
AF (1. 4.) is equal to CE or AC. And, 
because from the vertex A of the isos- 
celes triangle ACF, the straight line 
AB is drawn to meet the base produced 
in B, the square of A B is greater than 
the square of AC (1.39.) by the rectan- 
gle CB. B F. But CF being equal to AE. 
the side of a regular decagon, the radius 
C B is medially divided in^F, as shown in 
the second part of the proposition ; and 
therefore the rectangle CB, BF is equal 
tothesquareofCForAE(II.38.Cor.l.). 
Therefore the square of A B is greater 
than the square of AC by the square of 
AE ; that is, the side- square of a regu- 
lar pentagon is greater than the square 
of tne wSius by the side- square of a 
regular decagon inscribed in the same 
circle. 

Therefore, &c. 

Prop. 29. 
The area of any regular polygon is 
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sqml ^ Mf Ae tenntcmgle tmder ito 
perimeter and apotkem„ 

Let A B C D £ F be any regular pa- 
Ivgon, O its centre, and O K, which is 
drawn perpendxeular to AB, its apo- 
them : the area of the polygon shaB^ be 
equal to half the rectangle under the 
apothem O K and the panmeter ABC 
BEF. 
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Take A L equal to the sum of the 
sides or perimeter A B C D E F, and join 
O L, OB. Then because the sides are 
e^ual to one another, the base AL con- 
tams the base AB, and therefore the tri- 
angle O A L contains the triangle O AB, 
(I. 27.) as many times as the polygon 
has sides. But, because the triangles 
OAB, OBC, &c. having equal bases and 
altitudes (I. 27.), are equal to one ano- 
ther, the polygon likewise contains the 
triangle OAB as many times as it has 
sides. Therefore the polygon is equal 
to the triangle O AL, (II. ax. 1.) Ihat 
is, (1. 26. Cor.) to half the rectangle un- 
der the perimeter AL and apothan OK. 

"Dierefore, &e. 

Prop. sp. (Euc. xiL 1.) 

The perimeters of similar regulair 
polygons are ats the radii of the in-^ 
sertbed or circumscribed circles, and 
their areas are as the sqttares of the 
radii. 

Let O, be the centres of two re- 
gular polygons having the same number 
of sides, A B, a 5, any two sides, and 
OKyO k lines drawn from the centres 
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perpendicular to them respectively : 
t)[ien (26.) O A, o a are the radii of the 
circumscribed circles, and O K, o A the 
ra^dii of the inscribed circles. The peri- 
meters of the polygons shall be to one 
another as O A to o a, or OK to o A and 
their areas as 0A« to o a», or OK* to okK 
Because the polygons have the same 
number of sides, the angles A O B, ao & 
^e contained the §ame number of times 
in four right angles, and are therefore 
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equal to cme Wtmam ill. ax. n.), as 

also thoir halves (1. 6. Gor.3«)the angles 
AOK» a ok. liierefoore the triangles' 
AO B, o 9 & (II. 32.) as also AOK, a ok, 
(IL 31. Gor. 1.) are sinailar, laid AB iste 
a 6 as OA to oa, or 85 OK to 0^(11.31.). 
But, because the polygons Ure simflar, 
their perimeters are to one another as 
A B to a 6, and their areas as AB* to a^ 
(II. 43.). Hi^refore their perimeters are 
to one another is OA to c^a, or as OK to 
k (II. 12.) ; and t)ieir areas as OA* to 
o a», or as OKt to ©A*. (H. 37. Oor.4V) 
Therefbre, && 

Pbqf. 31. 

Any circle being ^en, simihr re^ 
guhir polygons mau be, the. one tn^ 
scribed, and the other circumscribed, 
such that the difference of theif peri- 
meters or areas shaU be ms than any 
given difference. 

Let C be the 
centre and C A the 
radius of any given 
circle : and let K be 
any given straight 
Hne ; there may be 
found two regular 
polygons of the 
sami number of 
sides, the on^ in- 
scribed in the cir- \ 
ele, the other cir- ji^ 
cumscribed about ' X. 
the circle, which shafl have the drtference 
of then* perimeters less than the straight 
line K, or the difference of their areas 
less than the square of K. 

And first of the perimeters. Let L be 
a straight line equal to the perimeter of 
some cu-cumscribed polygon '^ and let tfie 
radius AC be divided m the point D ii^ 
the ratio of Kto L (IL 55.). Through D 
draw the chord B F perpendicular to 
C A, and draw the radius C B likewise 
perpendicular to O A : bisect the are 
AB in M,* the arc A M in N, the arc 
AN in P, and so on till the point of 
bisection fall between A and B ; let P b^ 
the first point so falling ; draw the chord 
P Q parallel to E F and cutting the 
radius C A in R. Then, because the 
double of the arc A P is contained a 



* Tlie necessity o£ having the lines and lettert in 
the neighboarlfOodof A c^ear anddistiQct has led ^he 
engraver to tax Ina reaoe^r's imagination somewhat 
more than was absolntely necessary in the figures of 
ttiia proposition. He ia requested, therefore, Xq sofh 
pose that the point M bisects the a.rc AB, the point 
Jn: the arc A Nl, and the point P the arc AN. Wltli 
regard to the operation of bitiec^ing the arcwe^honld 
i^ernvsk that itmt^ be 9f|(cted bj b^M^tinf tbo aagli 
ot the centre (12.), 
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certain number of te«s in fhe quadnort 
A B, it is contained tovap times as often 
iu the whole cireumfereaoe. But be- 
cause the radius CA cuts the chord 
iP Q at right anxles* the arc PAQ iai 
equal to the double of AP (3. and L •. 
Cor. 3.)- Therefore the arc which it 
subtends being contained exactly a cer« 
tain number of times in the whole circum* 
ference, the chord F Q is the side of an 
inscril>4d polyfi;on (27.). And because the 
perimeter of Uiis inscribed polygon is to 
me perimeter of the similar ciroum- 
scribed polygon as CR to CA (30. X the 
diflPerence of their perimeters {invertendo 
and dividendo) is to the perimeter of 
the inscribed polygon as A R to R C» 
that is, in a less .ratio than that of A D 
to DC, or of K to L. But even a mag- 
nitude which should have been to the 
perimeter of the inscribed polygon in the 
same ratio as that of K to L would have 
been less than K (II. 18.X because the 
perimeter of the inscrilMd polygon is 
less than L (1. 1 0. Cor. 3.). Much more, 
then, is the difference of the perimeters 
of the inscribed and circumscribed po- 
Ijrgons less than K, that is» less than tha 
given difference. 
In the next 

f lace, of the areas. 
.etMl)e a straight 
line, such that the 
square of M i9 
equal to the area 
of some circum- 
scribed polygon : .LiLX„. 
letAC(lI.55.)be ^ '** * 
divided in cit in the 
ratio of K-square. 
to M- square, ^d 
let C D be taken 
(II. 51.) a mean 

proportional between C A and C d. 
Then, as before, thei^e m^ be found an 
inscribed polygon whose apothem CR 
is greater than CX>. Take C r (II. 52.) a 
thnrd proportional to CA and CR ; and, 
because CD« : CR» :: CAx C <j? : CAx 
C r (II. 38. Car, l.), in which proportion 
the first term is less than the second, the 
third is also less than the fourth (II. 14.)* 
and therefore C d is less than C r. And 
because the ajrea of the inscribed poly* 
gon is to tl)e area of the similar porjrgon 
circumscribed as CR* to C A« (30.), that 
is (II. 35.), as C r to C A fi«v^<c»cfo 
and divid^idoj^ the ditfeirence of their 
areas is to the area of the inscribed po- 
lygon as Ar to Cn or in a less ratio 
Umn that of Ad to C * or of K« to UK 
But ^T^n a n%a£^tu4$i i9bi«h should have 




been to the iatcrlhed fotygoft at K* to 
M* would hava been was thiein Kt, be* 
cause the inscribed poly^n ia less than 
M*. Much more, then, is the difference 
between the inscribed wd cireiiniseril>ed 
polygons less than K square, that is, 
less than the (civen diffierenca 

Tha:«fore, «c. 

Cor. I. Any circle being given, a Fa* 
gular pdyeon may be inscrited (or cir* 
cumscribed) whicn shall di£br ih>m the 
circle, in perimeter or in area, by lest 
than any given . difference. ¥br the 
difference between the circle and athef 
of the polygons is less than the difference 
of the two polygons. 

Cor, 2. Any two circles being given, 
similar regular poljr^^ons may m in* 
scribed (or circumscribed), wmch sha^ 
differ from the circles, in perimeter or 
in area, by less than any the same given 
difference. 

Paor. ^ 

The area of a ctrclf tf equal to Kaf/ 
the rectangle under the radSue and a>- 
cumference. 

Let C be the centre, and C A the ra- 
dius of any circle : from the point A let 
there l)e drawn AB perpendicular to 
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C A> and auppot^ any Une AB equal to 
the circumference of the circle, and join 
CB : tfie circle shall be ^ual to the tri* 
angle C A B. 

¥^or, if not equal, it must be either 
greater or k^s thim the triangle, first, 
let it be supposed greater, and there^uve 
equal to some triangle C A D, the base 
Ai> of which is greater than AB. Then, 
because (31.) there may be circum- 
scribed e^ut the circle a regular poly 
gon, ttiMB perimeter of whiph approac^s 
more nearly to that of the circle (AB) 
tban by any given dilferenee, as B D, a 
polygon may be circumseribed, the pe- 
rimeter of which shall be less than A I). 
But the area of any regular polygon is 
equal to half the rectangle under its perir 
meter and apothem (29.). Therefore the 
area of such circumscribed polygon will 
be less than the triangle CAD, less 
that is, than the supposed are^ of the 
circle ; which is absuird. 

I^eitlM^ can the aeea of the tavela be 
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less than fhe triangle CAB ; for, as the ratio ; viz. f hat of the angle at the centre 

perimeter of eveiy drcumscribed pdyr (13.) to four ricrht angles, are to one ano- 

gon is greater than the circumference ther, altenu»tdo, as the whole ctrcum- 

AB (I. 10. Scholium), and therefore, as ferences (or circles), that is. ty the pro- 

befoie shown, the polygon itself greater position, as the radii (or the squares of 

than the triangle CAB, to which, how- the radii.) 

ever, it may be made to approach within Cor, 2. Similar segments of circles 

any given difference, because its peri- are as the squares of the radii (11. 22.). 

meter may be made (31. Cor. I.) to ap- For they are the differences of similar 

prt3«tch to AB within anv given difference; sectors, and similar triangles, (def. 13. 

so, because similar polygons maybe in- and II. 32.), which sectors (Cor, 1.) as 

scril)ed and cicumscribed approaching to also the triangles (11.42.) are as the 

one another more nearly than by any squares of the radii, 
given difference (31.) a polygon may be p 

mscribed approaching to the triangle ^*°^- '*^- 

CAB within any given difference, that- J/K and L represent two regular 

is greater than the circle, if the circle be polygons of the same number of sides, 

supposed to be less than the triangle the one inscribed in, and the other cir^ 

CAB; which is absurd. cumscribed about, the same circle, and if 

Therefore the circle is neither greater M and N represent the inscribed and 

nor less than the triangle CAB, Biat is, circumscribed polygons of twice the 

it is equal to it. number of sides ; M shall be a geome- 

Therefore, &c. trical mean between K and L, and N 

Cor. Any circular sector is equal to *^«^^ ^« o« harmonical mean between L 

half the rectangle under the radius of andM. 
the circle, and the arc upon which it Let C be the centre 

stands: for.it is less than the circle in of the circle, AB a 

the ratio of that arc to the circum- side of the inscribed 

ference(13.). polygon K, C D a 

radius drawn per- 

Prop. 33. (Euc. xii. 2.) pendicular to. and 

The circumferences of circles are as therefore (3.) bisect- 

the radii, and their areas are as the ing A B in the point 

squares of the radii. I. Then, if £F be drawn, touching the 

Let R. r, represent the radii of two circle in D, and terminated by C A and 

circles. C, c their circumferences, and CB produced ; EF will (27. Cor. 2.) be a 

A a, their areas : then C : c : : R : r, side of the circumscribed polygon L of 

and A : a : : R« : r!. the same number of sides. Also, if AD 

For, in the first place, there may be be joined, and at the points A and B 
inscribed (31. Cor. 2.) two similar poly- tangents be drawn to meet E F in the 
gons, the perimeters of which approach points Gand H ; AD and GH will be 
more nearly to the perimeters C, c of the sides of the pol^^gons M and N of twice 
two circles, than by any the same given the number of sides (27.). 
difference ; and the perimeter of the one Now, because the triangles CAT, 
polygon (30.) is to the perimeter of the C £ D, C AD, C G H are severally con- 
other, always in the same ratio, viz. as tained in the polygons K, L. M, N. the 
R to r : therefore, C : c :: R : r (II. 28.). same number of times, viz. as often as 

And, in the same manner, because the angle ACD, or G C H, is contained 

there maybe inscribed in the circles two in four right angles, the polygons are 

similar polygons, the areas of which (31. one to another as those triangle8(l I.l 7.). 

Cor. 2.) approach more neiirly to the But the triangle C A I is to the triangle 

areas A, a of the circles, tlian by any the C AD as C I to C D, (II. 39.) that is 

same given difference ; and because Uie (because A I, E D are parallels), as CA 

area of the one polygon (30.) is always to C E, that is, again, as the triangle 

to the area of the other in the same ratio, CAD to the triangle C E D (II. 39.). 

viz. as R« to r«, A : a : R« : r« (II. 28.). And, because C A I is to CAD as CAD 

Therefore. &c. to CED, K : M :: M : L (II 17. Cor. 2.) 

Cor. I. Hence, similar arcs of circles and M is a mean proportional between 

are as their radii ; and similar sectors are K and L. 

as the squares of their radii For such ' Again, because the triangle C G H is 

arcs (or sectors) being to the whole cir- douMe of C G D. and. therefore, equal 

^umferences (or circles) in the same to the quadrilatml C AGD; the tri« 
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angle AEG is equal to the difiPerence 
of the triangles C £ D, C G H, and the 
triangle A G D to the difference of the 
triangles C G H. C A D. ButAEGis 
to AGD as £ G to G D, that is, (II. 50.) 
because the line G C bisects the anrie 
ACD, as £C to CD or C A, that is agsun, 
as the triangle C E D to the triangle 
CAD (11. 39.). And, because C£D is to 
CAD asthedifferenceofCED,CGH 
to the difference of C G H, C A D, L : 
M ::L — N:N — M (11.17. Cor.2.); 
that is, N is an harmonical mean be- 
tween Land M (def. 17.). 
Therefore, &c. 

Scholium, 

The proposition which has been just 
demonstrated, affords one of the most 
simple methods of approximating to the 
area of the circle : to which purpose it 
ma^ be applied as follows. 

Let the diameters 
A B, D £ be drawn 
at right angles to 
one another : the 

straight lines joining j>|(f — . — f- ::^in 

their extremities will 
include an inscribed 
square, and the tan- 
gents drawnthrough 
the same a circumscribed square. Now it 
is plain that the circumscribed square is 
equal to 4 times the square of the radius, 
and the inscribed to half the circum- 
scribed, that is, to twice the square of 
the radius. Therefore, if the radius be 
assumed for the linear unit, the inscribed 
square will contain 2, and the circum- 
scribed 4 units of area. But the in- 
scribed figure of eight sides is a mean 
proportional between them: therefore, 
the number of units of area which it con- 
tains, will be a m ean p roportional be- 
tween 2and 4,= V2X4, = 2.8284271247 
&a to the tenth decimal place inclusively. 
And the number which is an harmo- 
nical mean between 4 and 2.S28427 1247 
will, in like manner, be the number 
of superficial units in the circum- 
scribed figure of 8 sides. Now, to 
find such a mean x between two num- 
bers m, n, we have this proportion, 
m: n :: m — X : a? — n (II. def. 17) ; 
whence, multiplying extremes and 
means, m x (j?— n) = n x (>n— rr); 
transposing, mx -h nx = 2mn ; and 



//^ 


^ 


^ 





dividing hym+n,x = 



2mn 



that is, an 



harmonical mean between two numbers 
^s obtained by dividing twice their pro- 
duct by their sum» Thus we find the cir- 



cumscribed figure of 8 sides to contain 
3.3137084989 &c. superficial units. In the 
same manner, from these inscribed and 
circumscril)ed figures of 8 sides, are to be 
obtained the inscribed and circumscribed 
figures of 16 sides; and so on. This 
process leads us, after 18 times doubling 
the number of sides,* to the following 
values of the inscribed and circum- 
scribed polygons of 1,048,576 sides. 

3.1415926535 &c. 

3.1415926535 &c. values which 
differ from one another by a quantity 
which does not appear in the tenth deci- 
mal place. But the circle is greater than 
one, and less than the other of these 



* In the foUowlDif table of polygonal areas, sue- 
cessively computed as in the tex^ the letters. A, B. 
C, D, &c. indicate the rpg ular polygons of 4, 8, 16. 
38, &c. sides ; and, to show the progress of the ap- 
proximation, dots are substituted for the figures at 
the head of their respective columns. 

A fin. a. 
^ \cir. 4. 

n (in. 9.8S84S7ia47 
" \cir. 3.3137084989 
p (in. 3.06I46745S9 
^ icir. ..1825978780 
TV J in. ..121445159S 
^ icir. .,.51794907* 
IP (in. ...365484905 
* \cir. ...441183859 
- (in. ...403311569 

^ \cir 99936300 

n (in 19779509 

** \cir 17503699 

„ (in 51380U 

" Icir 63^0807 

. (in 5799404 

* \cir 6025108 

«. fin 5877953 

*^ \c\T 5951177 

J (in 914915 

^ \cir 32696 

„(in 93456 

** \ cir 28076 

T^jin 5766; 

^Icir 6921 

,, (in 6343 

^ icir 639 ' 

p (in 487 

^ \cir 560 

o (in 593 

Q \cir 49 

P (in 88 

^Icir 87 

c (in 5 

^ icir 6 

fp ( in 6 

^\cir 5 

Of a calculation which has attracted so much atteA* 
tion, it is not impossible that the student ma^ be 
curious enough to revise the steps, or even push it to 
a still greater degree of aporoximation. 

In doing this by the method here given, his labour 
will be considerably abridged by attending to the 
following rules. , . , , . . . 

1°. Annex one more to the decimal places which 
are required to be exactly ascertained, and with thia 
additional place, use the abbreviated modes of multi- 
plying, dividing, and extracting the souare root. vis. 
by inverting the multiplier, putting off succewively 
the fijrures of the divisor, and dividing out when the 
root is obtained to half the required number of places. 
(See Arith. art, 167. 185.), a a ^^ 

8^ When the calculation has proceeded so far 
thatC* being th«diffisT«noo of the two preceding poly* 
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polygons: therefore, the area of the 1 by the Greek letter #, bem^ the first 
circle is correctly denoted by 3.1415926 letter of the Greek word which signifies 
535 as far as the tenth decimal place J cirwmference* For the same number 
inclusively. ' which represents the area of a circle 

This number is commonly represented when the radius is taken for unit, re- 



foiu, and h the lesser of the two), the qnottent of the 

fraetbn rrr-' when expressed in decimals, has no 
166s 

significant figure in the first ten decimal places, the 
harmuaical mean may be found by taking half the 
sum or arithmetical mean, and subtracting therefrom 

r-T. Since 6=3.14, &c., this rale may be used when 
S #« does not appear in the last place but three. 

g s 
8*. And in like manner, when is not found 

in the last decimal place (or which is the same thing 
aearly, 7*» in the last place but three), the geome- 
trical mean may be obtained by taking the arithme- 

tical mean and subtracting therefrom •-•* 

o O 

. \4P, 'When JL. i, not found in the last decimal 
4 

place, (or 8 xs in the last but two) neither the har- 
monical nor the geometrical mean will differ appa- 
rently from the arithmetical, which may therefore 
be taken for them. 

Or, when this comes to be the case, instead of 
computing the intermediate polygonal areas, the 
area of the circle may be directlv found to the re- 
quired number of places by the following rule. 

" Let an iai(cnbc>d polygon be the lat<t computed ; 
take the difference between its area and that of the 
preceding circumscribed t divide this differeiice 
( considered as a whole niunber)by that powerof S, say 
fim, which is next less than it ; multiply the quotient 

^ , and add twice the product to the area of 

the inscribed polygon, placing the units of the pro- 
duct under the last decimal place of the area ; the 
anm shall be the circular area required." 

Thus, in the preceding table of areas, the difference 
between the inscribed polygon L and the circum- 
scribed polygon K is 36962; the power of 2, which is 
next less, ih 32768; the quotient of 36962 divided by 
32768 is 1.128; the number by which this is to be 

1 3^768 
multiplied -— ( 1) or 3461 ; the product to 

the nearest unit 6160 ; and 14215, together with the 
double of this product, is 26d3a, which has the re- 
maining digits in queiftion. 

The second, third, and fourth of these rules may 
be established by the assistance of the binomial theo- 
rem : the last is derived from the algebraical form of 
a series of quantities, each of which is an arithmeiical 
mean between the two preceding. 

* The letter ir is, however, more generally under- 
stood to represent the semicircuroference of a circle 
whose radius is unit; thin being evidently the same 
number which represents the circumference when the 
. diameter is assumed for unit. 

In fact sr represents (1), the superficial area of the 
jeircle where the unit of superticies is the square of the 
radius ; (2) the linear value of the circumference, 
.where the diameter is the unit of length ; and (3) the 
linear value of the semicircnmference, where the 
radius !s the unit of length. The last of these is tho 
meaning roost commonly attached to the symbol. 

In the method of approximation which is adopted in 
the text, idthongh the principle is perhaps mors <^ 
Yious, the computation is not so coocive as in another 
method, which may be derived from the following 
elegant theorem. 

J[jf k and 1 rej^tunt tht rMdii oftht circlet which 
are inscribed tn any regular potygon^ and circMM* 
wribed about it; andtfmandu reprcttnt thetc radiC 
f9f a r^vlttr poljfgam which ha* twice at wwty iidH; 




a$ the former t and an equal perimeter t m ihall learn 
arithmetical mean between k and l,Md n a geifmetrir 
cat mean between 1 and m. 

To demonstrate this : 

Let AB be a side, and C the centre of any rrgttlar 
polygon ; let CD be drawn perpendicular to AB, and 
join CA, CB : then CD is the 
radius, Jk, of the inscribed cir- 
cle, and CA the radius, /, 
of the circumscribed circle. 
From DC produced cut off CE 
equal to CA or CB, and join 
EA, EB: from C draw CF 
perpendicular to £A» and 
therefore (I. 6. Cor. 3.) bi- 
secting Ra, and through F 
draw FO parallel to AB, and 
theiefore (I. 14.) perpendi- 
enlar to ED, which it cuts in 
thejpoint H. 

Then, because the angle AEG is eqnal to half the 
angle ACD (I. 19.). the angle AEB, or FKCF. Is 
equal to half the angle ACD : also, because KF is 
eqnal to the half of EA, FG is equal (II. 30. Cor. t,) 
to the half of AB : therefore FG is the side of a re- 
gular polygon, which has twice as manv sides as the 
former, £ its centre, EH the radius, m, ot the inscribed 
circle, and EF the radios, a, of tho oirc«mscrib«d 
drcle. 

But, because EF is eqnal to half EA, EH is 
(U. 30.) equal to half ED, or to half the sum of CD 
and CA; that is, m is an arithmetical mean between 
k and /. And, again, because from the right angle 
F of the triangle KFC, FH is drawn perpendirular to 
the hjrpoteause EC, KF is a mean proportional bt- 
tween EC and EH (11.34. Cor.); that is» a is « 
mean proportional Detweeo / andm. 

Therefore, &o. 

Hence, beginning with the square or hexagon, we 
jnay proceetl, by alternate arithmetical and geometfi- 
cal means, to determine these radii for a regular i>oly- 
gon, the number of whose sides shall exceed any giveo 
number; in which process it is evident that the values 
of the radii will continually approach to one another, 
and, therefore^ to the intermediate value of the radiva 
of a circle which has the sane given perimeter. 

There is yet a third theorem, nearly related to the 
preceding, which may be applied to the purpose of 
this approximatioiL 

J/k and 1 represent the radii of the circles which 
are circumscribed about any regular polygtm^ and 
inscribed in t7, and m an ariihmeticcU mean betwems 
them; and if k' and i' represent these radii for a 
regular polygon which has twice as many sides as the 
former^ and an equal area, W shall be a $nean propor- 
tional between k and 1," and V a mean proportional 
between 1 and m. 

To demonstrate this : 

Let AB be a side, and C tho centre of any regular 
polygon : let CD be drawn perpendicular to AB, and 
join CA, CB: then CA is 
the radius, A, of the cir- 
cumscribed circle, and CD 
the radius, /, of the in- 
scribed circle. Draw the 
straight line CE bisecting 
the angle ACD; in CD 
produced take CF a mean 
proportional between CA 
and CD ; from F draw FG 
perpendicular to CE, and 
produce it to meet CA 
laH. 

Then, because CO bisects the angle FOH, and FG 
is peipendicnlar to CO, the triangle FCH is iaoft> 
celes (!• $•)> ^n^U because CHxCF is eqnal to 
CAxCD, the triangle CFH is equal to the triangtl 
CAP CULM, Cor.): thtraforeraisltesidfof an* 
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presents also the jcinmmference when approximate solution exhibited in tfaa 

the diameter is taken for unit, because .number 3.1415926535 &c. is suffici^ 
the area of a circle, being: equal to the for every useful purpose. If the ratio 
rectangle under the semicircumference be considered as expressed by the in* 
and radius (32.)i bears to the square teger and first ten decimal places, (hi 
of the radius the same ratio which the error committed will bear a less propovw 
semicircumference bears to the radius, tion to the whole circumference than aft 

or the circumference to the diameter. inch to the circuit of the earth. 

And hence if R be the radius of any Instead of the number 3.1415 &c. tht 

circle, its circumference (greater than fractions " and }f J may also be coi>- 

2 R in the ratio of * : 1 ) is = 2 * R : and veniently used in cases not requiring: a 

its area (greater Uian R« in the ratio of great degree of approximation. The 

«•: 1) is = flrR«. first (discovered by Archimedes) will 

It remains to observe that the circum- be found to fail in the third decimal 

fbrence of a circle is incommensurable place: the other (due to Metius, and 

with its diameter, for which reason their remarkably made up of the odd num* 

ratio can never be exactly represented bers 1. 3, 5) faUs in the seventh decimal 

by numbers. This was for the first time place only, 
demonstrated in the year 1761 A. D. by 

lAtnbert. During the long period for Section 5.-7%tf circle a maximum tf' 
which It was only matter of conjecture, ^irea, and a minimum of perimeter. 
the quest of the exact numerical ratio 

(and that by methods not more expe- In the present section it is proposed 

ditious than the above) occupied many to show that of all plane figures having 

laborious calculators. CouM they have equal perimeters, the circle contains the 

assigned any such, it is evident that greatest area ; and consequently, of all 

they might likewise have assigned the plane figures containing equal areas, haft 

exact viQue of the area of a circle, whose the least perimeter ; in other words, aft 

radius is given, and vice vered ; because it is announced in tlie title of the Sec^ 

that area is ( 32.) equal to half the pro* tion, that the circle is a maanmum iff 

duct of the radius and circumference, area and a minimum of perimeter. 
But the hope of arriving at a term of the 

i^proximation is now demonstrated to Prop. 35. 

have been vain, and accordingly an exact i^ • i ^t 

solution of the celebrated problem of Of eqwUtrxmglei upon the same ban, 

squaring the circle, that is, of finding the isoscelee has the least penmeterj 

a straight line, the square of which «^» «/ '^«. **f '» ^f»l "^^'/^ f «* '^ 

shall be exacUy equal to a given circle, greater vertical angle has the less pe- 

impracticable. At the same time, the dimeter. 

Let the triangles ABC, D B C be 

— — — — upon the same base 

B C, and between the 

fTular polygon which has twice as many rides as the same parallels A D, 

£Einn€r, and an eqnal area, C its centre, CF the n n /T Ol \ nviH lof 

radio*, *», of the circumhcribed circle, and CG the ^ ^^ \*' ^{'f* *""; "^^ 

fadiiis, /'. of the inscribed circle the triangle A B C DC 

But, by the conRtraction, CF is a mean proportional isosceles* the trianarle 
between CA and CD ; that is, fc' is a mean propor- * , * , . » 

tional between k and /. And. again, because the tri- ABC shall have a leSS 

angle CQF is similar to CDH, the triangle COF is to perimeter than the tri- 

Ue triangle CDE as C0« to CD* (II. 42. Cor.) ; but, J_ _i^ n R P 

becattset^etriangleCGFisenualtohalfCHF.thatis angle U ^ l^. 

*• half CDA, COP is to CDE as half DA to DK From B draw B E peipendicular to 

5M•^ir•'•**;^f???^i'i'l*'•*J**^•"^^^^??^*^^*i' AD, and produce it to F, so that EF 

^A+Cl9to CD(gI. 60.); therefor CH- 1^0 CG*: y ^^^^ ^^ ^ g . . ^ j. 

CD.:: £i+£2:CD.andCii.37.Cor.2.)CGi.« j^ / Then, because the triangles B E A. 

mean proportional between CD and ?^. that F E A have two sides of the one equal tO 

« two sides of the other, each to eacn^ 

'^TherSfoTi?."^'^'*"*^ ^^"^ ' ""^ "** *"^ ^® included angles B E A, F E A 

This iheorem'is applied in the same manner as th« equal tO one another, A F is equal 

preceding. It i« neoeseary to observe that CO la ^^ ^ g ^j 4 \ ^nd the angle F A E 

Sj:;.'::.'.'3rS^.h:t." • ?o?."if P t r.^« .T»?J5 to the angle B a E. that is to a B C 

wtional to KC and ED, it may be shown that (X. 15.) or (I. 6.) A C B. But the ail- 

rraaitt Uum Clia by a iquara which it to P« aa j-ies A C B, E A C are together equal to 

* H2 
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*wo right angles (1. 15) ; therefore FAE, 
£ AC are likewise equal to two right 
angles, and (I. 2.) F A, A C are in the 
same straight line. And because the 
triangles BED, FED have the two 
«ides B E, E D of the one equal to the 
two F E, E D of the other, each to each, 
and the included angles equal to one 
another (I. 4.) D F is equal to D B ; 
and it was shown that A F was equal to 
AB. But DF. DC are screater than 
FC (I. 10.); therefore DB, DC are 
greater than A B, A C ; and, B C being 
added to each, the perimeter of the 
triangle D B C is greater than the pe- 
rimeter of the triangle ABC. 

In the next place, let G B C be ano- 
ther triangle upon the same base B C, 
and between tne same parallels, but 
having the angle B G C less than B D C : 
the perimeter of the triangle G B C shall 
be greater than the perimeter of the 
triangle D B C. 

Bisect B C in K, and join A K. Then, 
because ABC is an isosceles triangle, AK 
is (I. 6. Cor. 3.) at right angles to B C. 
^nd, because A K bisects B C at right 
angles, it passes (3. Cor. 2.) through the 
centre of the circle which is circumscribed 
aboutthetriangleDBC(5.Cor.2.) Take 
A d equal to A D. Then, because A K 
passes through the centre of this circle, 
and bisects the chord B C, it bisects 
also the chord which passes through the 
point A parallel to B (3. Cor. 1 .) ; and 
therefore the point d is in the circum- 
ference of the circle. 
• Now, because the angle BGC is less 
than BDC, the point G must lie without 
the circle, (15. Cor. 3.) that is, G must 
be some point in the line D d produced, 
and does not lie between the points 
D, d. But if it lie upon the same side of 
FC with the point D, FG, GC together 
must be greater (I. 10. Cor. 1.) than 
F D, D C together ; and therefore, be- 
cause FGis ecjual to BG, and FD to BD, 
(1. 4.) the perimeter of the triangle GBC 
must be greater than the perimeter of 
the triangle D B C. And if it lie upon 
the other side of FC, FG, GC together 
will be greater than Fd^dC together. 
But because the diagonals F C, D d bi- 
sect one another (1.22.) the figureFD C d 
is a parallelogram, and (I. 22.) the sides 
¥d,dC together are equal to the sides 
F D. D C together. Therefore FG, G C 
together are greater than FD, D C toge- 
ther, and, as before, the perimeter of 
the triangle G B C is greater than the 
perimeter of the triangle D B C. 

Therefore, &c. 



PftOP. 36. 




If a rectilineal figure A B C D E have 
not all its sides equal and all its angles 
equal, a figure of equal area may be 
found, which shall have the same num.'- 
ber of sides and a less perimeter. 

For, in the first 
place, if it have not 
all its sides equal, 
there must be at least 
two adjacent sides 
which are unequal. 
Let these be AB, AE, 
and join B E : and let a B E be an 
isosceles triangle of equal area, and 
upon the same base B E. Then the 
whole figure a B C D E is equal to the 
whole ABCDE; and because (35. > 
a B, a E together are less than AB, AK 
together, the figure a B C D E has beenr 
found of equS area with the figure 
ABCDE, and having a less perimeter. 

Next, if it have not all its anglea 
equal, there must be two adjacent angles 
A, B, which are unequal. 

And, first, let the sides 
AE, BC, meet one ano- 
ther in a point P. Take 
P a a mean proportional 
(11.51.) between PA, PB, 
and make P b equal to 
Pa. Then, in the first 
place, if one of these 
points, as 6, lie in the cor- 
responding side BC, that 
is, between B and C, join 
ab: the figure a6CDE 
shall be of equal area 
with the figure ABCDE, 
and shall have a less pe- 
rimeter. For, because 
PA is to Prt as Pa or 
P6 to PB, aB joined is parallel to 
A^> (II. 29.). Therefore (1. 27.) the 
triangle a A 6 is equal to the triangle 
B A^,and the figure a6CDE is equal to 
the figure ABCDE. And because the 
triangle P a 6 is isosceles, the angle Ea d 
is equal to the angle C 6 a (I. 6. or I. 6. 
Cor. 2.); but the two E a 6, C 6 a are toge- 
ther equal to the two E AB, CB A ( 1. 1 9.)^ 
of which one, viz. EAB, is the greater; 
therefore the angle E a 6 is greater than 
the other CB A. And these latter angles 
are the vertical angles of the equal trian- 
gles a A 6, B A 6, which stand upon the 
same base Ab: therefore (35.) the 
sides aA,ab together are less than the 
sides B A, B 6 together ; and the figure 
a 6 C D E has a less perimeter than the 
figure ABCDE. 
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But, in the second place, if neither 
of the points a, b lie inv a side of the 
figure, but both of them 
in the sides produced, 
take any point m inBC, 
and join m A. Through 
B draw B n parallel to 
m A, and join m n : 
the figure nwiCDE 
shall be of equal area 
with the figure ABC 
DE, and shall have a less perimeter. 
The figures are of equal area, because, 
B n being parallel to m A, the triangles 
« Am, B Am are (I. 27.) equal to one 
another. And because the angle m « A 
is (I. 8. Cor. 1.) greater than the angle 
in a A,* much more is it greater than the 
angle 6a A; but the latter angle being, 
as in the preceding case, equal to a 6 C, 
is (I. 8. Cor. 1.) greater than ABC; 
therefore much more is the angle m n A 
greater than the angle ABC. And 
hence it follows, as before, that n A, n m 
together (35.)are less than B A, B m toge- 
ther, and that the perimeter of the figure 
n m C D £ is less than that of the figure 
ABCDE. 

The two cases in which the sides AE, 
B C are parallel, are easily demonstrated 




m a manner taken with little variation 
from the preceding, and readily to be 
apprehended by aid of the adjoined 
figures, in which aft is drawn through 
the middle point of AB perpendicular to 
AE and BC. 

Therefore, in every case, if a figure 
havG not occ 

Cor. \. Of plane rectilineal figures 
having the same number of sides, and 
containing the same area, the regular 
polygon has the least perimeter. 

For it is obvious, that a certain area 
being to be comprehended under a cer- 
tain number of sides, the perimeter of 
the containing figure cannot be less than 
of some certam length depending on the 
extent of the area ; that is, m other words, 
of figures inclosing the same area, and 
having the same number of sides, the 
perimeters cannot, any of them, be less 

• The lioe » a is not drawn in the figure. 



than a certain line, viz. the least possible 
by which, under the aforesaid condition, 
the given area can be inclosed. But it 
is shown in the proposition that, except 
a figure have all its sides equal and all 
its angles equal, another may be found 
inclosing the same area under the same 
number of sides and with a less peri« 
meter. Therefore, of all the above 
figures there is one only which is con- 
tained by the least possible perimeter, 
and that one is the regular polygon {def, 
11.) 

Cor. 2. And hence a regular polygon 
contains a greater area than any other 
rectilineal fissure having the same num- 
ber of sides and the same perimeter : 
for a similar polygon which should have 
the same area with the figure, would 
have a less perimeter (Cor. 1 .), and there- 
fore (30.) a less area than the regular 
polygon which has the same perimeter. 

Prop. 37. 

0/ regular polygons having equal 
perimeters, that is greatest which has 
the greatest number of sides. 

Let AB, a6 
be the sides of 
two regular po- 
lygons having 
equal perime- 
ters, and let 
the polygon 
which has the 
side a 6 have a greater number of sides 
than the other. The polygon which has 
the side ab shall be greater than the 
other. 

Let the sides AB, ab, be placed m 
the same straight line, and so that their 
middle points may coincide, as at D. 
Then, because ab is contained a greater 
number of times than AB in the common 
perimeter, a 6 is less than A B, and the 
point a lies between A and D. From D 
draw D C at right anj^les to A B, and 
therefore (3. Cor. 2. and def. 1 2.) passing 
through the centres of both the poly- 
gons: and let C be the centre of the 
polygon which has the side AB, and c 
the centre of the polygon which has the 
side ab; it being supposed as yet un- 
known whether DC or D c is the greater 
of the two. Join C A, c a ; through C 
draw C o parallel to c a to meet AD mo; 
and lastly, with the centre C and radius 
C describe the arc m n cuttmg C A in 
m, and CD produced in n. Then, be- 
cause AB is to the common perimeter of 
the two polygons (II. 17.) as the angle 
ACB to four right angles, «Qd the com- 
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mon perimeter to a & as four right angles the circle (II. 35 0> that is, at its pen- 
to the angle act, ex cequali (IL 24), meter to the perimeter of the polys^on in 
AB is to a 6 as the angle ACB to the question, or (II. 17.) as its side to the 
an(i;le acb\ and hence, hy taking; the side of the latter. Again, because the 
halves, (II. 17. Cor, 2.) the line AD is to polygons are similar (II. 43.), they are 
aD as the angle ACD to acD, or (I. one to another in the duplicate ratio 
15.) o CD. Therefore, dwidendo (II. of their sides. Therefore, the circum- 
20.) A a is to a D as the angle AC o to scribed polygon has to the other the 
oCD, and invertendo (II. 15.) Da is duplicate ratio of that which it haste 
to a A as the angle D C o to o C A. the circle, and (II. def. 11.) the circle is 
Again, because the sector Cno is a mean proportional between the two 
greater than the triangle C D o, and the polygons.* But the circumscril>ed poly- 
sector Com less than the triangle C o A, gon is greater than the circle : therefore* 
the sector Cno has, on both accounts, the circle (II. 14.) is greater than tba 
(II. 1 ] .) to the sector Coma greater polygon of equal perimeter, 
ratio than the triangle C D o to the tri- Cor. A circle is greater than any 
angle C o A : but the angles DC o, o C A plane rectilineal figure of the same pen« 
have the same ratio as the sectors meter (37. Cor,), 
(13.), and the lines D o, o A the same __. 

ratio as the triangles (II. 39): therefore T4.«««u*r ji^-c av* 

the angle D C has to the angle o C A ?* °>*y ^ inferred also, from the fore- 

a greater ratio than the line Do has to glff.PrP"'"*'*'"*' .*,'?'^* *•»« «'•«''« *? ?^ 

the line o A (II. 12. Cor. I and 2.). And fl** i*^. ^J <^rmltru^ figure of the 

it was shown, that D o has to a A the '^SIT- Tv. 1 J"" ^^''^.,^''1^ ™- 

scribed m the latter a rectilmeal figure 



same ratio which the angle D C o has to ^7*"^" "* "*? '^l"^"^ » reciumeai ngure 

theangleoC A: therefore Da has to ^^J^^^ perimeter, yet approaching 

aAa|reaterratiothanDotooA,and "'^^^ nearlyto it m area than by any 

D a is greater than D o. And. because ^J^PP^"!? ^^?^f °^ ^^^ ?"g»"^ ^"^ 

Co is parallel toe a, DcrDC :: Da: ^^^^^ ^^^ '''^''^^* so that were there 

Do (II. 29.); therefore Dc is also ^".''t.t'' /''''!?'' \ ""^^'^'^^J^ ^^^J""^ 

greater than D C. - "^^^^ \^ /«,^"d g^^^ter than the circle. 

But the polygons, being equal, each of ^"^ yf/ ^^ J??? Perimeter, which is im- 

them, to half the rectangle under the Possible. This method will not how- 

apothem and perimeter (29.), are to fver, carry us any further. In the fol- 

one another as their apothemscD. CD Jowmg propositions, another vjew is 

(IL 35.) : therefore, the polygon which [*^^" ?^ ^|^^ sMh^^^^i, and by them it wiU 

baa the apothem cD and side a 6 is be made to appear, that the cu-cle is 

greater than the other. ^^"i^^ ™^ any other figure, curvih- 

Therefore &c. ^. ^^ otherwise, which has the same 

Cot. a regular polygon is greater P^ri^f^eter. 
than any other rectilinei figure having Prop. 39. 

the same perimeter, and the same or a If two triangles home two sides of the 

less number of sides (36. Cor. 2.). one equal to two sides of the other, each 

Pnnt» qft ^^ eachj and the angle contained by the 

' , two sides of the first a right angle, but 

A circle %s greater than any regular the angle contained by the two sides cf 

polygon having t/te same perimeter. the other not a Hght angle, the first trt^ 

For let a sunilar polygon be circum- angle shall be greater than the other, 
scribed about the circle, viz. by dividing Let A B C, 

the circumference (or conceiving it to be DEF be two 

divided) into as many equal parts as the triangles which 

polygfon is to have sides, and drawing have the two 

tangents through the points of division, sides A B, B C 

Then, because the area of the polygon is of the one 

equal (29.) to half the rectangle under — — — - 

ifannnthpm and ni»rimMpr and thp arpa It appears from thiti part of the domonatratioa, 

US apotnem ana penmeier, ana ine area that if there he two similar poimons, of which one i» 

of the circle to halt the rectangle Un- circumscribed about a circle, and the other has the 

der its radius and perimeter (32.) : and '"'^ perimeter with the circle, the circle shall he a 

IL i, i-u^ i.1. f Ai -u J mean proportional between the two poluaons : SL pra- 

that the apothem of the circumscribed position which is true, whether the polygons be re- 

polygon is equal to the radius of the gular or irregular. For whether the circumaeribed 

Ckele* the circumscribed POlVffOn is to Sfy*'"^}^ regular or otherwise, it ia evident Ih^ 

Ul0..eirQto M. (tt pennstW ta that of meter and ore raOioa of theoirdo. 
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equal to the two ades DE, EP of the 
other, each to each, hut the ansrle ABC 
a right angle, and the angle DEF greater 
or less than a right angle ; the triangle 
ABC shall be greater than the triangle 

DEF. 

From the point D draw D G perpen- 
dicular to E F, or E F produced. Then, 
because D G is (1. 12. Cor. 3.) less than 
D E or A B, the rectangle under D G, 
EF is less than the rectangle under 
AB, EF, or AB, BC, and therefore 
(1.26. Ctyr.) the triangle DEF is less 
than the triangle ABC. 

Therefore, &c. 

Cor, Two given finite straight lines 
with a thkd indefinite, inclose the 
greatest possible area» when placed at 
right angles. 

Prop. 40. 

Jftwo quadrilaterals have three sides 
of the one equal to three sides of the 
other, each to each, and the angles of 
the first lying in a semi-circumference 
of which the fourth side is diameter, but 
the angles of the other not so lying, the 
Jtrst quadrilateral shall be greater than 
the other. 

For if EFGH (see Jig . 1) be that one 
of the quadrilaterals which has not the 
andes lying in a semicircumference, of 
which the fourth side EH is diameter, 
and if G be an angle which does not so 
lie ; then, joining EG, the angle EGH 
will not be equal to a ri^ht angle, 
(15 Cor. 3.) and, therefore, if GH be 
drawn perpendicular to EG. and e<}ual 
to GH. and if EH' be joined, the t"^- 
gle EGH' will be greater than EGH, 
(39.) and, accordingly, the quadrilateral 
EFGH'. which has its three sides Et, 
FG, GH' equal to the three EF, FG, 
GH, each to each, greater than the 
quadrilateral EFGH. Therefore, if 
a quadrilateral be inclosed by three 
given sides and a fourth not given, a 
greater may be found inclosed by the 
same three given sides and a fourth not 
given, except when the angles lie m a 
semicircumference, of which the fourth 
side is diameter. But, because the 
fourth side is (1. 10. Cor. 2.) necessarily 
less than the sum of the other three, it 
is evident that there is some certain area, 
a greater than which cannot be so in- 
closed, and therefore some quadrilateral 
which incloses the greatest pof sible area. 
Therefore, the quadrilateral AB^u 
which has its angles lying in a semicir- 
cumferoaee, of wto* the fourth side » 



diameter, incloses the greatest possibk 
area, and the quadrilateral ABCD ii 
greater than EFGH.* 

Otherunse, 

Let ABCD, EFGH be two qua- 
drilaterals which have the sides A B, 
B C, C D of the one, equal to the sides 
E F. F G, G H of the other, each to 
each ; and let the angles A, B, C, D of 
the first lie in the circumference of a 
circle, of which the side A D is diameter, 
but the angles E. F. G. H, of the other 
not lie in the circumference of a circle 
of which K H is diameter : the quadri- 
lateral ABCD shall be greater than 
EFGH. 





Fig. 2. 




Fig. 3. 



Join EG, FH: and, as most fa- 
vourable to the Fig. I , 
figure EFGH 
in the com- 
parison with 
ABCD, let one 
of the angles 
EFH.EGH, 
the former for 
instance, be a 
right angle ; 
since, FH re- 
maining the 
same, the tri- 
angle E F H, 
and therefore 
the whole figure 
will be greater 
(39.) upon this 
than upon the 
contrary suppo- 
sition. It will 

appear in the . ,.«, x 

demonstration, that it is indifferent 
whether E G H be supposed less or 
greater than a right angle : we shall set 
out with supposing it to be less, and, 
therefore, (15. Cor. 3.) the point G to be 
without the semicircle upon EH. 

Draw G H' at right angles to E G, 
and equal to GH (Jig- Di *"^ ^^^ 

• If two of the jciven sides as FG, GH should be ia 
the sHme s'^tJiighUme, EFGH would be a triangle. 
thesHmesiTuignv be observed, however, 

that n this ciwe EFGH is less ihan A B CD. We 
mavadd ihat, by a similar demonstration, it appear. 

li2^»wHh am indefinite inchu thegreateH »os»tW# 
S?a when placed as chords of a simcircumference 
of nhich the inttfjtnite is Oiameter. 
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BH^ Then, because EFH is aright than did the last m the aeries which 
angle, EFH' is greater than a right was ^ater or less than AD; that is, 
angle, and therefore (15. Cor. 3.) the AD is the limit to which, in the fore- 
point F falls within the semicircle drawn going process, the bases E H are made 
upon EH', as in fig, 2. Again, draw to approach. And it has been shown, 
FE' iflg, 2) at righf angles to FH' and besides, that the figure E F GH is in- 
equal to E F, and join E'H'. Then, creased at every step. Therefore, the 
because E G H' is a right angle, E' G H' figure upon the base AD is greater than 
is less than a right angle, and the any of the figures EFGH. 
point G falls without the semicircle upon Therefore, &c. 
E/ H' (see/^BT. 3), as at first. It appears Cor, Three given finite straight lines 
therefore, that if the process be repeated with a fourth indefinite, inclose the 
and continued, we shall obtain m this greatest area, when placed as chords 
manner a series of figures (/^.l.,/^. 2., of a semi-circumference, of Nvhich the 
flg. 3., &c.), each of which is greater fourth side is diameter, 
than the preceding (because one of the Prop 41 

triangles remaining the same the other j. quadrilaterah have the font 

IS made to have a right angle), and m .V *«*;v uwuwf ftu*c7i*** ft«t^ j 

which, one of the angles E F H, E G H, "J^f ^/ 1^^ """^ ,T«^ ^^ '^^-^^^ **^ 

being a right angle, the other is greater Sf '^^ other, each to each in order, and 

than a rigli^ angle, and less than a right ^^ "^S^^ ""f j^ one lying m the cir- 

angle alternately cumference of a circle, but the angles 

Agwn. of the bases EH. EH', E'H', ^/ f?^^/^, 'J^',, *P ^^'^'f' f^^ -^.7' 

&c. each is of a magnitude intermediate Q^rilateral shM be greater than the 

between the two preceding. For, be- ^ t 1 4U ji* i Aunn ah^^ 

cause the square of E'H' {fig. 2) is equal ^ Let the quadi^aterds ABCD. A B cd 

(I. 36.) to Ae squares of E% and F H', ^^ave the four sides of the one equal to 

and that FH' is greater than YK{flg,l\ ^^ ^<^"' "^«s of 

(becausethetwosidesFG, GH'of the Y^^ °i_ ? *"* ®^^ 

triangle FGH' are equal to the two sides ^ V^^^ *" ^^f ^» 

rG,GH of the triangle FGH. and con- ^^\^^ ^"^J®* 

tain a greater angle (1. 11),) the square A» ^» ^» r v»"g 

of E' H' is greater than the squares of J." ^"^ circum- 

E' F. F H. or of E F, F H ; greater, that ^f ^??f °^^* ,^T 

is, than (1. 36.) the square of E H (Jig, 1 ), ^^^ ^^^* t)ut the 

and therefore E'H' (flg, 2 or 3) is a^glesA.B, c.rf, 

greater than EH iflg, 1). But E'H' "^^ ^^ ^y^"g- ^^^ quadrilateral A B C D 

(>^. 3) is less than EH'(y^. 2), because ^i*^^ ^ greater than the quadrilateral 

the two sides E' F, FH' of the triangle ^2/^^ ^ , 

E' F H' are equal to the two E F, F H' Through A draw the diameter A K, 

of the triangle E F H', and contain a *"^ J^**^ ^ ^» ^ ^ • ^^ "PO»i B c, 

less angle, (I. 11.). Therefore, E'H' ^^^^'^ ^^ ^^"^1 to B C, make the tri- 

C/f^.3) is of intermediate magnitude be- angle B A c .equal and similar to the 

tween E H {fig. 1 ) and E H' {fig, 2). ♦^'^angle B K C, so that the sides B A, A c 

And, in a similar manner, it may be ™ay be equal to the sides B K, K C 

shown that E'H" iflg, 3. or 4) is of respectively; and join A ^. 

intermediate magnitude between E H' Then, because the straight lines B c, 

ijig, 2) and E' H' ( fig, 3) ; and so on. B C do not coincide, (for if they did, the 

Now A D is greater than E H. E' H', ^g^res would coincide altogether by 1. 7.) 

&c., and less than E H', E' H", &c., *^? P*^^^^ * ^^®^ ^^^ coincide with the 

because the chords AB, B C, CD, P°^"* K: but ABK is a right angle 

which together subtend the semi-circum- ^^^' ^^' '•)• therefore ABA is not a 

ference of which AD is diameter, sub- T&l^t angle, and (39.) the triangle BAK 

tend more than a semi circumference in ^^ greater than the triangle BAA. Also, 

the circles of which E H, E' H', &c. *{J® quadrilateral A D C K, having its 

are diameters, and less than a semi-cir- *"'^? ^}^^^ A D, D C, C K chords of the 

cumference in those of which E H', semi-circumference upon AK, is greater 

E' H". &c. are diameters. * *^an any other quadrilateral* Adck, 

Therefore, every successive base E H having three of its sides equal to AD, DC, 
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C K, respectively (40.). Therefore, the 
whole figure A B K C D is greater than 
the whole figure AB kcd; and, taking 
away the equal triangles B K C, Bkc, 
the figure A B C D is greater than the 
figure Abed. 

Therefore, &c. 

Cor.l. If afigure ABCDEFisto 
be inclosed by any number of given sides, 
and if these sides be not so disposed 
that the angles may lie in the circum- 
ference of a circle, a greater figure may 
be inclosed by the same sides. For, if 
the angle £, for instance, do not he in 
the circumference which passes through 
the points A,B,C,join AE, CE, and 
let there be constructed the quadrila- 
teral abce, such that its sides may be 





equal to those of A B C E, each to each, 
and its angles in the circumference of a 
circle (25. Cor.): and upon the sides ae, 
ce, which are equal to AE, CE, respec- 
tively, let there be described the figures 
o/tf, cde equal to the figures A FE, 
CDE, respectively. Then, because, by 
the proposition, the quadrilateral a bee 
is greater than A B C E, the whole 
figure a b cd ef is greater than 
ABCDEF. 

- Cor. 2. And hence, of all figures 
contained by the same given sides in 
the same order, that one contains the 
greatest possible area which has sdl its 
angles in the circumference of a circle. 
For the area inclosed by the given sides 
cannot exceed a certain limit depending 
upon them, which limit is the greatest 
possible that can be inclosed by the 
nven sides, and is therefore such as by 
tnem can be inclosed. But no figure, 
so inclosed, contains the greatest pos- 
sible area, of which the angles do not lie 
in the circumference of a circle. There- 
fore, the figure which has its angles in 
the circumference of a circle contains a 
greater area than any other figure hav- 
ing the same given sides. 

Scholium. 

' That a circle may be imagined in which 
any number of given straight lines shall 
subtend as chords the whole circum- 
ference exactly, is evident from this, that a 
circle may be imagined in which they shall 



subtend less than the whole circumfeir* 
ence, and a second circle in which they 
shall subtend more than the whole cir- 
cumference : for the circle required will 
be of some magnitude between these two. 
It may be observed, also, that the 
order of the sides is indifferent as well 
to the magnitude of the required circle, 
as to the magnitude of the figure which 
is to be inscribed in it ; for the same 
chord will subtend an arc of the same 
magnitude, at whatever part of the cir- 
cumference it may be placed (12. Cor. I ); 
and therefore the arcs subtended by all 
the chords will be together equal to tlie 
whole circumference, whatsoever may 
be their order. And, because the same 
chord always cuts off a segment of the 
same area, the segments cut off by all 
the chords will amount to the same 
area, whatsoever may be their order ; 
and therefore the inclosed area, which 
is the difference between that amount 
and the area of the circle, will also be 
the same. From these considerations 
it appears that Prop. 41. Cor. 2. need not 
have been qualified by a regard to the 
order of the sides. 

Prop. 42. 

Of ail plane figures having the same 
perimeter^ the circle contains the greats 
est area. 

For, if the figure ABCDEFGH 
be any other than a circle, there must 
be some four points in the perimeter. 





as A, C, E, G, which do not lie in the 
circumference of a circle. Join these 
points, and let the quadrilateral a c^^ 
be constructed, having its sides equal 
to those of the quadrilateral ACEG, each 
to each, and its angles in the circumfer- 
ence of a circle (25. Cor,), Then, because 
(41.) the quadrilateral aces is greater 
than A C E G, if upon the sides ac, ce, 
eg, ga, which are equal to A C, C E, 
E Gr, G A, respectively, there be con- 
structed the figures abc,c de, efg, gha 
equal to the figures ABC, CDE, 
E FG, G H A, each to each, in all re- 
spects, the whole figure abcdefg 
wDl be greater than ABCDEFG, 
and will have the same perimeter. 

It appears, therefore, that if a plane 
figure oe not a circle, a greater arefr 
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than is contained by that figure may be spending to the first condition. But 
inclosed with the same perimeter. But again, the point required must be 
the area inclosed by a given perimeter equidistant from the two given points, 
cannot exceed a certain limit, which that is, it must be in the straight line 
Hmit, being the greatest possible that which bisects the distance of the two 
can be so inclosed, some figure with the given points at right angles ; for this, it 
given perimeter must be capable of con- is easily seen, (I. 6.) is the locus cor- 
teining. Therefore the circle only con- responciing to this second condition, 
tains the greatest area of all figures Therefore, if this straight line be drawn, 
having the same perimeter. and intersect the given line, the point 

Cor. In the same manner it may be of intersection (or any of those points, 
shown that if a figure is to be inclosed if there be more than one) will satisfy 
by a given perimeter, of which part is to both conditions, and will be the point 
be a given nnite straight line, and if it be required. 

not made a circular segment of which If there be no point of intersection, the 
the given line is chord, a greater may be problem is impossible, 
inclosed with the same conditions, and To take another instance — 
therefore that of all figures so inclosed Let it be required "to find a point in a 
the circular segment is the greatest. certain plane, which shall be, first, at a 

Prop 43 given distance from a given point in the 

J, ' r » r plane ; and, secondly, at a second givea 

Of all plane figures having the same distance from a second given point la 
4rea, the circle has the least perimeter, the same plane." 

Let the circle C have the same area Here it is evident that the locus cor- 
with any other plane figure F : C shall responding to the first condition is the 
be contained by a less perimeter than F, circumference of a circle described about 

the given point as a centre with the 
given distance as radius : and again, 
C ) / -B ) *^** tbe locus corresponding to the se- 

cond condition is the circumference of 
a curcle described about the second 
given point as a centre with the second 
Let C be a second circle, having the given distance as radius. Therefore 
tame perimeter with F ; then by the the points which are common to the two 
last proposition, Q! has a greater area circumferences, that is, their points of 
than F has, that is, than C has. But intersection, if there be any, will either 
the areas of circles (33.) are as the ofthem be the point required, 
squares of their radii ; therefore the ra- If the circles do not intersect one ano- 
dius of C is greater than the radius of ther, the problem is impossible, 
C ; and the radii of circles (33.) are as Such is the use of lod in the solution of 
their circumferences ; therefore the cir- problems. We have seen also in the above 
cumference of C, or perimeter of F, is example, that they serve to determine in 
greater than the circumference of C. what cases the solution is possible or im- 

Therefore, &e. possible. Thus, in the latter example, it 

Section ^.—Simple and Plane Loci. S^^" ^ impossible, if the distances of 
rk r 1 ^ A I • T^i r^ . . tbe point reqmred from the given points 
Def. 14. A locus m Plane Geometry is diflfer by more than the mutual distance 
% straight line, circle, or plane curve, of those points, or together fall short of 
every pomt of which, and none else in that distance: and in the first example 
that plane, satisfies a certain condition, it wiU be impossible, if the jriven Une 
The nature and use of loci wiU be being straight, l)e perpendicSar to the 
readily apprehended from the following line which passes through the two given 
example:— points, and does not pass through the 

i» Required a ^int m a certain plane point which bisects that line ; i(x if it 
which shall be. first, ma given line in does so pass, the two conditions pro* 
the plane ; and, secondly, equidistant posed are identical, and any point in this 
from two given points in the same line will answer fhem. 

P^^* X XI. ^ . ^... ^^^^ ^^^^ Js tlie limit between ex- 

^ Here, as far as the first condition cess and defect. The points upon one 

only is coneerned, any pomt m the given side of it fail by defect, and those upon 

Uiw. but none else, wiU answer. The the other side by excess, of possessimr 

mm bae. is theyefove tbe locua ooire- the required proper^ which is posseswS 
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l>3r every point in the loeus. Thus, in Prop 44 

the case of the drele, the distance of a d^«..v«^^a- i^ \c'i> ... 

point within the circle falls short of the ^^J^.j^!^^ "^^ P?^ •«*<^ 

distance of the cireumference, whUe that ^^'^^^ fr<m two gtven pwnU 
of a point without exceeds it t * r> u 

When a locas is merely a straight line, , l^et P be a point in the 

it is called a Hmjde loeua; when the cir- |^^«» ^^ J°*°^>» ^ ^• 

cumferenceofacircle, it is called ap/an« Then, because PAB is an 

loeua ; when any other curve, it is said to J?°^^®/?f triangle, if the 
be of higher dimensions than the circle. SJ^®. 4^ ^^ bisected in C. 

The following propositions afford ex- t^C joined will be at nght 

amples of the two first only; and, the S1?^H*° u ^^' ?* ^^•^^• 

thrw concluding propositions excepted, .Anarefore the point P lies 

they will be found the same in substance "? "^f stra^ht hne which 

with theorems which have been stated ^J^^^* -^ \ ?^ "?*^^ *"^- 

before, and which only reappear in this ?^^!' *°^ *^ *? easUy shown, reversely, 

place under a different form. that every pomt m this straight line is 

It will be observed that they are in- fl«w»8tant from A and B (1. 4.) ; there- 
vestigated—A species of analytical rea- ^*^*^ straight hne is the locus re- 

soninsT which has not hitherto been ex- ^"i!^* 

emplified either in the demonstration of ,. ^® ™*y observe, that if any point Q 
a theorem or in the solution of a pro- ^® \fP^" **!« ^^ »»<^« o^ ♦he locus with 
biem, but which is the method commonly ^l* ^u -i ^e less than Q B ; if upon 
pursued in arriving both at the one and J?t°! j ^*^®' ^^ ^^ ^ greater than 
the other, and is known under the name Wi* ^^« 1 !•). 
of " Greometrical Analysis.*' The nature Prop. 45. 
of this, as opposed to the ordinary di- Required the locus qftUl points which 
dactic method of solution, commonly o^^ ^Quidistant from two given straight 
called that of synthesis or composition, lines A B, C D. 
is pointed out by its name, and will be at If the given 
once apprehended from any of the fol- straight lines be 
lowing examples. We need only ob- parallel, the re- 
serve that rather than two distinct me- quired locus is evi- 
thods of doing the same thing, as might dently a straight 
at first appear to he the case, they are line, which is pa- 
but the different parts of one full and rallel to each, and 
perfect method ; that the use of each is bisects the dis- 
essential to a complete solution ; the tances between 
latter (synthesis) always taking the sub- them, 
ject up where the other leaves it; the But if not, let 
analysis first descending, by geometricsd them meet in E, and let P be a point in 
reasoning, from the thing proposed to the locus. Then if PAbedrawnperpen- 
the minutest particulars of the solution, dicular to AB, and PC perpendicular to 
and the synthesis ascending back through CD, PA will be equal to PC. Join 
the same steps from these particulars to PE : then, because the right-angled tri* 
the thing proposed. It is true, that, be- angles PAE, PC E have a common 
cause the steps in each are for the most hypotenuse P E, and equal sides P A, 
part the same, occurring only in an in- P C, they are equal to one another in 
verted order, the same principles are every respect (1. 13.); and the angle PEA 
developed in each, and, therefore, the is equal to the angle PEC. Therefore- 
detail of either (more especially the syn- the point P is in the straight line which 
thesis) commonly furnishes a satisfac- bisects the angle A E C : and, reversely, 
tory view of the question ; for which rea- it may be shown that every point in this 
son, and for the sake of brevity, one is straight line is equidistant from AB and 
usually given to the exclusion of the CD (1. 13.): therefore, this straight line 
other. The student will, however, find is the locus required. 
himself amply repaid by entering into If any point Q lie upon the same side 
both, and he is recommended, after fol- of the locus with the straight line A B, 
lowing the analysis of the problems of its distance from A B will be less than 
the present section, to supply in each its distance from CD; if, upon the 
oast where it is omitted, the synthesis other side, its distance from A u i/nU be 
SiCiisuy ta oompUte the soLutioDr greater than that from C Db 
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Prop. 46. 
Straight lines being drawn from a 
given point A to a given straight line 
B C, required the locus of all points 
dividing them in the same given ratio 

Let A B be any 
straight line drawn 
from A to B C, and 
divided in the given 
ratio in the point D ; Z_ 
and let P be a point 
in the locus. Then, because AP is to 
P C in the same ratio as AD to D B, 
D P joined is parallel to B C (II. 29.). 
Therefore the point P lies in a straight 
line drawn through D parallel to B C : 
and reversely it may be shown that 
every point in this straight line has the 
given property (II. 29.) ; therefore it is 
the locus required. 

If Q be any point on the same side of 
the locus with A, it will divide the line 
A C which passes through it, in a less 
ratio than that of A D to D B : if upon 
the other side, in a greater ratio. 

Prop. 47. 

' Required the locus of the vertices of 
all equal triangles, upon the same base 
A B, and upon the same side of it. 

Let ABC be 
any triangle, upon 
the given side of 
the base, and hav- 
ing the given area, 
and let P be a 
point in the locus. Then, because the tri- 
angle PAB is equal to CAB, PC joined 
is parallel to A B (I. 27.). Therefore 
the point P lies in a straight line drawn 
through C parallel to A B : and, re- 
versely, it may be shown that every 
point in this straight line has the given 
property (I. 27.); therefore it is the 
locus required. 

. If Q be any point upon the same side 
of the locus with AB, the triangle Q AB 
will be less than CAB; if upon the 
other side, greater. 

Prop. 48. 
' Required the locus of the vertices of 
all triangles having equal vertical an- 
gles, upon the same base AB; and upon 
the same side of it. 

Let A C B be the 
given vertical angle, 
and let P be any 
point in the locus. 
Then, because the 
angle at P is equal 
to the angle at C, 






the point P is in the circular arc passing 
through C, and having A B for its 
chord (15. Cor, 3.): and, reversely, it 
may be shown that every point in thb 
arc has the given property (15.) ; there- 
fore it is the locus required. 

If Q be any point upon the same side 
of the locus with A B, the angle A Q B 
will be greater than A C B ; if upon the 
other side, less. 

Prop. 49. 

Required the locus of the vertices of 
all triangles upon the same base A B, 
having the side terminated in A greater 
than that terminated in B, and the dif- 
ference of the squares of the sides equal 
to a given square. 

Let P be a point 
in the locus, and 
from P draw P C at 
right angles to A B, 
or A B produced. 
Then, because the 
difference of the 
squares of A C, B C 
is equal to the dif- 
ference of the squares of AP, BP (1.38.), 
the difference of the squares of x\C, BC 
is equal to the given square ; and the 
point C may be found (1.34.) by taking 
A D (II. 52.) a third proportional to A B 
and the side of the given square, so that 
the rectangle under AB, AD may be 
(II. 38. Cdr,\.) equal to the given square, 
and bisecting BD in C* And it may 
be shown, reversely, that if from the 
point C so taken, P C be drawn per- 
pendicular to A C, every point in P C 
will satisfy the given condition ; there- 
fore P C is the locus required. 

If Q be any point upon the same side 
of the locus with the middle point of 
AB, the difference of the squares of 
Q A, Q B will be less than the given 
difference; if upon the other side, 
greater. For, if a perpendicular Q e' 
be drawn from Q to A B, and E P be 
taken equal to EB, the difference of 
the squares of Q A, Q B will be equal to 
the rectangle under AB, AF, (1. 39.) 
which is less or greater than the rectan- 
gle under A B, A D, according as the 
position of Q is one or the other of the 
two just mentioned. 

The figure represents the point C in 
A B produced ; if, however, the given 
square be sufficiently small, the point C 
may lie between A and B. 

Prop. 50. 
Required the locus of the vertices of 
all triangles upon . the same . base, A B, 

• See also 1. 89. '- ^ 
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having the sum of the squares of their 
sides equal to a given square. 

Let the given square 
be the square of C, 
and let P be a point 
in the locus. Bisect 
AB in D, and join PD. 
Then, because the base 
AB of the triangle 
PAB is bisected in — - — 
D, the sum of the 
squares of P A, P B is equal to twice 
the square of PD, together with twice 
the square of DA (1. 40.) But it is also 
equal to the square of C. Therefore twice 
the square of PD is equal to the dif- 
ference between the square of C and 
twice the square of A D, that is, if twice 
the square of D £ be equal to the same 

S'ven difference, to twice the square of 
E ; and the point P lies in the circum- 
ference of a cut:le described from the 
centre D with the radius D £. And it 
may be shown, reversely, that every 
point in the circumference of this circle 
satisfies the given condition (I. 40.) ; 
therefore it is the locus required. 

If Q be any point without the circle, 
the sum of the squares of Q A, Q B 
will be greater than the given sum ; if 
within it, less. For QD« will be greater 
than P D« in the former case, and less 
in the latter ; and therefore the sum of 
the squares of Q A, Q B wiU be (I. 40) 
greater than twice the sum of the squares 
of P D, D A, that is than the given sum, 
in the former case, and less in the latter. 

Prop. 51. 

Required the locus of the vertices of 
all triangles upon the same base A B, 
having die side terminated in A greater 
them the side terminated in B, and their 
ratio the same with the given ratio of 
AD/oDB. 

Let P be a point in the locus. Di- 
yide AB produced CIL55.) in the point 




dt so that A d may be to 6^ B as A D to 
D B, and join P A, P B, PD, Prf. 

Then* because in the triangle PAB 
the straight lines PD, Pc/ divide the 
base and the base produced in the ratio 
of the sides (II. 50.) they bisect the ver- 
tical and exterior vertical angles : there- 
fore the angle D P d is equal to half the 



sum of the angles A PB, B P X, that is 
to the half of two right angles ( 1. 2.) or 
to one right angle. And because D Pd 
is a right angle, the point P lies in the 
circumference of a circle described upon 
the diameter D dL (15. Cor. 3.) 

And reversely, if P be any point in 
the circumference of this circle, PA shall 
be to P B in the ^ven ratio. For, take 
C the middle point of D d, that is, the 
centre of the circle, and join C.P. Then, 
because AD is to D B as Ad to d B, 
the line A d is harmonically divided in D 
and B (IL def 1 9, page 68 ) ; and because 
the harmonical mean D d is bisected in C, 
(IL 46.) C A, C D and CB are propor- 
tionals : also, G D is equal to (3 P : 
therefore, in the triangles ACP, PCB, 
A G is to C P as G P to B ; and 
consequently (11. 32.) the triangles are 
equiangular. Therefore (II. 31.) P A is 
to PB as A C to C P, that is, as AC to 
C D, or (because C A, CD, and C B 
are proportionals) as AD to DB (II. 
22. Cor. I .). 

If any point Q be taken within the 
locus, Q A will be to Q B in a greater 
ratio than that of A D to D B ; if with- 
out it, in a less ratio. For, if A B be dir 
vided in E in the ratio of A Q to Q B, 
and if A B produced be divided in the 
same ratio m e ; then, joining Q E and 
Q e, the angle E Q e will be a right an- 
gle, as is above shown. And if one of 
the points E, e lie between D and d, the 
other will also lie between D and d ; for if 
AE is to EB in a greater ratio than AD 
to D B, which is the case when E lies 
between D and d, A e will be to eB in 
a greater ratio than A d to d B, which 
is the case (as may easily be shown) only 
when e lies between D and d : and con- 
versely. Therefore, if the point Q be 
within the locus, and the angle D Q d 
(by consequence) greater than a right 
angle (15. Cor. 3.), that is, than EQe, 
the point E cannot lie otherwise than 
between D and d ; and consequently the 
ratio of A E to E B, that is, the ratio of 
A Q to Q B, must be greater than the 
ratio of A D to D B. In the same man- 
ner it may be shown that, if the point Q 
lie without the locus, AQ will be to QB 
in a less ratio. 

Cor. If there be taken in the same 
straight line, and in the same direction 
from a common extremity, three harmo- 
nical progressionals, and if upon the 
mean progressional for a diameter, a 
circle be described, the distances of any 
point in the circumference from the 
other extremities of the first and third 
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•hall have to one another always the 
same ratio, Tiz. that of the first to the 
third. 

Sekolium, 

The last proposition may be stated 
thus : '* Requir^ the locus of all points 
P, the distances of which from two 
^ven points A and B, are to one another 
in a given ratio/' And it has been shown 
that the locus is a circle in every casein 
which the given ratio is not that of equa- 
lity ; and in that particular case it is 
(44.) a straight line which bisects AB 
at right angles. Under this form it 
readily suggests two other questions of 
the same kind, which likewise lead to 
plane loci, and are at the same time so 
elegant and so nearly related to that we 
have been discussing, that they claim 
some notice in this place. 

First, then, let it be " required to find 
the locus of all points P such that the 
distance PA from a given point A, and 
the tangent PT drawn to a given circle 
PCD are to one another in a given 
ratio." 

Take E the centre of the given circle ; 
join AE ; and, if PA is to be greater 
than PT, produce AE to F (II. 55.) so 
that AF may be to FE in the duplicate 
of the given ratio (Jig, 1.) ; but. if PA is 
to be less than PT, produce EA to F so 
that AF may be to FE in the duplicate of 
the given ratio (^g. 2.) ; take EG (1 1 . 52.) 
a third proportional to EA and ED, and 
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FK a mean proportional (II. 51.) be- 
tween FA and FG ; and, from the centre 
f'.with the radius FK describe a oiFcio 



KPQ : this circle shall be the loeiis i«» 
quired. 

For, let P be any point in the chxium- 
ference of the circle KPQ : join PA, 
draw the tangent PT to the circle BCD, 
and join PE, cutting the circumference 
BCD in L; join also GP, and draW 
PM perpendicular to AE. 

Then, by Prop. 61, because the circle 
KPQ is described from the centre F 
with the radius FK, which is a mean 
proportional between FA and FG, and 
that P is a point in the circumference 
KPQ. PA is to PG as AK to KG, or as 
FA to FK (II. 22. Cor. 1.) because FA, 
FK and FG are proportionals. Therefort 
also PA« is to PG« as FA« is to FK«, or 
as FA to FG (11. 37.). And. because 

PA« : PG« : : FA : FG, 

PA«x EG : PG«xAE::FA xEG : 
FGx AE {Rule 2. Scholium, II. [28].) 
Therefore, convertendo PA«xEG • 
PG«xAE-PA«xEG;:FAxEG : FQ 
X AE - FA X EG. (a) But, because P A« 
= PE« +AE«±2AExEM(I. 37.) 

PA« X EG = PE« X EG+ AE« x EG± 
2 AE X EM X EG ; and, for the like rea« 
son, 

PG« X AE = PE« X AE -f EG« x AEdb 
2AExEMxEG; therefore PG«xAE— 
PA»x AG=PE«x AE-PE«x EG, -H 
EG« X AE - AE« X EG, that is, = PE« x 
AG-AGxAExEG. 

Again, because FG is equal to ¥Edb 
EG, FGxAE is equal to FExAE± 
EGxAE. that is, to FExAG+FEx 
EG±EGxAG±EG8, because AE is 
equal to AG+ EG; and. in like man- 
ner, because FA is equal to FE±EG±: 
AG. FAX EG is equal to FExEGdt 
EG«±EG X AG ; therefore, FG x AS 
—FA X EG is equal to FE x AG. 

Therefore, substituting these values 
instead of the second and fourth terms 
of the proportion, (a), 

PA«xEG : PE«xAG-AGxAEx 
EG : : FA X EG : FE X AG, and henc«^ 
(Rule 2. Scholium, II. [28]). 

PA« : PE« - AExEG :: FA : FE, 
that is, because AE x EG is equal to' ED« 
(11.38. Cor, 1.), and PE«-ED« is equal 
to PE«-E1» or PT«, PA«-PT'^'* 
FA : FE. Therefore PA is to* PT in 
the subduplicate ratio of FA to FE. that 
is in the given ratio ; and the circum- 
ference KPQ is the locus required. 

If the given ratio be the ratio of equa- 
lity, the difference of the squares of PA, 
PE will be equal to the square of ED ; 
and therefore the locus is a straight 
line (49.) cuttinjB^ AE at' right angles, and 
may be determined as in Prop. 49. 
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Secondly, let it be " required to find 
the locus of all points P such that the 
tanscent PA, drawn to a given circle 
ABC, and the tangent PD drawn to a 
second given circle D£F, may be to one 
another in asriven ratio. 

Take G, H the centres of the two cir- 
(des ; join G H, and produce it on the 




side of the lesser circle to O so that OG 
may be to OH as the radius GC to the 
radius HF (II. 55.) ; upon OG describe 
a semicircle cutting the circle ABC in 
B, so that OB and BG beins: joined 
may be perpendicular (15. Cor. 1 .) to one 
another, and therefore OB a tangent at 
B (2.) ; and from H to OB (produced 
if necessary) draw the perpendicular 
H R. Then, because HIi is parallel to 
GB (I. 14.) HRisto GB as OU to OG 
(II.30.Cor.2.). that is, as HP toGC; and, 
because GB is equal to GC, HR is equal 
to HF. Therefore R is a point in the 
circle DEF; and because ORH is a 
right angle, OB touches the circle DEF 
in R. Upon BR describe the semicircle 
BLMR cutting GH in the points L and 
M; and if PA is to be greater than 
PD, produce GH to K (II. 55.) so that 
GK may be to HK in the duplicate of 
the given ratio (as in the fit;ure) ; but, 
if PA is to be less than PD, produce 
HGto K (II. 55.), so that GK may be 
to HK in the duplicate of the given 
ratio ; take KN (II. 51.) a mean propor- 
tional between KL and KM, and ti*om 
the centre K with the radius KN describe 
the circle NPQ ; this circle shall be 
the locus required. 

For, if P be any point in the locus, 
and if the tangents PA and PD be 
drawn, and PL, ?M joined, PA* will 
be to PD* in the ratio which is com- 
pounded of the ratios of PA* to PM«, 
PM^toPL*. BiidPL»toPD«.(II.«l9/:i80 



But the ^die NPQ standi ndafed t« 
each of the circles ABC, DEF, with the 
corresponding points M, L, in the same 
manner in which KPCJ is related to 
BCD in the preceding locus. For, 
with refi:ard to ABC, because GB is 
perpendicular to BR, which is the dia- 
meter of the semicircle BLMR, GB 
touches the semicircle (2.) at B, and 
therefore (21.) GB« is equal to GLx 
GM, that is, GL a third proportional to 
GM and GB, or GC ; and KN was 
made a mean proportional between 
KL and KM. And, in the same man* 
ner, with respect to the other circle 
DEF, HM is a third proportional to 
HL and HF ; and KN was made a 
KM. Therefore, by the last question, 
mean proportional between KL and 
PA» is to PM« as KG to KM ; and PL» 
is to PD« as KL to KH. Also, because 
KL, KN and KM are proportionals, PM» 
is to PL« as KM to KL. (5L) There- 
fore the ratio of PA« to PD« is com* 
pounded of ratios which are the same 
with the ratios of KG to KM, KM to KL, 
and KL to KH, that is, it is the same 
with the ratioof KGtoKHdI. 27.); 
and PA is to PD in the subduplicate 
ratio of KG to KH, that is in the given 
ratio. Therefore the circle NPQ is the 
locus required. 

If the given ratio be the ratio of 
equality, the difference of the squares 




of PG. PH will be equal to the differ, 
ence of the squares of GC and HF ; 
and therefore the locus is a straight line 
(49.) cutting GH at right angles, and 
may be determined as in Prop. 49. 

The first of the two loci we have thus 
discussed is manifestly the same which 
satisfies the condition that A and £ 
being two given points, and ED* a 
given square, PA« shall be to PE*— 
ED' in a given ratio : and the second, 
the same which satisfies the condition 
that G and H being two given points^ 
and GC* and HF*, two jciven squares. 
PG8-GO shall be to PH*-HF» in a 
given ratio. 

Prop. 62. 
A poini A being gweH within m 
without a eirde B J)E,€imim 
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^hord }^'^ which parses through it, a 
second point P being taken such that the 
chord produced may be divided by these 
two points and the circumference har- 
monically; it is required to find the 
locus of the points P. 

Let C be the centre of the circle, and 
let C A, produced if necessary, meet the 
circle in B : take C F a third propor- 
tional to CA, CB, (II. 52.) and join FP, 
FM, FN. Then, because CF, CB, CA 
are proportionals, and that CE is equal 
to CB, the straight lines EA, EB, EF 
are in harmonical progression (II. 46.). 
And, because upon the mean E B, the 
circle EDB is described (51. Cor.), AM 
is to M F as AN to NF. Therefore, alter- 
«ttwd6,(II.19.)AM:AN: :MF:NF. 
But by the supposition that P is a point 
of the required locus, MP : P N : : AM 
t AN, that is, :: MF : NF: therefore, 
in the triangle F M N, both the base 
M N and the base produced are 
divided in the ratio of the sides. 



passes through it, tangents being draum 
intersecting in P ; it is required to find 
the locus ofthepoints P. 

liCt C be the centre of the circle, and 
let C A, produced if necessary, meet the 
circumference in B: take CF a third 
proportional to C A, C B : join P F, P C, 
CM, CN, and let P C cut M N in Q. 

Then, because PM is equal to PN 
(2. Cor, 3.), and CM to CN, MN is bi- 
sected by PC at riffht angles (3. Cor, 3.). 
And, because C N P is a right angled 
triangle (2.). and that from the right 
angle N, a perpendicular N Q is drawn 
to the hypotenuse, the rectangle under 
CQ,CPis equal (1.36. Cor. 2.) to the 






Consequently, as was shown in the 
like case in the demonstration of the last 
proposition, the angle AFP is a right an- 
gle, and the point P lies in a straight line 
drawn from the point F perpendicular to 
C F. It is easy to reverse the reasoning, 
and to show that every point in this 
straight line satisfies the given condition. 
Therefore this straight line is the locus 
required. 

Cor, If the diameter of a circle, and 
the diameter produced, be divided in the 
same ratio, or, which is the same thing, 
(11.45 Cor,) if the diameter produced be 
divided harmonically, any chord which 
passes through one point of division shall 
be divided harmonically by the circum- 
ference and the perpendicular to the 
diameter which is drawn through the 
other point. 

Prop. 53, 

A point A being given tmthin or 
foithout a circle B D E, and at the ex^ 
tfemitie^ of every chord M.N which 



square of CN, that is, to the square 
of CB, or to the rectangle CA, 
CF (II. 38. Cor, 1.). Therefore 
(II. 38.) CQ is to CA as CF to CP, 
and (Ii: 32.) the triangle CFP is equi- 
angular with the triangle C Q A. There- 
fore CFP is a right angle, and the 
point P is in a straight line drawn 
through the point F perpendicular 1:q 
C F. It is easy to reverse the reasoning, 
and to show that every point in this 
straight line satisfies the given condition. 
Therefore this straight line is the locus 
required. 

Cor, If the diameter of a circle, and 
the diameter produced, be divided in the 
same ratio, or, which is the same thing, 
(II. 45 Cor.) if the diameter produced be 
divided harmonically, and if tangents be 
drawn at the extremities of any chord 
passing through one of the points of di- 
vision, they shall intersect one another 
in the perpendicular to the diameter 
which is drawn through the other point. 

Section 7. — Problems, 
Prop. 54. Prob. 1. (Euc. iii. 30.) 
To bisect a given circular arc A C B. 
Let C be the required point of bi-. 
section: take D , the middle point of 
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AB, and join CA, CB, C D. Then, 
because the arc CA 



^^ 



chord CB: and, be- 
cause the triangles CDA, CDB have 
the three sides of the one equal to the 
three sides of the other, each to eadi, 
the anele CD A is equal to CDB : there - 
fore, the line CD bisects AB at right 
angles. ThereCore reversely, bisect the 
chord AB at right angles by the straight 
line CD, and the given arc ACB will be 
bisected in C. 

1 herefore, &c. 

Cor. Hence, a given arc may be 
divided into 4, 8, 1 6, &c. equal parts. 

Scholium. 

The practicability of a geometrical 
division of a circular arc into any num- 
ber of equal parts, implies that of the 
angle at the centre (12.) into the 
same number of equal parts ; and vice 
versd. It has already been stated that 
in the cases of 3, 5, &c., equal parts, 
the division of the angle cannot be ef- 
fected by a plane construction ; and the 
same is to be understood of the circular 
arc (1. 46. Scholium). We may observe 
that the problem of trisecting an arc 
has been put under the followmg form, 
which gives it an appearance at first of 
being much easier than upon examina- 
tion it is found to be. 

•• From a given 
point A in the cir- 
cumference of a / \ ^^^ 
given circle ABD b| 
to draw a straight 
line APQ such that 
the part PQ, which 

is intercepted between the drcumference 
and a given diameter BD produced, shall 
be equal to the radius CA.'' 

For, if this be done, the arc PD will 
be found, which is >a third of the given 
arc AB ; because, PQ being equal to 
PC, the anele PCQ is equal (1. 6) to the 
ane:le PQC, and therefore, the angle 
CPA or CAP is equal to twice PCQ 
(1. 19.), and ACB, which (1. 1 9.) is equal 
to CAP and PQC together, is equal 
to three times PCQ, that is, the arc 
AB is equsd to three times the arc PD 
(13.) 

Prop. 55. Prob.2. (Euc. iii. 1.) 

Tojlnd the centre qfa given circular 
oreACB. 




Since the straight 
Une which bisects a 
chord at right ane^les 
passes through ~the ^ 
centre of the circle, 
two such straight lines 
will cut one another in the centre. 
Therefore, in the arc A C B take any 
point C ; join A C. C B ; and bisect A C, 
C B at nght angles by the straiifht lines 
D E, F E : the point E in which they 
cut one another is the centre of the arc 
ACB. (See also Prop. 44.) 

Cor, (Euc. iii. 25.) Hence, any arc of 
a circle being given, the circumference 
may be completed of which it is a part 

Prop. 56. Prob. 3. (Euc. iii. 17.) 

Fh>m a given point A, to draw a tan- 
gent to a given circle B D £. 

1 . If the point A 
be in the circumfe- 
rence of the circle. 






find the centre C 

(55.), join C A, 

and from A draw 

A F perpendicular 

to C A. Then, because A F is drawn 

p^endicular to the radius at its extre* 

mity, it touches the circle (2.). 

2. If A do not lie 
in the circumference, 
let the line AB be 
assumed as the re- 
quired tangent. Find 
the centre C, and join 
C A, C B. Then, be- 
cause AB is a tangent, the angle CBA is a 
right angle (2. Cor. 1.), and the point B 
lies in the circumference of a circle of 
which AC is diameter (15. Cor, 3.) 
Reversely, therefore, upon A C as a dia- 
meter describe a circle cutting the given 
cirde in B, and join A B : A B is the 
tangent required. 

We may observe that in this case 
there are two points of intersection B» 
and therefore two tangents. The same 
may be said, indeed* of the former case ; 
but there the two touch in the same 
I>oint, and are parts of the same strajight 
line. 

Prop. 57. Prob. 4. 

To a given circle ABD to draw a 
tangent, which shall be parallel to a 
given straight line E F. 

Find the centre C (55.) ; from C draw 
C£ perpendicular to £F (1. 45.)i and 
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let CE, produced if 
necessary, cut the cir-» 
cumference in P. 
Then, if PQ be drawn 
parallel to £F, it wiU 
be at ri^ht angles to 
the radius CP (I. 
14.); dnd therefore 
(S.) will be the tan- 
gent required. 

Prop* 58. Prob. 5. 
To draw a straight line, which shall 
touch each of two given circles A B D, 
Hbd. 

Let A a be assumed as the common 
tangent required : and first, let it touch 
the circles m the points A, a which lie 
upon the same side of the line joining 
their centres C, 0. 




Join C A, c a ; and fix)m e, the centre 
of the lesser circle, draw c£ parallel 
to Aa to meet CA in E. Then, be- 
cause C Aa (2. Cor. I.)i8 a right angle, 
C Ec is likewise a right angle (I. 14.), 
and C E will touch in the point E the 
circumference of a circle, described 
from the centre C, with the radius C E, 
which is equal to the difference of CA, 
EA, that is (I. 22.) to the difference of 
the radii C A, c a. 

Therefore, reversely, from the centre 
C with a radius equal to the difference 
6f ^e radii C A, c a, describe a circle, 
tttd from the point e draw a strwght 
line (56.), touching this circle in the 
point E : join CE, and produce it to meet 
the circumference ABD in A ; draw c a 
parallel to C A, and join A a: A a is the 
common tangent required. When the cir- 
des are equal, C A and c a must be drawn, 
eaeh of them, perpendicular to C c. In 
this case the common tangent A a is 
evidently parallel to C 0. 

8. If the points of eontact are to lie 



upon opposite sidee of the line Joining 
the centres, the like reasoning will lead 
to a construction whksh differs from 
that of the first case in this only, that 
C E is equal to the sum of the radii. 

We may remark that in each of the 
eases there are two tangents c E, and 
two common tangents parallel to them 
respectively. 

Prop. 59. Prob. 6. 

To describe a circle^ which shall 

1. (Euc. iy. &,) pass through thre^ 
given points not m the same straight 
line; or 

2. pass through two given points, 
and touch a given straight line; or 

3. pass through a given point, and 
touch two given straight lines ; or 

4. (Euc. iv. 4.) touch three given 
straight lines not parallels, 

1. Let A,B,C be the three given 
points, and let the point P be assumed 
for the centre of the required curcle. 
Then, because P is 
equidistant from A 
and B, it is in the 
straight line which 
bisects A B at right 
angles (44.) ; and 
for a similar reason, 
it is in the straight 

line which bisects BC at right angles. 
Therefore, reversely, to find the point P, 
bisect AB , B C at right angles ( 1. 43. Cor.) 
by the straight lines DP, KP, which in- 
tersect one another in P : and, from the 
centre P with the radius PA, describe 
a circle; it shall pass through the points 
B, C, and shall be the circle required. 

2. Let A, B be the two given points, 
and C D the given straight line. Sup- 
pose the circle to be described, and that 
it touches C D in P: also, let AB 
produced meet CD in C. Th^n, be- 







cause C P touches, and C A cuts the cip« 
cle, the square of C P is equal (2 1.) to the 
rectangle under C A, C B. Therefore^ 
reversely, take C P a mean proportional 
between C A, C B. and describe a cir- 
cle through the poitrts A, fl,P; it shall 
be the circle required.' 

We may remark that in this fiast^ 
there may be described two circleS| 
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each of which passes through the two In hoth cases we nay observe that 
given points A, B, and touches the there are two circles which satisfy the 
given straight Jine C D, yiz. one for a given conditions, corresponding to the 
point P upon the right hand of C, and two points in which the circle which b 
another tor a point P upon the left described from the centre G with the rtt 
hand of C. dius GE cuts the line FA ^*"''"*^*" 

If A B be parallel to C D. the point 4. Let A B, B C, 
P will be in the straight line which bi- C D be the three 
sects AB at right an^fles, (3. Cor. I.) given straight lines, 
and being found accordingly, the circle of which not more 
may be described as before. than two are paral- 

3. Let A be the given point, and B C^ lei, and let these 
D E the given straight lines. Produce two be cut by the 
B C, D B to meet one another in F : third in the points 

i*oin FA ; draw F G bisecting the anfjle B, C. 
J FD (L46.) : in FG take any point Assume the point P for the centre of 
G, and from G drawGE (I. 45.) per- the circle. Then, because P is equi- 
pendicular to F D : from the centre G distant from A B, B C, it is in the 
with the radius G E describe a circle straight line B P which bisects the an- 
cutting FA in H: join HG, and gle ABC (45.); and, for a similar reason, 
through A draw A P parallel to H G it is in the line P C which bisects the 
to meet F G (produced, if necessary), in angle BCD. Therefore, reversely, to 
P (I. 48.) : the circle described from find P, bisect the angles at B and C by 

straight lines meeting in P: from r 
draw P Q perpendicular to A B (L 45.), 
and from the centre P with the radius 
PQ describe a circle: it shall be the 
circle required. 

If A B, C D are parallel, two circles 
(and two only) can be described, each 
touching the three given lines : but 
if no two of the straight lines be paral- 

^pSnTpDrSwu from the point -ithin the' triangle included by the 

P peH>endicu!ar to FD. PD wrbe SIlV"''^f\{!^^\^'^V*^r ^T^""^ 

pa^STto G E (L 14.). Lid, therefore, ^^ ^'^^^ °^ ^^^ *"*"«^^ externally. 

(11. 30. Cor. 2.) GE will be to PD as GF Scholium. 

to P F : but, because G H is parallel to ... 

P A, G F is to P F as G H to P A : The problem of descnbmg a circle 

therefore (II. 12.) G E is to P D as G H about a given triangle (Euc. iv. 6.) be- 

to P A: and in this proportion the first longs to the first case, that of inscribe 

term GE is equal to the third GH; ins: a circle within a given triangte 

tiierefore also (IL 18.) P D is equal to <Euc. iv. 4.) to the last case of tliis pro- 

P A. Therefore, the circle which is de- position. The second and third ca^es 

scribed from the cenfre P with the ra- *« modified by supposing a point wid a 

dius P A passes through the point D ; tangent passing through it to be of the 

and it touches the line D E in that <!»*»• Thus, the second becomes "to 

point, because P D is at right angles to describe a circle, which shaU pass 

D E (2.) : therefore (45.) it also touches through two given points, and touch a 

the line B C* given stnight line m one of those 

The case in which BC is parallel to iwints," and the third "to describe a 

BE differs from the foregoing in this circle which shall touch two pven 

only, that FG must now be drawn straight lines, and one of them m a 

parallel to BC or DE, and bisecting «»ven point." The modified solutKHW 

the distance between them (See 45.). corresponding are too wmpte to detain 

J ^ us here : that of the first occurs m 

prob. 7. 

*v* ^f« *\» P<»»5^-« in fp.o^« 79 !»«»•»««*. Instead of touching one, two. or three 

the •olutioD h«n» riven miiHt he nio<lifi«><l by joining . ""•««« y» i;„«„ „. ;„ *ki» ws^^^a^,^ 

UK. drairias kD MrkUri t« H B, wd ei^ctinl givcA Straight Uues as in the proDiem 

pi* (wqMaaiaaUr to FD : which five^ the centre P ^^ )|||,v« just considered, it BUy be rOf 
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touch one, two, or thrte given circles, 
or which shall touch both a straight 
line and a circle, or two straight lines 
and a circle, or a strwght line and two 
circles, and at the same time pass 
through one or two given points, as 
the other data may happen to admit. 
The six new problems of contact which 
are thus suggested are too remarkable 
to be passed over without further no- 
tice; they are accordingly here sub- 
joined. 

1. To describe a circle which shall 
pass through two given points A,B, 
and touch a given circle G I) £• 

In the circumference C D E take any 
point C, and describe (59.) a circle 
which may pass through the three 
pointe A, B, C; then, if this circle 
meet the circum- 
ference CDE in 
no other point, it 
'is the circle re- 
quired : but if it 
do, let that other 
point be D : join 
AB. CD, and 
let them be pro- 
duced to meet in 
F: from F draw 
FG, touching the 

circle CDE (56.): 
let 6 be the point 
of contact, and ^ 
describe a circle (59.) passing through 
the three points A, B, G. Then, be- 
cause the chord C D of the circle 
GD£ meets the tangent GF in F 
(21.), the square of G f is equal to the 
rectangle C F, FD, that is, to the 
rectangle A F. FB (20.): therefore 
(21. Cor.) GF touches also the circle 
AB G, and, consequently, the circle 
A B G touches the circle (5 D E (2. Cor. 
2 and 9.), and is the circle required. 

If A B and C D be parallels (which 
will be the case when the line which bi- 
sects AB at^ight angles passes through 
the centre of the circle C D E), a tan- 
gent FG is to be drawn parallel to 
A B or C D (57.), and the circle A B G, 
being then described as before, will be 
the circle required. 

It is evident, in each case, that there 
are two tangents F G, and two circles 
ABG corresponding to them, one 
touching the given circle externally, 
the other internally. 

Cor, The problem which requires a 
circle to be described which shall touch 
a given straight line in a given point, 
and also a given circle, may be solved 



after a similar manner ; viz. by describ- 
ing a circle which shall touch the given 
straight Une in the given point, and like- 
wise pass through a point assumed in 
the circumference of the circle, and then 
proceeding as in the proposition. 

2. To describe a circle which shall 
pass through a given point A, and 
touch two given circles B C D, E F G. 

Suppose that the required circle is 
described, and that it touches the given 
circles in the points D, F respectively : 
join D F, and since the straight line 
D F cannot touch the given circles in 
the points D, F, (because then it would 
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touch the required circle A D F in the 
same points, which (1. Cor. 2.) is absurd) 
let it be produced both ways to meet the 
circumferences a second time in the 
points C, G respectively : take H, K, the 
centres of the circles B C D, E F G, and 
join H K, H D, K F, KG : then, because 
the circle AD F touches BCD in D, 
and EFG in F, the radii HD, KF 
produced (8. Cor. 1.) will meet in its 
centre, L; and, because KGF, LFD 
are isosceles triangles, the angle KGF 
is (I. 6.) equal to K F G, that is (I. 3.) 
to L FD, that is again (I. 6.) to LD F 
or (1. 3.) H D C : therefore (I. 15.) K G 
is parallel to HD, and, consequently, if 
the circles BCD, EFG be equal, 
H K, D G will be parallel (I. 21.), or if 
one of them, as BCD, be greater 
than the other, H K and D GT will meet, 
if produced in some point M. In the 
latter case, draw M B touching the 
circle B C D in B (56.), join H B, and 
from K draw K I (I. 45.) perpendicular 
to M B, and therefore (1. 14.) parallel 
to H B : then, because K I, H B are 
parallel,KI :HB::KM :HM(II.30. 
Cor. 2.) that is, :: KG : H D, because 
KG, HD are parallel: but HB is 
equal to H D ; therefore (II. 18.) K I is 
equal to K G, and I is a point in the cir- 
cumference of the circle EFG, and (2.) 
MB touches the circle EFG in the 

Soint I. Now, M I : MB :; MK : 
I H (II. 29.), that is, :: M G : M D ; 
therefore, altemando (11.19.), MI : MG 
:: MB : MD : but, because MI touches 
the circle EFG, the square of M I is 
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equaltotherectanrieMPxMG (21.), quired, to which the reader will be 

and consequently (11. 38. Cor. 1.) M F : easily conducted by an investigation 

MI :: M I : M G: therefore (II. 12.) similar to that whicn has been a&eady 

M F: MI :: MB:MD, and (38.) the given. 

rectangle Mix M B is equal to the rect- 3. To describe a circle which shall 

angle M F x M D. Join M A, and let touch three given circles A, B, C. 

it cut the circumference of the circle Let C be that one of the three which 

A F D a second time in the point is not ^zjeater than either of the other 

N : then the rectangle M A x M N is two. From the centres of A and B 

equal (20.) to the rectangle M F x describe two new circles with radii less 

MD, that is, by what has been just than their own respectively by thera- 

demonstrated, to the rectangle Mix . 

MB. ^ 

Therefore, reversely, to solve the 
problem, * draw the common tangent 
B I to the two given circles (58.), and 
produce it to meet the line H K which 
joins their centres in M : join MA: 
take M N a fourth proportional (II. 53.) 
to MA, MB, M I, and, as in ( 1 ), 
describe the circle AND, nassing 
through the two points A,N and dius of C • and, as in the last problem, 
touching the orde BCD: A N D will describe a circle D E F which shall pass 
be the cu-cle required. For if M D through the centre F of the circle C, and 
be joined, cutting: the circle E F G m touch these two new cu-cles in the points 
F and G, and if K F and K G be joined, D, E respectively : then, if a circle be de- 
the circle described will (20. Cor,) pass scribed concentric with the circle D E F, 
through F, because (as has been shown with a radius less than that of D E F 
above) M D x M F is equal to M B x by the radius of C, it will evidently touch 
M I, that is to M A X M N ; and (which each of the three given circles (10. Cor. 
has been likewise shown) K G will be pa- 2,), and will be the circle required, 
rallel to H D. Therefore, if in H D pro- in the case here considered, the re- 
duced (which (8. Cor, 1 .) passes through quired circle touches each of the given 
the centre of the circle AND, because circles externally : since, however, a circle 
it passes through the centre H of B C D, may be described which shall touch all 
which touches A N D in D), there be three internally, or any two externally, 
taken L. the centre of the circle AND, and the thini internally, or again, any 
and L F be joined, the angle L FD will two internally and the thini externally, 
be equal (I. 6.) to L D F, that is (I. 3.) there are no less than eight different cir- 
toHDC,thatis,again(1. 15.)toKGF, cles which satisfy the problem: the 
or (1. 6.) KFG; and because DFG is construction of each of these is ob- 
a strjught line, K F and F L hkewise lie tained after a similar manner, 
in a strsught line (I. 3.), and therefore 4. To describe a circle which shall 
the circle AN D touches the circle EFG pass through a given point A, touch a 
in F (9.). given straight line B C, and also touch 

Should the given circles be equal, or a sjiven circle D E F. 

should the point N coincide with the Take G the centre (55.) of the circle 

point A, the foregoing solution must be DE F, and through G draw (I. 45^ 

modified accordingly. The latter case the diameter D F perpendicular to B (J 

is provided for by the corollary of the to meet B C in C : join A D, and take 

preceding problem : both, indeed, are D H a fourth proportional (II. 53.) to 

comparatively easy, and are therefore AD, D C and D F, t. e, (II. 38.) such 

left to the student. that A D x D H may be equal to D C x 

It remains to observe, that we have 
only considered the case in which the 
required circle touches both of given 
circles externally : since both, however, 
may also be touched internally, or one 
internally and the other externally by 
the same circle, there are evidently four 
^fiPerent circles which satisfy the con- 

ditions of the problem. For each^ of D F^ and describe a circle H AB (59.) 

these a diffl^rent construction is re- passing through the two points A»^< 
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fthd tbuchltig the stfaight line BO: 
this shall be the circle reqttired. Fof. 
tet it touch B C in B ; join B D, and 
let it cut the circumference D E F itt 
K, and join KF: then, because (15. 
Cor. 1.) D K F is a right angle, the tri- 
angles t) KF, D C B are equiangular, 
and (11. 31.) D K : D F : : D C : D B, or 
(3d.)DKxDBis equal toDCxDF, 
that is, to ADxDH; therefore K is 
also a point in the circumference of the 
circle A B H (20. Ctir.X Now take L 
the centre of the circle A B H (55.) and 
join LB, LK, GK: and, because LB 
is (2. Cor. 1.) perpendicular to BC, it 
is (I. 14.) parallel to D C, and therefore 
(Ll5.) the ande LBK is equal to 
GDK; but LKB is equal to LBK. 
and GKD to GDK, because LB is 
equal to L K. and G D to G K (I. 6.) ; 
therefore the angle LKB is equal to 
GKD, and (I. 3.) L K G is a straight 
line : therefore the circle A B H touches 
(9.) the circle D E F in the point K, 
fthd is the circle required. 

If D H be equal to D A, a circle 
A B H is to be described touching D A 
in A, and also touching the straight 
line B C. (See the beginning of this 
AchoUum.) 

In this problem there are two circles 
satisfying the conditions : the construc- 
tion of that which touches the given 
circle internally will readily be under-* 
stood by applying what has been said 
to the subjoined figure. 



(55.): and (5§.) describe the circle 
HLN passing through the point N 
and touching the straight lines HK, 
LM: then, if a circle be described 
concentric with HLN, and with a ra- 
dius less than that of H L N by the 
radius of EFG, it will evidently touch 
the straight lines AB, and CD, and 
the circle EFG (10. Cor. 2.) and will 
therefore be the circle required. 

Four different circles may be described 
to satisfy this problem, viz. two touch- 
ing the given circle externally, and two 
internally:* the latter two may be found 
by drawing H K and L M between A B 
and C D. 

6. To describe a circle which shall 
touch a given straight line A B, and 
two given circles C D E, F GH. 

If the given circles be equal to one 
another, draw K L parallel to A B, at 
a distance from it equal to their com*- 
mon radius (L 48.), and (39.) describe 
a circle passing through the centres of 
the two given circles and touching the 
line K L : then it is evident that a cir^ 
Tcle concentric with the latter, and hav»- 
ing a radius less by the common radius 
of the given circles, will be the circle 
required. But, if one of them, as 
FGH, be greater than the other, de* 





5. To describe a circle which shall 
touch two given straia:ht lines A B, 
C D, and also a given circle EFG. 

Draw H K parallel to A B, and at a 
distance from it equal to the radius of 
EFG: draw also L M parallel to and 




ia-t the same distaifice from C D (1. 48.>: 
takfe N the centre of t^ cirple EFQ 



scribe about its centre a circle /g H 
with a radius less than that of FGH 
by the radius of the lesser circle C D E : 
draw K L parallel to A B at a distance 
from it equal to the radius of C D E ; 
and describe a circle passing through 
the centre of C D E touching the line 
K L, and touching also the circle/^ A, 
as shown in the last problem but one : 
then, if a circle be described concentric 
with this and with a radius less by the 
radius of ODE, it will evidently be 
the circle required. 

Here, also, there are four different 
circles satisfying the conditions of the 
problem ; and the same principle leads 
to the construction of them all. 

■■ I ■ 1. ■ ■ - ■ ■,-■■■ . ■ - ■ M ■^■^^M,^^. 

*■ Estemal contact is where two circlen tonch one 
another, and each of them in without the other; f*- 
ternal contact, where two circles tonch one another, 
and one of them is within the othttr. In the latter 
ca^e, it is evident that the circnmferea<-e uf the 
jarger rircle is without the circumferMif^ of ihe 
orhfr ; and vet eanh of them in pruperljr saiil to \vnek 
the other iuternallu^ meaning, with that denori^ 
tion of contact whidn is called aiteraal. 



Mttoh M eaeh of the fbregoing pm* 
blems may be varied in appearance by 
tbe consideration of internal contact, 
they admit of being varied yet further 
by supposing, when a point is given, 
that it is in the given tangent or cir* 
cumference : and when it is besides sug- 
gested that, in each of the ten problems 
furnished by the proposition and scho- 
lium, one of the data be changed for 
" a given radius," or for " a given line 
in which the cenbre is to lie," or again, 
two of the data for both of these, the 
student will have before him a field no 
less pleasing than extensive* still re- 
maining for the exercise of his inge« 
nmty, in problems of contact 

Pbop. 60. Prob. 7. (Euc. ill. S3.) 

Upon a given straight line AB to 
describe a segment of a circle which 
shall contain an angle equal to a given 
angle ABC. 

Let A Q B be the segment requved, 
«nd P its centre. Then, because the angle 
A B C is equal to the angle in the al- 
ternate segment, the line B G touches 
thecircle(17. Cor.) at B. Therefore, PB 
joined is at right angles to B C. Again, 
because P is the centre 
ei B circle baving[ the 
4iliord A B, it is io 
the straight line which 
bisects A B at right an- _ 
glee (3 Cor. 2). Th^«- A 
fore, reversely, draw 
B D piorpendicular to 
B C (1. 44.), and bisect 
AB at right angles 
(I.43.Cor.)byastraight 
tine, cutting BD in P: 
with the centre P and radius PB describe 
the circular arc B Q A : and the segm^ 
B Q A will be the segment required. 

Prop. 61. Prob. 8. (Euc. iii. 34.) 
Given a point A in the circumferenee 
of a circle AB C ; to cut off a segment 
which shall contain a given angle, by 
a straight line drawn from the point A. 
From A draw AD touching the cir- 
cle, and let A B be the line required : 
then, because the angle 
BAD (17.) is equal 
to the angle in the al- 
ternate segment B C A, 
it is equal to the^ven 
angle. Therefore, re- 
versely, make DAB 
equal to the given an- 
gle (I. 47); and AB 
viU be the Uoeiequired. 
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Prop. 62. Prob. 9. (Euc. iv. 2, 3.) 

GUven a cird^ A B C, to (1) inscribe 
in it, or (2) describe about it, a triangle 
similar to a given triangle D E F. 

1. Let A B C be the reouired in- 
scribed triangle, and through A draw the 
line 6 A H touching the circle (56.) : 
then the angle G A B is equal to the an- 
gle at C, ai^ the angle H A C to the an- 
gle at B (1 7.) Therefore, reversely, take 
any point A of the circumference, draw 
the tangent G A H (56.), and make the 
angles GAB, HAC equal to the anglei 



B 






at F and £ respectively (I. 47.) Then, 
if A B, A C meet the circumference in 
the points B, C respectively, and if B C 
be joined, ABC will be the triangle 
required; for, the angles at B and C 
being equal to the angles at £ and F, 
each to each, the third angles at A and 
D are likewise equal (1. 19. Cor, 1.), 
and therefore the triangles are similar 
(11.31. Cor. 1.). 

2. Let KLM be the required circum- 
scribed triangle, and let its sides touch 
the circle in the points A. B, C: take 
O the centre of the circle (55.), and Join 
OA, OB, OC. 





Then, because the angles at A and B 
of the quadrilateral A L 6 O are riffht 
angles (2. Cor. \.), the remaining an^es 
L and A O B are together equal to two 
right angles (L 20. Cor,) and A O B is 
the supplement of the angle L, or, of 
its equal, the angle E ; which supple- 
ment may be obtained by producing the 
side £F. In like manner it may be 
shown, that the angle B O C is the sup- 
plement of the angle M or F. Therefore, 
reversely, taking any point A in the cir- 
cumference, at Sie point O, make (1. 47.) 
the angle A O B equal to the supplement 
of E. and the angle BOC equal to the 
supplement of F : at the points A, B. C 
draw tangents (56.) meeting one another 
in K. L. M ; and KLM will be the tri- 
i^lfi required* 
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Prop. 63. Prob. 10. (Euc. iv. 6, 7, 
11, 12, 15, 16.) 

A circle being given; to inscribe 
in itt or describe about it, 

1. an equilateral triangle; or 

2. a square ; or 

3. a regular pentagon ; or 

4. a regular hexagon ; or 

5. a regular decagon ; or 

6. a regular pentedecagon. 

Take C the centre of the circle ; and, 
]. to inscribe an equilateral triangle: 
from A, any point of the circumference, 
with the radms A C, describe a circle 
cutting the given cu-cle in the points 
B, D : produce A C to 
meet the circumference 
in E, and join B D, 
D£,EB. then join- 
ing BC, CD, BA. AD, 
because the triangles 
ACB. ACD are equi- 
lateral, the angles 
BCA, D C A are each of them a thir^ 
of two right angles (T. 6. and I. 19.). 
Therefore the adjacent angles B C E, 
D C £ are each of them two-thirds of the 
same, as is also the angle BCD; and 
because the sides of the triangle B D E 
subtend equal angles at the centre C, 
they are equal to one another ( 1 2. Cor, 1 .), 
i. e, the triangle B D E is equilateral. 

2. ■ To inscribe a 
square : draw two dia- 
meters at right angles 
to one another, and 
join their extremities: 
the included figure will 
be a square; for its 
sides are equal, because they subtend 
equal angles at the centre C (12. Cor, 1.), 
and its angles are right angles, because 
they are contained in semicircles (15. 
Cor, 1.) 

3. To inscribe a re- 
gular pentajjon: divide 
the radius C D medi- 
ally (11.5 9)in the point 
F. so that CF may be 
the greater segment. 
Draw the radius C A 
at right angles to C D, and join A F. 
Then, because the square of A F is 
greater than the square of C F by the 
square of the radius AC, and that CFis 
the side of the inscribed decagon (28.), 
A F is the side of the inscribed pentagon. 
Therefore, a chord, equal to A F, will 
^ubtend a fifth part of the circumference, 
and if the circumference be divided into 
nve parts with chords each equal to AF, 








a regular pentagon will be inscribed, as 
required. 

4. To inscribe a regu- 
lar hexagon: divide the 
circumference into six 
parts with chords each 
equal to the radius (28). 

5. To inscribe a regular decagon: di- 
vide the radius medially, and divide the 
circumference into ten 
parts with chords 
each equal to the 
greater segment of the 
radius so divided 
(28). 

6. To inscribe a re- 
gular pentedecagon: 
take the chord AB bi 
equal (as above) to ^\ 
the side of a regular 
inscribed . pentagon, 
and the chord A D 
equal (as above) to the side of an in- 
scribed equilateral triangle: bisect the 
arc BD in E (54.), and join BE. Then, 
because the arc A B is contained 
in the whole circumference five times, 
and A D three times, if the circumfer- 
ence be divided into 5 x 3, or 15 eqiial 
parts, A B wiU contain three and 
A D five of those parts. Therefore 
the difference B D contains two of the 
same parts, and its half B E is one-fif- 
teenth of the whole circumference. Di- 
vide the circumference, therefore, into 
fifteen parts with chords each equal to 
BE, and a regular pentedecagon will 
be inscribed, as required. 

And in every case, if through the an- 
gular points of the inscribed figure, 
or through the bisections of the arcs, 
(which is sometimes more convenient) 
there be drawn tangents to the circle 
(56.), a similar figure will be circum- 
scribed about the circle (27.). 

Cor, Hence by the aid of II. 65. any 
one of the above-mentioned figures 
may be described upon a given finite 
straight line. 

Scholium. 

Besides the figures mentioned in the 
proposition, it has been discovered that 
any regular figure which has the num- 
ber of its sides denoted by 2» + i and 
prime, may be inscribed in a circle with- 
out any other aid than that of Plane 
Geometry, that is, by the intersections of 
the straight line and circle only. And 
it Js^ evident that by dividing the sub- 
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tended arcs into two, four, &c. eqvLsX 
parts (54.) a regular figure of twice, 
tour times, &c. the number of sides of 
any of the above may be inscribed ; e,g, 
an octagon, (or regular figure of eight 
sides,)Dy bisecting the arcs which are 
subtended by the sides of a square, a 
dodeajgon (or regular figure of twelve 
sides) by bisecting those which are 
subtended by the sides of a hexagon; 
and so on. Still there are many regular 
figures, as the heptagon, enneagon^ hen- 
dkcagonj &c. (figures of 7, 9, 11, &c. 
sides), for the inscribing of which no 
exact geometrical rule has ever been 
discovered. These figinres we can only 
inscribe approximatively ; and when it is 
required to do so with a considerable 
degree of accuracy, the following method 
m^ be adopted. 

Let it be required, for instance, to in- 
scribe a regular heptagon. Continue 
the series 4, 8, 16, &c. which repre- 
sents the numbers of parts into which 
the circumference may be divided by 
contmued bisections, until a number 
be found which is greater or less by 1 
than a multiple of 7 : 64 is such a num- 
ber, being greater by 1 than 9x7. 




Now, if the circumference be divided 
into 64 equal parts, and the arc AG be 
taken equal to 9 of those parts (which 
may l)e done by bisecting the quadrantal 
arc AB in D, DB in E. DE in F, 
and D F in G), the arc A G will be less 
than a seventh part of the circumference 
by a seventh part of one of them D G. 
But, the arc DG being small, a seventh 

gart of its chord (which may be found 
y (I. 49.) may without any considerable 
error be assumed for the seventh part of 
the arc itself, being somewhat less than 
the latter ; and if the chord of A a be 
taken equal to this approximate seventh 
part, the error of assuming for it the arc 
A a, which is somewhat grca/tfr than its 
chord, will be still less, so that G a will 
be equal, very nearly, to one-seventh 
of the circumference, and the chord of 
G a very nearly e^ual to the side of a 
regular heptagon uiscribed in the circle. 



For a second example, let us take the 
enneagon, or, as it is sometimes called, 
nonagon : here, again, 64 exceeds 7x9 
by 1 ; therefore, the same division of the 
Quadrant being made as in the case of 
the heptagon, because B G is equal to 
7 parts out of the 64, and DG to one part, 
B G with a ninth of D G will be con- 
tained in the circumference 9 times ex- 
actly : and if the chord of B 6 be taken 
equal to the ninth part of the chord of 
DG, the chord of G 6 will be very nearly 
equal to the side of a regular enneagon 
inscribed in the circle. 

It is not, however, necessary that we 
should always proceed with the series 
till we arrive at a number sjeater orless 
than the number of sides oy 1. Take, 
for instance, the hendecagon, or, as it is 
sometimes called, undecagon: here 11x6 
= 66, which exceeds 64 by 2. Now the 
arc B F contains 6 out of 64 parts D G 
of the circumference. Thererore, if the 
drcumference be increased by twice 
D(^, BF will he contained in the circum- 
ference so increased 11 times, and, con- 
sequently, if B F be diminished by two- 
elevenths of D G, it will be contained in 
the circumference 1 1 times exactly ; so 
that the side of the hendecagon will be 
obtained approximatively by assuming, 
as before, the chord in place of the arc, 
and taking from B F two-elevenths of 
the former instead of two-elevenths of 
the latter. 

In these examples, the real errors, if 
computed, will be found far more mi- 
nute than those which the imperfection 
of our instruments entails upon the most 
accurate geometrical constructions. 
Seven times the arc which has been as- 
sumed as a seventh of the circumference 
falls short of the whole circumference 
by less than the tb^www^^ part. and 9 
times the arc which has been assumed 
as a ninth, by about an eaual quantity ; 
while 1 1 times the arc, which has been 
assumed as an eleventh, exceeds by 
only about twice the same quantity, 
liie method may therefore be adopted 
in these and in similar cases, as practi- 
cally accurate. 

Prop. 64. Prob. 11. 

To construct a triangle, anu three 
being assumed out of the Jour following 
data, viz. the vertical angle, the base, 
the sum of the sides, and the area. 

This problem comprehends four cases, 
in which the data are respectively, 

1. Vertical angle, base, and sum pf 

sides ; 

2. Vertical angle, base, and area; 
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a. Vertieal 'angle, turn of sides and tainin? sides, that is, they are equal to 
area ; one another ; therefore AEF is me trfc» 

4. Base, sum of sides, and area* angle required. 

4. Let A B be the irfven base, and let 
it be bisected in C. Let twice C E be 
the given sum of the sides, and let the 
triangle DAB contain an area eqiml to 
the given area. 

Take CF(II. 52.) a third proportional 
to C A, CE, and from the point Fdraw FO 
perpendicular to E F (1. 44.) : through 
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1. Let AB 
be the given 
base, AC the 
^ven sum of 
the two sides, 
and D the 
given vertical 
angle. Upon 

AB (60.) describe a segment AEB, 
containing an angle equal to the half of 
D. With the centre A and radius A G 
describe a circle cutting the arc AEB 
jn E. Join A E, B E, and at the point 
B make the angle EBF equal to BE A: 
the triangle FAB shall be the triangle 
required. For, because the angle FEB 
is equal to F B E, the side F B is equal 
to FE (L 6.), and the two sides AF, FB 
together are equal to AE, that is, to AC, ^ j^aw DG parallel to AB (L 48.) to 
the given sum of the sides. Agam, be- meet FG in G. and join G A. Through 
cause the angle A F B (L 19.) is equal ^^q draw E H and C K parallelto 
to the sum o? the angles at E and B, ^q ^o meet GA and GA produced iu 
and that these angles ^e equal to one t^e points H, K, so that K 6, KH, K A 
another, the angle AFB is equal to will be proportionals (II. 29.) : from t£ 
twice the angle at E that is, to the given centre K, with the radius KH, describe a 
angle D. And the triangle is described circle cutting G D in L, and join L A. 
upon the given base A B. L B : L AB shall'be the triangle required. 

Therefore, &c. Produce G K to M, so that K M may 

2. Let A B be ^ ^^ ^^ ^ ^^ gq^al to K H ; and from L draw LNf 

the given base, j/^\^ =Vr- perpendicular to A B. Then, because 
upon which let f/ \^ ^ k A, K H, K G are proportionals, M A, 
there be descnb- ]/ -^| ^ jj, MG are in haiiionical progression 

1^1. P^n '"''S ^ ^ (II- 46.) ; but the point L is^in tiTe ch- 

AUOLi, coniam- cumference of a cn-cleupon the mean 

ing an area equal to twice the g^en ^^ ^^^^^^^^ ^^^P LA : LG :: 

area (L 670, ^^^^^ '.^fT^^^* ^^^^^^ AH : HG; but LG is (L 22.) equal 

taimng an angle equ^ ^o the give^ an- ^^ ^ ^ ^^^^ A H : H G :: A E : EP 

g^e (60.) Then if the arc AEB cut (jj ^^^^ . ^^^ ^^ ^^ ^^ 

the side CD m E, and EA E B be ^ ^tionals (II. 22. Cor. 1.) :: C A : 

joined, E A B wiU evidently be the tn- £ / ^^^^^^^^ L A is to N F as CA to 

angle required. — ' -- . 

3. Let A be the 
given vertical an- 




gle, and let the tri- 
angle ABC (11.69.) 
contain an area 
equal to the given 
area : and let D be 
the given sum of the 
two sides. Divide 
D into two parts, 
such that their rect- 
angle may be equal to the rectangle un- 
der AB, AC (IL56.). Take AE equal to 

nnp nnH A F pniinl to the other of these *^* **'"* character may be obtained ; via. in case 1, 
one, ana AI? equal lO me Oiner or inese , describing npon the given base AB a segmeat 

parts, and jom E F. Then, [)ecause the which shall contain an angle exceeding by a right 

triangles ABC, AEF have the common »ngie h»if ^^^ «'▼«>» a^si* ^]i »» case 3. by dividing 

__^i ®* au a. -.^4.u^ /TT ^a the difference D produced, so that the rectangle 

angle A, they are to one another (IL40. ^nderlSie segments may be equal to a bx a C; ud 

Cor.) as the rectangles UOdflr the con- »a»e4> bjaaluaiivMof th«faU»iriivc9»4Jlai7«o 



C E, or in the subduplicate ratio of C A. 
to C F ; and (II. 38. ScfioL Lem. 1 . Cor.^ 
if B / be taken equal to A F, L B is to 
N / in the same ratio. Therefore the 
sum of L A, L B is to the whole line 
F/in the same ratio, or, if C be takea 
equal to CE, as E e to F/: therefore* 
the sum of LA, LB is equal (II. 11. 
Cor. 1.) to E e, that is, to the given sum, 
and LAB is the triangle required. 
Therefore, &c.* 

* If the difference of the sides be supposed givoi 
instead of the sum in cases 1, 3 and 4, solutions of 
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Prop. 65. Ptob. !«• 
Toflndttooitraight Hne», ther^ being 
tu^umed any two tmi of the six follow^ 
ing data; viz. their eum, their differ- 
enee. the earn of their squareey the dif 
ference of their equaree, their ratiOy and 
their rectangle. 

The cases of this propo55ition are fif- 
teen \n number, and may be arranged 
as follows : — 

1. Sum, and difference. 

2. Sum of squares, and difference of 
squares. 

3. Sum« and sum of squares. 

4. Di^nence, and sum of squares. 

5. Sum, and difference of squares. 

6. Pifference,and difference of squares. 

7. Ratio, and rectangle (TI. 63.) 

8. Sum, and ratio (II. 55. ii^. 1.) 

9. Diflference. and ratio (II. 55. fig. 2.) 

10. Sum, and rectangle (II. 56. fig. I.) 

11. Diflference, and rectangle (11. 56. 
i^^ 2.) 

12. Sum of squares, and ratio. 

13. Difference of squares, and ratio. 

14. Sum of squares, and rectangle. 

15. Difierrace of squares, and rectan- 
gle- 

Those of the second division, viz. the 
7th, 8th, 9th, 10th, and Uth cases, have 
in effect been already considered in the 
propositions referred to at the side. 
Thty will accordiniily be here omitted. 
Of the rest the gnreater part are so ob- 
vious, that it will be sufficient to indi- 
cate only the construction, leaving the 
detnonstxtLtion to the reader. 

1 . Let AB be the tciven sum, AC the 
l^ven difference. Bisect C B in D, and 




AD. D B wm be the straight lines re- 

quired. 

2. Let A B« be 
the given sum of 
the squares, and 
C D« the given 
difiference of the 
squares. Bisect 
AB in E (L 43.) 



IftS 

and C D m F, and take E G a ihM pro« 
portional to E B and F. From the 
centre E, with the radius E A» describe 
a semicircle A H B ; and from the point 
G (1.44.) draw GH perpendicular to 
A B, to meet the circumference in H. 
Join AH, H B : they shall be the 
straight lines required. 

3. Let AB be the given sum, and the 
square of AC the 
given sum of the 
squares. Bisect 
A C in D, (1.43.) 
and fromD (1.44.) 
draw D E per- 
pendicular to A C. 
Prom the centre D 
with the radius DA or DO describe a 
circle cutting D E in E ; and from the 
centre E, with the radius E A or E 
describe the circle C F A : lastly, from 
the centre A with the radius A B de- 
scribe an arc cutting C F A in F. Join 
AF, let AF cut the circumference 
A E C in G : and join G C. AG and 
G C shall be the lines required. 

4. Let A B be the given difference, 
and the square of A C &e given sum of 
the squares. Bisect 

AC in D(L 43.), and 
from D (1. 44.) draw 
DE perpendicular to 
AC : from the centre 
D with the radius 
DA or DC describe 
a circle cutting DE ^ 

in E ; and from the * ^ 

centre E with the radius EA or EC de 
scribe the circle CFA ; lastly, from the 
centre A with the radius AB describe 
an arc cutting CFA in F : join AF. and 
let AF produced cut the circumference 
AECG in G. and join GC. AG and 
GC shall be the straight lines required. 
5. Let AB be the given sum, and 
the square of A C the given difference 
of the squares : take A D a third pro- 




4- 
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portional to A B, AC (II. 52.). and 
bisect DB in E (L 43.); AE, EB 
shall be the straight lines required. 
6. Let AB be the given difference. 



B 



JI. 38. Schol Lem. 2 : •• If DK be take* to AB 9» 
AB^^^C to BC, or, which is tke same thing, in a ratig 
which is the suUdnplicate of OK to QB» then the other 
•ermenl DK rf the base equally reduced in the op^ 
aitedireetioa shall be to the other side AC in the shomb 
wtdo." The application of these sugjcsiions is left 
totha«tftdaat. 



c E 
i I 



and the square of A C the given differ- 
ence of the squares : take A D a third 
propottioasl to AB, AC (LL520> and 



124 



GEOMETRY. 




A. a 



i& c 



Tl 




bisect B D m E (1.43.) ; AE, E B shaU 
be the straight lines required. 

12. Let the given ratio be that of 
A B to A C, and let the square of D be 
the given sum of the 

squares: from A (I. 

44.) draw A E at right 

angles to A B, and from 

the centre A with the 

radius AC describe a 

circle cutting A E in E : 

join B E : take B F equal 

to D, and through F 

(I. 48.) draw FG parallel to E A : GF, 

G B shall be the straight lines required. 

13. Let the given ratio be that of 
AB to AC, and let the square of D 
be the given difference of the squares : 
from B (1.44.) draw 
B E at right angles 
to A B, and from the 
centre A, with the 
radius A C, describe 
a circle cutting B E 
inE: join AE; take 
B F equal to D, and 
through F (I. 48.) draw FG parallel to 
AE: GF, GB shall be the straight 
lines required. 

14. Let the square of A B be the 
given sum of the squares, and let the 
rectangle under A B and C be the 
given rectangle : di- 
vide AB in D (XL 
56.), so that the rect- 
angle under AD, DB 
may be equal to the 
square of C ; fh)m 
D(I1.56.)drawDE 
at right angles to 

AB ; and upon AB as a diameter de- 
scribe a circle cutting DE in E : AE, 
EB shall be the straight lines required. 
For it is evident, that the square of ED 
being, by construction, equal to the rect- 
angle under AD. DB (11. 34.Cor.), ED is 
equal to C ; and the rectangle under 
AE, EB is equal to the rectangle under 
AB, ED, that is, to the rectangle under 
AB and C. 

15. Let the square of AB be the 
given difference of the squares, and let 
the rectangle under A B and C be the 
given rectangle; 
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upon A D describe a circle cutting B E 
in E: AE, EB shall be the straight 
lines required. For it is evident that 
the square of ED being (as in the last 
case) by the construction equal to the 
rectangle under AD, DB (II. 34. Cor.), 
ED is equal to C; and, because the tri« 
angles ABE, EBD are similar (IL 34.), 
AB is to AE as EB to ED, and there- 
fore the rectangle under AE, EB is 
(II. 38.) equal to the rectangle under 
AB, ED, that is to the rectangle under 
AB and C. 

Scholium, 
In the cases of this Proposition we 
have exhibited geometrical solutions of 
the following well-known equations. 



1. X +y =a 
X -y =6 

3. X +y =o 
5. X +y =a 



2. ««+y«=fl^ 
4. X — y =a 
6. X —y =a 




7. ;r ^ a 
y Z b 

8. a?+y= a 

X b 



10. X +y =a 
xy =^ 



9. x—y = a 
X b 



11. X'-y =a 
ay =^ 



12. x*+y'=cfl 13. ««-y«=(^ 

* b X _b 

y "c y c 

14. a«-hy« = ai 15. a^^yi^ffi 
*y =b» xy =W 



produce AB to 
D (IL 56.), so 
that the rectangle 
under A D, D B 
may be equal to 
the square of C, 
from B (L 44.) 
draw B E at right angles to AD, an4 




In the construction of these and other 
problems of the foregoing Sections, the 
data have always been supposed such 
that the problem in question be not im- 
possible. For, as we have already had 
occasion to observe, many of them are 
possible, only so long as the mutual 
relations of the data are confined within 
certam Hmits. Thus, if it be required 
to find two lines, such that their squares 
may together contain 9 square feet, it 
is evident that the sum of the lines in 
question must not be less than 3 feet, 
nor must their difference exceed 3 feet, 
(II. 56. N. B.). The solution, therefore, 
of a problem, which should require the 
sum of the two to fall short of tms quan- 
tity, or their difference to exceed it. 



IV. § 1.] 



GEOMETRY. 



125 



woirid'be impos^ble. In this maimer 
does one of the conditions frequently set 
Ihnits to the other— -frequently, but not 
in every case : — ^thus, if two lines be re* 
quired, which shall contain a given 
rectangle, their ratio may be any what* 
ever, and a problem which should re- 
quire them to be to one another in any 
ratio, how great or how small soever, 
would be possible. The limits of possi- 
Inlity, when there are any, are commonly 
indicated by the construction, if the 
problem be solved geometrically, as 
they are, if algebraiculy, by the form 
of the final equation. See the cases of 
Prop. 64., where the vertex of the tri- 
angle sought is determined by the inter- 
section of a straight line and circle, or of 
two circles : if the data be such that no 
intersection can take place, the con- 
struction fails, and the problem becomes 
impossible. 

BOOK IV. 

$ 1. Of Lines perpendicular, or inclined, 
or parallel to planes. — } 2. 0/ Planes 
which are parallel, or inclined, or per- 
pendicular to other Planes.— -§ 3, Of 
Solids contained by Planes, — $ 4. 
Problems. 

Section 1. — Of Lines perpendicular^ 
or inclined, or parallel to Planes. 

In the preceding books our attention 
has been confined to lines which lie in 
one and the same plane, the intersection 
of such lines, and the figures contained 
bv them ; we are now to consider lines 
wnich lie in different planes, planes 
which intersect one another, and solids 
which are contuned by plane or other 
surfaces. In other words, we have 
been hitherto engaged with Plane Geo- 
metry ; we are now to enter upon Solid 
Geometry. 

Def. 1. (Euc.xidef.3.) A. straight line 
is said to h^ perpendicular (or at right 
angles) to a plane, w^en it makes right 
angles with every 
sfnught line meet- 
ing it in that plane, 
(see Prop 3.). Also, 
conversely, in this 
case the plane is 
said to be perpendi- 
cular to the straight 
line. 

The foot of the perpendicular is the 
point* in which it meets the plane. 

* It is evident that a stnu^ht line cRDDot tnf«t a 
plane in more than one point, anlesM it lie* alto- 
gether in the plane ; and in like manner that one 
plue oanaot meet another plM6 in a portion of inr- 





2. (Euc. xi. del 5.) A straight line is 
said to be inclined to a plane, when it 
meets the plane but is not perpendicular 
to it. 

When a straii^ht line A B is inclined 
to a plane C D E, 
the angle ABF 
which it makes 
with a straight 
line drawn from 
the point B in 
which it meets 
the plane,throu^h 
the foot of the 
perpendicular AF, which is let fall upon 
the plane from any other point A of the 
straight line (see Prop. 7.), is called the 
angle of inclination. 

3. A straight line is said to bepa- 
rallel to a plane, when it cannot meet 
the plane, to whatever extent both be 
produced. Also, conversely, in this case 
the plane is said to be parallel to the 
straight line. 

4. If two planes AB C, 
ABD intersect one an- 
other in a line as AB 
(see Prop. 2.), they are 
said to form at that line 
a dihedral angle C A B D . 

The magnitude of a 
dihedral angle does not 
depend upon the extent 
of the containing planes, but upon the 
opening between them. Thus, the di- 
hedral angle C A B D is greater than 
the dihedral an&rle £ A B D by the dihe- 
dral angle C A B E. 

5. When one plane standing upon 
another plane makes the adjacent dihe- 
dral angles equal to one another, each 
of them is called a 

right dihedral angle ; 
and the plane which 
stands upon the other 
is said to he perpen- 
dicular (or at right 
angles) to it 

A dihedral angle is also said to be 
acute or obtuse, according as it less or 
greater than a right angle. 

6. (Euc. xi. def. 8.) Planes, which do 
not meet one another, though produced 
to any extent, are said to he parallel. 

7. (Euc. xi. def. 9.) If three or more 
planes pass through apoint as A, they are 





face common to both, nnless thej coincide altogether. 
(See Prop. 1.) Therefore a 8traif(ht line cmtt a plnne 
in apoint ; and a plane cutt a plane in a line, whicb 
line CaM Prop. St.) ia « itrvghc line. 
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tatd to form at that 
point a solid angle»of . 
which the intercepted "^ 
plane angles (see 
Prop. 2.) are called 
the sides or faces, and ^ 
the intersections of 
the planes, edges, 

8. A polyhedron is a solid figure in- 
cluded by any number of planes, which 
are called its /ace*; if it have four faces 
only, which is the least number possi* 
ble, it is called a tetrahedron ; if six, a 
hexahedron; if eight, an octahedron; 
if twelve, a dodecahedron ; if twenty, an 
icosahedron ; and so on.* 

The intersections of the faces of a 
polyhedron are called arrises or edges^ 
and the points of the solid angles 
vertices or angular points. The diagonals 
of a polyhedron are the straight lines 
which join any two vertices not lying in 
the same face. 

The surfaces of the polyhedrons here 
treated of are supposed to be convex, 
that is, such that the same straight line 
can cut them in two points only. 

9. Apol^hedron is said to be r^ular, 
when its faces are similar and equal 
regular polygons, and its solid angles 
equal to one another. There are only 
five such figures. (See Prop. 20. Cor,) 

10. Two polyhedrons are said to be 
iimilar, when they are contained by simi- 
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lar faces similarly situated, and forming 
equal dihedral and solid angles.f 

• The Greek word for ♦* seat" beinjf in all cases 
annexed to the Greek numerHl which indicates the 
nnmher of seatn, or faces, on which the fignre may be 
seated. A solid figure may be contained by any 
nambernf faces above three, in the same manner as 
a plane fignre mav be contained by any number of 
sides above two, the numbers 4, 6, 8, 12, and 20 being 
here Kpecitied only because the other solids (of 6,7, 
&c. faces) are less frequently subjects of considera- 
tion. 

t The same observation reav be made here as at 
Book II. def. 14, viz. that in this definition there are 
some things assumed which have not been as yet 
demonstrated. The^e are, 

1. Ifall the plane angles bat one which contain 
two solid angles be eqnal, each to each, in order, and 
make with one another equal dihedral angles, the 
Kinaining plane angle of the one shall be equal to 
the remaiu)n|r plane angle of the other, and the two 
remaining dihedral angles of the one equal re^pec- 
tively to the two remaining dihedral angles of the 
other. This majr be proved by coiAcideoce. 



1 1. (Euo. xi. def. A.) A paralleloptpeg 
» a solid figure hav- . 
ing six faces, of which 
every opposite two "^ 
are parallel. 

Such a figure may a? 
be formed by taking 
any solid angle A, which is formed by 
three plane angles, assuming any points 
B, C, D in the three edges, a^id passing 
through those points planes parallel to 
the planes A C D, A B D, A B C re* 
spectively. 

The faces of a parallelopiped ar« 
sometimes distinguished by naming any 
two opposite faces the bases of the pa* 
rallelopiped, and the other four the 
sides : in which case the altilvde of the 
parallelopiped is the perpendicular dis- 
tance between the two bases. 

12. A rectangular parallelopiped it 
that which has one of 

its solid angles con- 
tained by three right 
angles, and therefore 
(see Prop. 17.) every 
face at ri^ht angles to ' 
those which are adjoining to it. 

13. A cube is a rectangular parallelo- 
piped which has the three 

edges terminated in one of 
the solid angles equal to 
one another. The cube of 
any straight line A B, is 
the cube of which A B is 
an edge. 

14. (Euc. xi. def. 13.) A prism is a 
solid figure having any number of faces, 
two of which are similar and equal rec- 
tilineal fierures, so placed as to have 
their corresponding sides parallel, and 
the rest parallelograms. 

Such a figure may be formed by 





9. If all the planes bat one which form a oonves 
surface be similar and similarly situated to all tb« 
planes but one which contain a solid iigure, earh to 
each, and if the dihedral angles which every adjoin* 
ing two of the first make with one another be equal 
to the dihedral angles which every correspondinr 
two of the latter make with one another, each to 
each, the remaining edges of the surface (vis. those 
which are not common to adjoining planes) shall 
he in one plane, and shall inclose a rectilineal figure 
similar to the last face of the solid, and making 
equal dihedral angles with the corresponding faeea 
adjoining to it. This may be demonstrated by 
making any two of the equal solid angles coincid^ 
(See Prop. 14. CotA " 

It iii evident, also, that the definitioi would be 
complete without mentioning the equality of the 
solid angles, for the several plane ani dihedral an- 
gles of the one being equal and similarly situated 
with the corresponding plane and dihedral angles of 
the other, it is evident that any two corxespoad'iic 
■ohd angles may be said to coincide. 



IV.* 10 



OSOMETRY. 



1S7 




drawing throuich the several angles of 
a polygon ABODE, 
bv\t not in the same 
plane with it, the pa- 
rallels Aa, Bb,Cc, 
&c., taking Aa, B6, 
C c, &c., each of them 
equal to any the same Jt 
straight line, and join- 
ing a by be, &c. (see 
Prop. 13. and 15.) 

The parallels, which join the corre* 
Bponding angles of the two polygons, are 
called ttie principal edges of the prism : 
the polygons are called bases ; the pa- 
tallelograms, sides ; and the surfaces of 
the parallelograms together constitute 
what is called the lateral or convex sur- 
face of the prism. 

The altitude of a prism is the perpen- 
dicular distance between its two bases. 

16. A prism is said to be triangular, 
or quadrilateral, or pentagonal, &c., 
•ocording as its bases are triangles, or 
quadrilaterals, or pentagons, &c. 

A prism is also said to be right or 
Miqtie, according as the principal ed^s 
are perpendicular to the bases, or m- 

dm^ to them. 

16. A f^^/ar prom is a right prism, 

which has for its bases two regular 
polygons ; and the straight line which 
joins their centres is called the art* of 
the prism. 

1 7. ( £uc. xi. def. 12.) A pyramid is 
a solid figure, having any number of 
faces, one of which is a triangle or other 
rectilineal figure, and the rest triangles 
which have a edmmon vertex, and for 
their bases the sides of the first triangle 
or rectilineal figure. 

Such a figure may 
be formed by drawing 
fttraight lines from 
the angles of any 
recfilineal figure A a 
CDE to any point 
V which is not in the 
tame plane with it. 

The straight lines V A, V B, &c., 
which are the sides of the triangles, are 
ealled the principal edges of the pyra- 
mid: the first triangle or rectUmeal 
figure is caUed the base, the other tri- 
angles the sides, and their common 
vertex, the vertex or summit : the sur- 
fkoes of the latter triangles also consti- 
tute what is called the lateral or conveas 
mtfaoe of the pyramid. 

The oltitudA of a pyramid is the per- 
pc&dicular distance of the vertex from 
Um base or tha base produced. 





18. A pyramid u said to be triangu- 
lor, or quadrilateral or pentagonal, &a 
according as its base is a triangle, or a 
quadrilateral, or a pentagon, &c. 

19. A regular pyramid is that which 
has for its base a regular polygon, and 
the straight line which is drawn from 
the vertex to the centre of the base per- 
pendicular to the base ; and the line so 
drawn is called the axis of the pyrflr 
mid. 

20. If a pyramid be 
divided into two parts 
by a plane parallel to 
its base, the part next 
the base is called a 
frustum of a pyramid, 
or sometimes a trun^ 
cated pyramid. 

21. (£uc. xi. def. 14.) A sphere is a 
solid figure, every point in the surface 
of which is at the same distance from 
a certain point within the figure, which 
is called the centre. The distance firom 
the centre to the sur&ce is called the 
radius, or sometimes the semidiameter 
of the sphere, because it is the half of a 
straight line which passes through the 
centre, and is terminated both ways by 
the surface, which straight line is called 
a diameter* 

Such a figure may 
be conceived to be 
generated by the re- 
volution of a semi- d| 
circle ADB about 
its diameter A B ; — 
that is to say, if the 
semicircle \m made to revolve round its 
diameter AB. its plane will, in the course 
of the revolution, pass through the whole 
solid space about the line AB produced, 
and the semicircular portion ADB will 
pass through the whole spherical space 
upon the diameter AB, so that there 
shall not be a point within that space 
with which some point or other of the 
semicircle will not have coincided, but 
the same cannot be said of any point 
without the sphere. By the word "ge- 
nerate,'* it is intended to convey the idea 
that the parts of the solid start into exist- 
ence as they are successively traversed 
by the generating plane. 

Prop. 1. (Euc. xL 2.) 

A plane, and one only, may be made 
to pass through a given stratght Itne 
mdagivenpoint without tt,or through 
three given fointe which are mt m 
the same straigM line, J 
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LetABbeagiven 
straight line, and C a 
given point without 
it : a plane, and only 
one plane, may be 
made to pass through 
the straight line A B 
and the point C. 

For a plane may be made to pass 
through AB, and this plane may be 
turned about A B until it pass through 
C. Now, let any other plane be made 
to pass through the same straight line 
A 6 and the same point C ; and let P 
be any point taken in it : P shall like- 
wise be a point in the first plane. For, 
if in AB any two points A, B be taken, 
and C A , C B be joined, the straight 
lines C A, C B will lie in each of the 
planes (I. def. 7,). And because P is a 
point in the same plane with C A and CB, 
through P there may be drawn P Q j)a- 
rallel to A B to meet C A in some point 
Q and CB in some point R (1. 14. Cor, 3). 
Then, because the lines CA, CB are in 
the first plane, the points Q, R are 
likewise in that plane, and therefore 
the straight line P Q R, which passes 
through tnem, and the point P of that 
straight line, are in the same plane. 
Therefore, there is no point in either of 
the two planes which is not also in the 
other plane, that is, they are one and 
the same plane. 

Again, any plane which passes through 
the straight bne A B and the point C 
without it, passes also through the three 
points A, B, d, which are not in the 
same straight line ; and reversely. 
Therefore, since it has been shown that 
a plane, and one only, may be made to 
pass through the straight line A B and 
the point C, it follows that a plane, and 
one only, may be made to pass through 
the three points A, B, C. 
Therefore, &c. 

Cor, I . A plane, and one only, may 
be made to pass through the sides of 
a given rectihneal angle, or through two 
given parallels. 

Cor. 2. Any number of parallels 
through which the same straight line 
passes are in one and the same plane. 

Cor, 3. It follows from the preced- 
ing corollary, that a plane may be con- 
ceived to be generated by a straight line 
which moves along a given straight line 
80 as always to continue parallel to ano- 
ther given straight line. 

Cor, 4. Any number of planes may be 
made to pass through the same straight 
line. 



Prop. 2. (Eve, xi. 3.) 




ff two planes cut one another ^ their 
common sectiofi shall be a straight 
line. 

For, if any two points 
be taken in the common 
section, the straight line 
which joins them will 
be in each of the planes 
(I. def. 7.) : but the only 
line which is in each of 
the planes is their common section ; 
therefore the common section coincides 
with the straight line which joins any 
two of its points, that is, it is a straight 
line. 
Therefore, &c. 

Prop. 3. (E¥c. xi. 4.) 

J^a straight line stand at right an- 
gles to each of two other straight lines at 
their point of intersection, it shall be at 
right armies to every other straight line 
ivhich passes through the same point 
and lies in the same plane with them ; 
that is, (def. 1.) it shall be at right an- 
gles to the plane in which they are. 

Since two different planes may pass 
through the same straight line A P, and 




a perpendicular may be drawn to it in 
each of these planes from the point 

A, the case supposed in the proposi- 
tion is evidently possible. 

Let the straight line A P, therefore, 
stand at right angles to each of the 
straight lines A B, AC, at their point of 
intersection A, and let AD be any other 
straight line in the plane ABC, which 
passes through the same point A : A P 
shall be at right angles to A D. 

In AB, AC, take any points whatever 

B, C ; and in BA, C A produced make 
A b equal to AB, and Ac equal to AC : 
join BC,bc, arid let A D and DA pro- 
duced cut B C and b c respectively in D 
andd: take any point P in AP, and 
join PB, P C, P D, P ^ P c, Pc?. Then, 
because in the triangles A B C, A 6 c, 
the two sides A B, A C are equal to the 
two Ab, Ac, each to each, and the in- 
cluded angles (1. 3.) equal to one ano-, 
ther, the base B C is equal to the base 
be, and the angle AB C to the angle 
Abe (1. 4.) 'f and because in the tri- 
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angles ABB, A 6 <i the side AB is equal and from B let BH be drawn per- 

to the side A 6, and the angles A BD, pendicular to FG: take any point A 

BAD (1,3.) equalto the angles A6rf, in AB, and join AH: AH shall be 

bAd, each to each, the side A D is perpendicular to F G. 
equal to the side A d (1. 5.)> and B D to In H F take any point F, make H G 

bd. Again, the triangles P A C, P A c equal to H F, and join A F, A G, B F, 

haye the two sides P A. A C of the B G. Then in the triangles B H F. 

one equal to the two P A, Ac of the BHG, because the two sides B H, H F 

other, each to each, and the included are equal to the two BH, HG, each to 

angles right angles ; therefore the base each, and the included angles right an- 

PC is equal to the base P c (1.4.) : and for gles, B F is equal to B G (L 4.). Again, 

the like reason, PB is equal to P 6 ; and because AB is perpendicular to the plane 

it was before shown that B C is equal to CDE, the angles ABF, ABG are right 

b c : therefore, the triangles PBC, P6 c angles (def. 1.) : and because in the tri- 

have the ^ree sides of the one equal to angles A B F, A B G, the two sides A B, 

the three sides of the other, each to each ; B F are equal to the two AB, BG, each 

therefore, also, the angle PBC> equal to to each, and the included angles right 

the angle P6c (1. 7.). And, because the angles, AF is equal to AG (I. 4.). 

triangles PB D, P 6 rf have two sides P B, Therefore, lastly, because the triangles 

BD of the one equal to two sides Fb,bd AHF, AHG have the three sides 

of the other, each to each, and the in- of the one equal to the three sides 

eluded angles PBD, P6rf equal to one of the other, each to each, the angle 

another, the bases PD,P rf are likewise AHF is equal to the angle AHG 

equal (1.4.). Lastly, therefore, because (I. 7.); and they are adjacent angles; 

the triangles PAD, P Arf have the therefore, each of them is a right angle 

three sides of the one equal to the three (I. def. 10.), and A H is at right angles 

sides of the other, each to each, the to F G. 
angles PAD, PAd are equal to one Therefore, &c. 
another, and (I def. 6.) PA is at right Cor, Hence, also, if a straight line 

angles to AD. And because PA is at be perpendicular to a plane, and if from 

right angles to every straight line A D, any point of it a perpendicular be drawn 

which meets it in the plane BAG, it is to a straight line taken in the plane, the 

at right angles to that plane (def. 1.) sbraight line which joins the feet of the 

Therefore, &c. perpendiculars shall likewise be perpen- 

Cor. 1. (Euc xi. 5.) Any number dicular to the straight line taken in the 

of straight lines which are drawn at plane, 
right angles to the same straight line 

from the same point of it, lie all of them Prop. 5. (Euc. xi. 6 and 8.) 

in the plane which is perpendicular to straight lines, which are perpendicu- 

the straight line at that pomt. ^ ^ larto the scone plane, are parallel : and. 

Cor, 2. ^^^"^^j^l^^^Ul^^^ J^^^\ conversely, if there be two parallel 

^ ^^ ix n, ya^rnxTt^ a n gl^ai^ht HnC 

pendicular i 
perpendUcuk 

Prop. 4. Let the straight 

If a straight line be perpendicular to lines A B, C D be 

a plane, (oS if from its foot a perpendi- each of them per- 

cular be drawn toa straight line taken in pendiculw to the 

the plane ; any straight line, which is Pjane j: F G : A JJ 

drawn from a point In the former per- shall be parallel to 

pendicular to meet the foot of the latter v^D. 

perpendicular, shcUl likewise be perpen- . Join B D ; and, 

dicular to the straight line taken in the m the plane ±. F G, 

nlntiP frona D draw D H 

n^i the straight x perpendiculw.to B D : ^AB take any 

5i^i,i"tJ«; rl^^^ iTLUtruitr?o.ff^^f 




B-letFoEea / ^^ foot to the"^ line D H «hich is in that 
rti^ht lii^ takeS /__^ plane. A D is likewise perpend.cular to 
ra plane CdI^ ^ ^ DH (4.): and U D is pe|^ndiculiur 



130 GEOMETRY. [IV/} 1. 

to D H. because it is perpendicular to In E F take any Pp^t G. and from G, 





plane of D B and D A : therefore, B A G K at right angles to E F. Then, be- 
and D C lie m the same plane. Again, cause E F is at right angles to eaxjh of 
because AB and C D are perpendicular the lines GH, GK, it is at nght angles 
each of them to the plane E F G, they to the plane HGK (3.). But AB and CD 
are perpendicular each of them to the are each ofthem paraUel toEF. There- 
straight Une BD (def, 1,). And because fore, A B and C D are ^so at right an 
they are in the same plane and perpen- gles to the plane HGK (5.) : and be- 
dicular to the same straight Une, they cause they are at right angles to thQ 
are parallels (1. 14.). same plane, they are parallel (5.). 

Next, let AB, CD be parallels, meet- Therefore, &c. 
ing the plane E F G in the points B, D, . , j , « s 

respectively, and let A B be perpendicu^ Pbop. 7. (Euo. xl U, 12, and 13.) 
larto theplaneEFG: CD shall like^ - a straight Une may be drawn pef^^ 
wise be perpendicular to it. ^.^ ^ ^ given plane of indefinite 

i^'^^'V^?' and draw, a^ before, m the ""^^^f^a^givLpointUheO^ihe 
plane EFG, DH peipendicular to B D ; ^^ J be^ihoutor in the plane; 
and, takmg any point A in A B, jom £7^^^^ the same point there'eannot 
iiSJt^r^^^^^^^^^ te£au.n^et,u.n^nep^ 

pendicular to the plane of AD, DB (3.)- ^° '^^ ^^'^ P^^\ 
But C D is in that plane ; because it is Let A be a point 
paraUeltoAB, and therefore in the same without the plane 

?lane with AB and the point D (1 . Cor. 1 .). B C D : a perpendi- 
'herefore C D is likewise perpendicular cular, and one only, 
to DH (3.). Again, because AB, C,D may be drawn from 
are parallel, and that A B (being per- the point A to the 
penmcular to the plane E F G) is per- j^ane BCD. 
pendicular to B D, (def. 1.) C D is like- In the plane BCD 
wise perpendicular to BD (I. 14.)« draw any line EF, 
Therefore, C D is perpendicular to each and from the point A draw AG perpen- 
of the straight lines B D, D H, that is, dicular to E F : from G draw, in the 
it is perpendicular to the plane BDH plane BCD, GH perpendicular to EF; 
(3.) or EFG. and from A draw AH perpendicular to 

Therefore, &c. GH (I. 45,). Through H draw KL pa- 

Cor, If from different points in the rallel to EF (1. 48.), and therefore lymg 
same straight line perpendiculars be in the same plane with H and E F, that 
drawn to the same plane, these perpen- is, in the plane BCD. Then, because 
diculars shall lie in one plane, and their E F is at ri^ht angles to each of 
feet in one and the same straight line : the straight hues AG, GH, it is at 
for the perpendiculars, being parallel right angles to the plane A G H (3.) i 
and passing through the same straight but K L is parallel to ET ; therefore 
line, lie in one plane (] Cor. 2.); and the KL is at right angles to the plane 
common section of this plane with the A G H, and the angle AH K is a right 
first is a straight line (2.). , angle (5.). And because A H is at 

right angles to each of the straight lines 

Prop. 6. (Eve. xi. 9.) K H, H G, it is at right angles to the 

'«,.,,,. , . , „ , , plane K.H G (3.), that is, to the 

Straight hn^ which are parallel to pi^ne BCD. But from the same point 
th^jame straight line, though not both \^ there cannot be drawn any other 
of them in one plane with it, are parallel straight line which is at right angles to 
to one another. the plane BCD; for if we suppose XQ 

Let the straight to be any other straight line drawn from 

lines A B, CD be A — y" ^B A and meeting the plane BCD in G, and 

each of them pa- i^ — ^ 3f if H G be joined, tne angle AH G will 

rallel to the straight ^ V -p ^ * right angle, and therefore (L 8.) 
line E F, and not ac ■" the angle A G H less than a right angle ; 

in one plane with so that AG cannot (de£ 1.) be at right 

it : A B shall be parallel to CD. angles to the plane BCD.^ 




IV, $ 1.] 

Next, let' A be a 
point Vn the plane 
BOD: take any 
point A' without 
the plane, and frooi 
A' draw A'H' per- 
pendicular to the 
plane : then, if 

through A, AH be drawn parallel to 
A' H' (I. 48.). AH will likewise (5.) be 
perpendicular to the plane. And from 
the same point A. there cannot be 
drawn anv other straight line perpendi- 
cular to the pl^ne BCD; for, if AG be 
any other straight line drawn from A, 
and if the plane H AG cut B C D in 
the line KL (2.), the angle HAK 
will be a right an^le, and therefore 
6 A K will not be a right ansle ; so that 
AG cannot be at right angles (def. \.) 
to the plane BCD. 

Therefore, &c. 

Prop. 8. 

" Fromapoint to a plane the perpendi' 
cular is the ehorteU distcmoe: and of 
other straight lines trhich are drawn 
from the point to the plane, such as are 
eqtMd to one (mother cut the plane at 
equal distances from the foot of the 
perpendicular; and such as are unequal 
tut the plane at unequal distances from 
the foot y the greater being always fur- 
ther from the perpendicular; and con- 
versely. 

Let A be a point 
without the plane 
BCD, and let there 
fall from A to the 

S lane, the perpen- 
icular AE, any 
other straight Une 
AF, the strught 
line AG which is 

equal to AF, and the straight line 
A H which is greater than A F ; and 
join E F, E G, fi H : the perpendicular 
A £ shall be less than the straight line 
AF ; the distance EG shall be equal to 
the distance E F, and the distance £ H 
greater than the distance £ F. 

For, in the first place, because AE 
is perpendicular to tne plane BCD, the 
angle A E F is a right angle ; wherefore 
A F£ is less than a right angle (I. 8.), 
and in the triangle A£ F (1. 9.) the side 
A E is less than the side AF. Next, be- 
cause the angles AE F, A E G are both 
of them right angles (def. 1.), AEF and 
A £ G are right-angled triangles which 
have the hypotenuse A F equal to the 
hypotenuse A G, and the side AE com- 
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mon to both; therefore (t. 13.) the 
remaining sides E F, G G are equal to 
one another. Lastly, because A £ H is 
a right angle, the square of AH is 
equal to the souares of A£, EH (1. 36 ) ; 
and for the like reason the square of 
AF is equal to the squip^es of ^ £, £ F : 
but the square of A H is greater than 
the square of AF, because AH is greater 
than AF: therefore, the squares of 
A E, E H are together greater than the 
squares of A E, £ F ; therefore the 
square of £ H is greater than the 
square of £ F, aqd £ H is greater thtm 
£F. 

And hence, conversely, if the distances 
£ F, E G be equal to one another, the 
line AF must bie equal to the line A G | 
for, if not, the distances £ F. £ G would 
l)e unequcd : and in like manner, if the 
distance £ H be greater than the dis- 
tance £ F, the line AH must be greater 
than the line AF. 

Therefore, fto. 

CoT^ If, from the centre A, a sphere 
be described with a radius less than the 
perpendicular A £, it will not meet the 
plane B C D : if with a radius equal to 
AE, it will meet BCD in one point 
only, which is the foot of the perpendi- 
cular ; and, if with a radius greater than 
A£» its surface will cut the plane in 
the circumference of a circle which 
has for its cenhre the foot of the per- 
pendicular. 

Lemma* 

If, in two right-angled triangles, the 
hypotenuse of the one be equal to the 
hypotenuse of the other, but a side of 
the first greater than a side of the other, 
the angle opposite to that side shall be 
greater than the angle opposite to the 
side of the other ; and conversely. 

Let ABC, D £ F be two right-angled 
triangles, which have the hypotenuse AC 
equal to the hypote- 
nuse D F, but the 
side A B of the first 
jiTeater than the side 
DE ofthe other: the 
angle A C B shall 
likewise be greater 
than the angle DFE. 

Bisect A C and 
D F in the points G ,-^ ,> 

and H respectively (1. 43.) : then, if G B 
and H E be joined, they will be equal re- 
spectively to the halves of A C and D F 
(1. 19. Cor* 4.), and therefore (L ax. 6. 
equal to one another. And, because in 
the triangles GAB, HDE, the two sides 

K 2 
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AGr, GB of the one are equal to the two 
DH, HE of the other, each to each, but 
the base AB greater than the base D £, 
the angle AGE is (I. 11.) greater than 
the angle D H E. But the angle AGB 
is double of A C B, for A G B is equal 
to the sum of GCB and GBC (I. 19.), 
which are equal to one another, because 
6B is equal to G C (I. 6.) ; and for the 
like reason, the angle D H E is double of 
D F E. Therefore (I. ax. 8.), the angle 
A C B is greater than the angle D F E. 

And hence, conversely, if A C B be 
greater than DFE, AB must also be 
greater than DE : for it cannot be equal 
to DE (1. 13.); neither, by what nas 
been just demonstrated, can it be less 
thanDE. 

Therefore, &c. 

Prop. 9. 

If a straight line he inclined to a 
plane, of all the angles which it makes 
with straight lines meeting it in that 
plane, the least shall be the angle of 
inclination ; and, with respect to every 
other qf these angles, a second angle 
may always be drawn which shall be 
eqiud to it, viz. upon the other side of 
the angle of inclination ; but there can- 
not be drawn in the plane more than 
two straight lines with which the in- 
dined straight line shall make equal 
angles, one upon each side of the angle 
qf inclination. 

Let the straight line A B be inclined 
to the plane C D E at the point B : 
from any point A in AB, draw AF 
perpendicular to the plane CDE (7.), 
and join B F, so that A B F may be the 
angle of inclination (def. 2.) ; and let BG 
be any other straight line in the plane 
CDE passing through the point B: 
the angle A B F shall be less than the 
angle A B G. 

From the point 
F draw FG per- 
pendicular to B G, 
and join A G. 
Then, because A F 
is perpendicular 
to the plane in 
which B G lies, 
and that FG is 

drawn from the point F perpendicular 
to BG, AG is likewise perpendicular 
to BG (4.). And, because in the right- 
angled triangles A F B, A G B, the hypo- 
tenuse A B IS common to both, but the 
pide A F of the first less than the side 




AG (8.) of the other, the opposite angle 
A B F is likewise less than the angle 
A B G, by the foregoing Lemma. 

Also, from the point B in the same 
plane CDE, there may be drawn a 
straight line BH, making an angle with 
A B equal to the angle A B G, viz. upon 
the other side of the angle A B F. For, 
if the angle FB H be made equal to the 
angle FB G, then, drawing FH perpen- 
dicular to B H, and joining A H, A H 
will likewise be perpendicular to B H 
(4.); and, because in the right-angled 
triangles F GB, FH B, the hypotenuse 
F B is common to both, and the angle 
F B G equal to the angle F 6 H, the 
opposite side FG is equal to FH 
(I. 13.): therefore, also, (8.) AG is 
equal to A H : and, because in the 
right-angled triangles AGB, AH B the 
hypotenuse AB is common to both, 
and the side A G equal to the side A H, 
the angle A B G is likewise equal to the 
angle ABH (L 13.). 

B ut, lastly, there cannot be drawn in the 
plane CDE more than two straight lines 
b G, B H, with which the straight line 
AB shall make equal angles. For, if BK 
be any other straight line, then, drawing 
F K perpendicular to B K, and joining 
A K, A K will likewise be perpenaicular 
to F K (4.) : and, because in the right- 
angled triangles F H B, FKB, the hy. 
potenuse FB is common to both, but 
the angle F B H not equal to the angle 
F B K, the side F H is not equal to the 
side F K (Lemma) : therefore (8.) AH is 
not equal to A K ; and, because in the 
right-angled triangles A H B, A K B, 
the hypotenuse A B is common to both, 
but the side A H not equal to the side 
A K, the angle A B H is not equal to 
the angle AB K (Lemma). 

Therefore, &c. 

Cor. If three straight lines lie in the 
same plane and meet m the same point, 
and if a fourth straight 
line stand at equal 
angles to the three at 
that point ; the equal 
angles shall be right 
angles, and the fourth 
straight line shall be 
at right angles to the plane of the 
three. 

Prop. 10. 

Jf one straight line be parallel to 
another, it shcul liketmse be parallel to 
any plane which passes through that 
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other ;* and if a straight line be paral- 
lel to a plane, it shiul be parallel to 
the line in which any plane passing 
through it cuts the first plane. 

Let the straight line AB be paral- 
lel to C D, and 

lei E F G be jl b 

any plane pass- 
ing through 
CD: the line 
AB shall be 
parallel to the 
plane E F G. 

For, since A B is in the plane of A B, 
CD (I. def. 12.), if it meet the plane EFG 
at all, it must meet it in the plane of AB, 
C D, and therefore in some point of the 
line C D ivhich is the common section 
of the two planes. But AB cannot 
meet C D, being parallel to it. There- 
fore neither can it meet the plane 
EFG, that is, it is parallel to the plane 
EFG (def. 3.). 

Next, let AB be parallel to the 
plane EFG, and let CD be the line 
m which any plane passing through 
A B cuts the plane £ F G : A B shall 
be parallel to CD. For if not, it must 
meet it in some point But in the same 
point it would meet the plane EFG, 
to which it is parallel: which is im- 
possible. Therefore A B is parallel to 
CD. 

Therefore, &c. 

Cor, 1. If two straight lines be pa- 
rallel, the common section of any two 
planes passing through them shall be 
parallel to either of them. For/ by the 
first part of the proposition, one of the 
lines is parallel to the plane which 
passes through the other ; and, there- 
fore, by the second part of the pro- 
position, it is parallel to the line in 
which the plane passitig through itself 
cuts the plane passing through the 
other. 

Cor. 2. If two straight lines, which 
cut one another, be parallel, each of 
them, to the same plane ; the plane of 
the two straight lines shall be piarsdlel 
to that {)lane. For should the planes 
meet, their common section would, by 
the proposition, be parallel to each of 
the cutting straight lines; which is 
impossible. (1. 14. Cor. 2.) 

* It is possible that a plane may pass through the 
second straight line, and also through the first, which 
is snppoited to be parallel to it: in this case, it is 
evident that the latter is not, as is predicated in the 
proposition, j>ara//e/ to such plane, but lies alt(^ether 
in It. The enunciation most, therefore, be under* 
stood with the ej(ception of this particular case. 



Sbction 2.--(y Planes which are pa- 
rallel, or inclined, or perpendicular to 
other Planes. 

Prof. 11. (Euc. xi. 14.) 

Planes, to which the same straight 
line is perpendicular, are parallel : and^ 
conversely, if two planes be parallel, 
and if one of them be perpendicular to 
a straight line, the other shall be per- 
pendicular to the same straight line. 

Let the straight line A B be perpendi- 
cular to each of the planes CDE, 
FGH : the plane C DE shall be pa- 
rallel to the plane FGH. 

For, if they are not parallel, let them 
meet one another, and let K be any 
point of the common section. Join 
K A, K B. Then, because A B is per- 
pendicular to the plane CDE, the 




anffle K AB is a right angle (def. 1.); 
and, because the same AB is perpen- 
dicular to the plane FGH, the angle 
K B A is a right angle : therefore, two 
aneles of the* triangle ^KAB are to- 
gemer eciual to two right angles ; which 
(I. 8.) is impossible. Therefore, the 
planes do not meet one another, to what- 
ever extent they may be produced, that is, 
(def. 6.) they are parallel to one another. 
Next, let the plane C D E be parallel 
to the plane FGH, and from any point 
A of the .first let A B be drawn perpen- 
dicular to , the other plane FGH: A B 
shall likewise be perpendicular to CDE. 
For, if not, (def. 1 .) there must be some 
line in the plane C'DE which meets the 
line AB, and' does 'not ^ make a right 
angle with it : let'K A^ be such a line, and 
let the plane KAB cut the plane FGH 
in the straight liiie B L (2.). Then, be- 
cause AB is at right' angles to the plane 
FGH, the angle A B L is a ris;ht angle: 
but B A K is not a right angle : there- 
fore the straight lines A K and B L 
will meet, if produced, in some point (I, 
15. Cor, 4.) which will be common to 
both the planes; and, because the 
planes meet one another in this point, 
they cannot be parallel, which is contrary 
to the supposition. Therefore the straight 
Une A B makes a right angle with every 
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straight liil6 meeting it in the plane 
DDE. that is, it is (def. 1.) at light 
angrles to the plane C D E. 

Therefore, &c. 

Cor, 1. Through any given point a 
plane may be draWn, and one only, 
which shall be parallel to a given plane. 
For a perpendicular A B may be drawn 
from the given point A to' the given 
plane FGH (7.); and from the same 
point A thfere may be drawn in two 
different planes straight lines at right 
angles to this perpendicular ; the plane 
of which straight lines (3.), and evi* 
deritly none other which passes through 
the given point, is perpendicular to the 
straight line A B» and therefore parallel 
to the ^ven plane FGH. 

Cot, 2. Hanes, which are parallel to 
the same plane, are paridlel to one 
another. 

Prop, 12. (Euc. xi. 16.) 

If parallel planer be cut hy the same 
plane, their common sections with it 
shall be parallels. 

For, these common sections lying one 
of them in one of the planes, and the other 
in the other, cannot 
meet one another, 
unless the planes 
meet one another; 
which they do not, 
because they are 
parallel: also, the 
common sections lie 
in the same (viz. the cutting) plane! 
therefore they ai-e parallels (L def» 12.). 

Therefore, &c. 

Cor. If two planes which cut one 
another be parallel to other two which 
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If two parallel straight lines he cut 
by two parallel planes, the parts of th§ 
straight lines which are intercepted 
between the planes shall be equal t6 
one another. 

For, if the plane of the parallels be 
drawn to cut the two parallel planes, the 
common sections wiU be parallel (12.), 
and will therefore in- 
clude, together with r — ' — ' — 7 

the parts in question, / \ -y I 

a parallelogram, of — 

which the parts in 

question are opposite 

sides, and therefore 

are equal to one another (I. 22.)» 

Therefore, &o. 

Cor. 1. Parallel planet afe every 
where equidistant (5.). 

CoT\ 2. If, from any number of points 
in the same plane, there be drawn with- 
out the plane as many equd and pa- 
rallel straight lines, the other extre- 
mities of these straight lines shall lie in 
a second plane parallel to the firsti 

Prop. 14. (Euc. xi. 17.) 

tf any two straight lines be cut by 
three parallel planes ; the parts of ths 
straight lines, which are intercepted by 
the planes, shall be to one another in 
the same ratio. 

Let the straight lines AB. CD be 
cut bv the parallel planes G H, K L, 
M N in the points A, E, B, and C, F, D 





etit one another, each to each, the 
common sections A B and C D of the 
first two and second two shall be paral- 
lels. For, if one of the first two planes 
be produced to meet that one of the 
second two, to which it is not parallel 
^ h ^^m; y ' ^" ^^^ straight line EF (2.), 
H 1^ Hp^^^^I bot^ to AB and 

n«?«Li^f'^*'^'''^ ^^^ A B and CD are 
parallel to one another. 



respectively: AE shall be to EB aa 
CFtoFD. 

Join AD, and let it cut the plane 
K L in O : and join O E, OF, AC, 
B t>. Then, because the parallel planes 
K L, M N are cut by the plane of tiie 
triangle ABD, the common sections 
E O, B D are parallel (12.): there- 
fore (II. 29.) AE is to EB as AO 
to O D. Again, because the parallel 
planes G H, K L are cut' by the plane 
of the triangle D A C, the common 
sections AC, OF are parallel; and 
therefore (11.29.) C F is to FD as 
AO to OD. Therefore (I. 12.) AE 
istoEBasCF IpFD. 
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Therefore, &c. ... 

Cor, If straight lines be drawn to a 
plane from any point without it, and 
\t each of these straight hnes. or each 
of them produced, be divided m the 
same ratio towards the same parts ; the 
points of division shall all lie in a second 
plane parallel to the first. 

Prop. 15. (EuC. xi. lO and 15.) ] 

IfttDo straight lines^ which meet one 
another, he pmttllel reepeetiveiy to two 
other straight Hnes, which meet one 
another, but are not in the same plane 
with the first two ; the contained angles 
shaU be equal,* and their planes pa-. 
raUel. 

Let the straight lines AB, AC, 
which meet one another in A, be pa- 
rallel respectively to the stridght lines 
DE,DF, which meet 
one another in D. 
the angle at A shall 
be equal to the angle 
at D, and the plane 
B AC shall be pa- 
rallel 'to the plane 
EDF. 

In the sh'aight lines A B, A C take 
aiw points B, C : make D E ec^ual to 
AB and DF equal to AC, and jom BC, 
EF, AD, BE, CF. Then, because 
the straight lines AB, DE are equal 
and pandlel, B E is equal to A D and 
paralid to it (I. 21.): and for the 
like reason CF is equal to AD and 
parallel to it: therefore also C F, BE 
are equal and parallel (I. ax. i. and 
6), ana consequently (I. 21.) B C is 
equal and parallel to E P. Therefore, 
because the triangles ABC, D E F 
have the three sides of the one equal 

* It will be obteired that this proposition is an 
extension of 1. 18. to the case in which the sides of 
the one angle are not in the same plane with the 
sides of the other. In order to exclade the case in 
which the angles would be supplementary, not equal, 
to one another* it was requireo, in the enunciation of 
I. 18., that the parallel sides should be " in the same 
order^ or direction from one another ; and a similar 
limitation for the same purpose is obviously necessarf 
in Uie proposition before us. In the former eatte, a 
rerj simple criterion is afforded by the position of the 
angles relativelv to the joining line BE (see the figure 
of I. 18.); for. in order that the angles may be equal, 
the sides which are parallel ought to be, each pair, 
upon the same side, or each pair upon opposite sides, 
of the joining line B£ ; for, if one pair lie towards the 
same parts, and the other towards opposite parts, the 
angles will be, not equal, but supplementary. And 
the present ease admitsof a criterion equally simple; 
for, in the case of equality, the parallel sides lie, each 
pidr, apon the same side, or each pair uM>n opposite 
sides, of any plane whicb passes through BK ; whereas, 
when the angles are supplementary to one anoUier, 
one pair of parallel sides lie towards the same parts 
of any such plane, and the other pair towards oppo- 
site parts. 



to the three sides of the other, each 
to each, the angle B A C is equal to 
the angle E D F (1. 7.). Again, because 
the straight line AB is parallel to D E, 
it is parallel to the plane EDF (10); 
and for the like reason A C is parallel 
to the same plane : therefore (10. Cor. 2.) 
the plane B A C is parallel to the plane 
EDF. 

Therefore* &c. 

Cor, If the planes, which contain a 
dihedral an^le, be cut by two parallel 
planes, equsu angles shall be intercepted 
m the latter : for the lines which con 
tain them are parallel (12.). 

Prop. 16. 

If two planes cut one another, and 
if other two likewise cut one another, 
and if the rectilineal angle which is 
contained by perpendiculars drawn in 
the two first to their common section 
from the same point of it, be equal to 
the rectilineal angle contained by per- 
pendiculars similarly drawn in the other 
two ; the dihedral angles shall be equal 
to one another. 

Let the two planes ABC, DBC 
cut one another in the straight line 



1 &r 



H 



B C, and let the two E FG, H F G cut 
one another in the straight line FG; 
also, let the angle ABD which is 
contained by perpendiculars to B C 
drawn in the two first planes from the 
point B, be equal to the angle E FH 
which is contsdned by perpendiculars 
to F G drawn from the ooint F in the 
two others : the dihedral angle A B 
CD shaU be equal to the dihedral 
ande E F G H. 

For, if the point B be made to coin- 
cide witii the point F, the straight line 
BC with FG, and the plane ABC 
with the plane E FG, the straight line 
A B will coincide with EF, because 
tlie angles A B C, E F G are right an- 
gles (1. 1.). Also, because B D is per- 
pendicular to B C, it will be (3 Cor. 1.) 
in the plane EFH which (3.) is at 
right angles to F G, and therefore 
BD will coincide with FH, because 
the angle ABD is equal to the 
angle EFH. Therefore the plan^ 
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C B D coincides with the plane G F H. 
And, because the planes A B C, D B C 
coincide with the planes E F G, H F G 
respectively, the dihedral angle AB CD 
coincides with the dihedral angle E F 
G H, and is equal to it. 
^ Therefore, &c 

Prop. 17. 

Any two di^tedral angles are to on^ 
another as the angles contained by per^ 
pendiculars draum as in the last pro- 
position. 

Let ABCD, EFGH be any two 
dihedral angles, and let ABD and 
EFH be the angles of the perpendi- 
culars AB, BD and EF, FH drawn 





as in the last proposition : the dihedral 
angles shall be to one another as the 
angles A B D, E F H. 

For, if the angle E F H be divided 
into any number of equal angles by 
the straight lines F e, &c., which straight 
lines, being in the plane of the angle 
EFH, are all of them perpendicular to 
the common section FG (3.), the dihedral 
angle E F G H will be divided into the 
same number of eaual dihedral angles by 
the planes G F e, fee. (16.). And, if the 
angle E F e he contained in A B D any 
number of times with a remainder less 
thanEFc, the dihedral angle EFGc 
will be contwned in A B C D the same 
number of times with a remainder less 
than EFGe(16.). And this wiUbethe 
case, how great soever be the number 
of parts into which the angle E F H is 
divided. Therefore (II. def. 7.), the 
dihedral angle ABCD is to the dihe- 
dral angle E F G H as the angle ABD 
to the angle EFH. 

Therefore, &c. 

Cor. If one plane be at right angles 
to another, the perpendiculars to the 
common section, which are drawn in 
the two planes from the same point of 
the common section, will be at right an- 
gles to one another ; and conversely. 

Scholium, 

Hence a dihedral angle is said to be 
measured by the plane angle of the per- 



pendiculars. And, in thus measuring 
the dihedral angle, it is indifferent from 
what point of the common section the 
perpendiculars are drawn ; for, if any 
two points be taken, the planes of the 
two pairs of perpendiculars drawn from 
these points will be (3.) perpendicular to 
the common section, and therefore pa- 
rallel (11.); and it has been seen(15.Cor.) 
that, if a dihedral angle be^cut by parallel 
planes, the intercepted angles will be 
equal to one another. 

It has been already stated (1 7. Cor.) that 
a dihedral right angle is measured by a 
plane right angle : it follows that adihe* 
dral obtuse angle is measured by a plane 
obtuse angle, and a dihedral acute angle 
by a plane acute angle. 

Many propositions with regard to cut- 
ting planes are readily deriv^ from this 
mode of measuring dihedral angles. Of 
these the following only need here be 
mentioned : 

1. If two planes cut one another, the 
vertical dih^al angles will be equal. 

2. If a plane fall upon two parallel 
planes, it shall make the alternate dihe- 
dral angles equal to one another, the 
exterior dihedral angle equal to the in- 
terior and opposite upon the same side, 
and the two interior dinedral angles upon 
the same side together equsd to two right 
angles. 

3. Of two dihedral angles, if the 
planes|of the one be parallel to the planes 
of the other, or perpendicular to the 
planes of the other respectively, the two 
dihedral angles shall be equal.* 

4. If two planes cut one another, and 
if perpendiculars be drawn to them from 
any the same point, the adjacent angles 
contained by the perpendiculars shdl 
measure respectively ttie adjacent dihe- 
dral angles contained by the two planes. 

Prop. 18. (Euc. xi. 18.) 

Jf one plane be perpendicular to ano- 
ther, any straight line which is drawn 
in the first plane at right angles to their 
common section shall be perpendicular 
to the other plane I and, conversely ^ if a 
straight line be perpendicular to aplane, 
any plane which passes through it shall 
be perpendicular to the same plane* 



• It bein^ provided also, that the parallel planes 
lie. each pair, upon the same fide, or each pair upon 




other pair towards opposite parts of that plane, the 
dihedral angles will Be supplementary, not e^ual, to 
one another. See the note at Prop. 15. 
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Let the plane 
ABC be perpendi- 
cular to DBC, and 
let any straight line 
AB be drawn in 
the plane ABC per- 
pendicular to the 
common section 
BC: the straight 

line A B shall be perpendicular to the 
plane D B C. from the point B, in 
the plane DB C, let BD be drawn at 
light angles to BC. Then, because the 
planes are at right angles to one ano- 
ther, the angle A B D is a right angle 
(17. Cor,): but ABC is likewise a 
light angle ; therefore (3.) A B is per- 
pendicular to the plane D B C. 

Next, let the straight line AB be per- 
pendicular to the plane BCD; and let 
ABC be any plane passing tlurough 
AB: the plane ABC shall be perpen- 
dicular to B C D. 

Let BC be the common section of the 
two planes ; and, from the point B, in 
the plane BCD, draw BD at ri^ht 
angles to BC. Then, because AB 
meets the line BD drawn in the plane 
to which A B is perpendicular, the angle 
ABD is a mht angle (def. 1.). But 
the angle ABp is contained by straight 
lines (h*awn in the two planes perpen- 
dicular to their conunon section B C. 
Therefore (17. Cor.) the dihedral angle 
A B C D is likewise a right dihedral 
angle, and the plane A B C is perpen- 
dicular to B C D. 

Therefore, &c. 

Cor. 1. If through the same point 
there pass any number of planes per- 
pendicular to the same plane, they shall 
all of them pass through the same 
straight line, viz. the perpendicular 
which is drawn from the point to the 
plane. 

Cor. 2. Euc. xL 19. If two planes, 
which cut one another, be each of them 
perpendicular to a third plane, their 
common section shall be perpendicular 
to the same plane. 

Prop. 19. (Euc. xi. 20.) 

If a solid angle be contained by three 
plane angles, any tivo of these shall be 
together greater than the third. 

Let the solid an- 
gle at A be con- 
tuned by the three 
plane angles BAC, 
BAD, CAD: any j^^ 
two of them, as 
BAC, BAD, shaU 
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be together greater than the third 
CAD. 

If one of the angles BAC, BAD 
be greater than (JAD, or equal to it, 
the proposition is eviient ; for this, to- 
gether with the other, must be greater 
than CAD. 

But, if the angles BAC, BAD be each 
of them less than CAD, from the angle 
C AD cut off the angle CAE equal to 
BAC; in A B take any point B, make 
A £ equal to A B ; through £ draw 
any line C E D, not parallel to A C or 
A D, and therefore cutting A C, A D in 
the points C, D respectively ; and join 
B C, B D. Then, because the triangles 
ABC, A £ C have two sides of the 
one equal to two sides of the other, 
each to each, and the included angles 
BAC, £ A C equal to one another, 
the base B C is equal to the base £ C 
(I. 4.) : but B D and B C are together 
greater than D C, (L 10.) that is, than 
D E and £ C : therefore B D is greater 
than E D. And, because in the trian- 
gles ABD, AED the two sides A B, 
AD of the one are equal to the two sides 
AE, AD of the other, each to each, but 
the base B D greater than the base E D, 
the angle BAD is greater than the 
angle E A D (I. 11.). Therefore, BAC, 
BAD together are greater than EAC, 
E A D together, that is, than CAD. 

Therefore* &c. 

Cor. If three plane angles form a 
solid angle, any one of them shall be 
greater than the difference of the other 
two. 

Prop. 20. (Euc. xi. 21.) 

Jf a solid angle be contained by any 
number of plane angles ; these shall be 
together less than four right angles. 

Let the solid an- 
gle at A be con- 
tained bv any num- 
ber of plane angles 
BAC,CAD,DAE, 
EAF, FAB : these 
shall be together 
less than four right 
angles. 

Let the edges of the solid angle be cut, 
by any the same plane, in the points B,C, 
D, E, F respectively, and therefore the 

E lanes which contain it in the straight 
nes B C, C D, D E, E F, FB (2.), which 
together contain the rectilineal figure 
B C D E F. Then, because the triangles 
ABC, A C D, &c. are as many, in num- 
ber, as the sides of the figure, the angl«>" 
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of these triangles are (L 19.) together 
equal to twice as many right angles as 
the figure has sides. But the angles of 
these triangles are those which contain 
the solid angle at A, together with the 
pairs of angles at the points B, C, D, 
&c. ; and twice as many right angles as 
the figure has sides are equal to four 
right angles together with the angles 
of the figure (1. 20.). Therefore, the 
angles at A, together with the pairs of 
angles at B> C, D, &c. are equal to four 
right angles together with the angles of 
the figure B C D E F. But, because the 
solid angles at B, C, D, &c. are each 
of them contained by three plane angles, 
any two of which are (19.) together 
greater than the third, the pairs of an- 
gles at B, C, D, &c. are together greater 
than the angles of the figure B C D E F. 
Therefore, the angles at A are together 
less than four right angles. 
Therefore, &c. 

Cor. It follows from this proposition 
that there cannot be more than five regu- 
lar solids. For the solid angles of a regu- 
lar solid are contained by the plane an- 
gles of equilateral triangles, or of squares, 
or of regular pentagons, &c. .(aef. 9.)* 
Now, six angles of equilateral triangles 
are together equal to four right angles 
(I. 19.): therefore, only three, or four, 
or five, of such angles, may be taken 
to form a solid angle ; and, accord- 
in^y, there cannot be more than three 
different regiilar solids, whose faces are 
equilateral triangles. Again, three an- 
gles of squares may be taken to form 
a solid angle 5 but four angles of 
squares are equal to four right angles 
(L def. 20.). Lastly, three angles of 
r^ular pentagons may be taken to form 
a solid angle, for these are together less 
(1. 20.) than four right angles. But, be- 
cause the angle of a regular pentagon is 
greater (I. 20.) than that of a square, 
four angles of a regular pentagon are 
greater than four right angles, so that 
not more than three of them <; an be taken 
to form a solid angle. With regard to 
the regular hexagon, and other regular 
figures that have a still greater number 
of sides, three angles of a regular hexa- 
gon are equal to four right angles, and 
those of the others still greater (I. 20.). 
It appears, therefore, that there cannot 
be more than five regular solids; of 
which, if there be so many, three will be 
included by equilateral triangles, one by 
squares, and one by regular pentagons. 

lu T^Hi^® ^^^^ ^^ *^® section of problems, 
mat aU of these may be constructed, and 
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that they are contained by 4, 8, 20, 6, 
and 12 feces respectively. 

The further consideration of solid 
angles is deferred to Book vi., where we 
shall find that the investigation of their 
properties is greatly facilitated by means 
of the spherical surface described about 
the angular point, and that they are, 
indeed, perfectly analogous to the pro- 
perties of triangles upon such a surface. 

Section 3.^0/ Solidi^ contained by 
Planes* 

Prop. 21. 

If two triangular prisms have aprin^ 
cipal edge of the one equal to a principal 
edge of the other, and the dihedral an- 
gles at those edges equal to one another, 
and likewise the sides which contain 
those dihedral angles equal, each to 
each ; the two prisms shall be equal to 
one another. 

Let AB C D E F, abcdefhe two tri- 
angular prisms which have the edge A B 
equal to the edge a d, the dihedral angle 
DABE equal to the dihedral angle 
dabe, amd the sides A C, A F equal to 
the sides ac, a/ each to each : the prism 
A B C D E F shall be equal to the prism 
abcdef 



£ 




^t^ 





First, let the angle A B C be equal to 
the angle abc, and the angle AB F to 
*f® angle ab/, so that the sides AF. 
AC are similar and similarly placed 
to the sides af, ac, each to each. Then, 
It the straight line A B be made to coin- 
cide with the straight line ab, which is 
equal to it, and the plane A F with the 
plane af, the plane A C will also coin- 
cide with the plane ac, because the 
dihedral angle D ABE is equal to the 
dihed^ angle dabe: also the Hnes 
B C, B F will coincide with the lines b c, 
6/>espectiveljr; and therefore the lines 
AD, AE, which are parallel and equal 
to the former, each to each, will coin- 
cide respectively with the lines a rf, ae, 
which are parallel and equal to the 
latter : therefore the prism ABCDEF 
will coincide with the prism a b cdef 
And because the two prisms may be 
made to coincide, they are equal to one 
another (I. ax. IL). 
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Next, let the sides AC. a c be equal 
and similar, and the sides AF, a/ equal 
but dissimilar. Make the angle A B G, 
in the plane ABF, equal to the angle 
ahf; complete the parallelogram AB 
G H ; and join C G, D H. Then because 
6H IS equal and parallel to AB (L 22.), 
which is equal and parallel to CD, 
the three, A B, CD, OH are equal 
and parallel, and, therefore, (def. 14.) 
ABCDHG is a triangular prism4 



^ 



l£ 



""^ 



a 







Also, the parallelogram AHGB is equal 
to the parallelogram AEFB (I. 24.)^ 
that is, to the parallelogram a 6/6; 
and the parallelogram AD C B is equal 
to the pitfallelogram adcb^ by the 
supposition. Therefore, because the 
sides AC, AG of this new prism are 
respectiYely equal, similar, and similarly 
placed to tne sides acy af of the prism 
a b od eft it is equal to the prism 
abode ft bv the former case. A^ain, 
because H G is equal to D C, that is to 
£ F, H E is e^ual to G F, and may be 
made to coincide with it ; also the di- 
hedral angle ASHD is equal to the 
dihedral angle BFGC, and may be 
made to coincide with it \ in which oase^ 
also, the angles H £ D, H E A will co« 
incide with the angles GFC, GFB, 
which (I. 15.) are equal to them respec- 
tively, and the lines £ D, E A with the 
lines F C, FB, which are equal to them 
respectively (I. 22.). Therefore the 
solid HEAD, which is bounded by the 
four triangular planes HDE, HDA, 
It E A, £ A D, may be made to coincide 
with the solid G F B C, which is bounded 
by the four triangular planes G C F, 
GCB, GFB, FBC, and(I. ax. 11.) is 
equal to it ; and, therefore, adding the 
solid A B C D H F to each, the prism 
A B C D E Fis equal to the prism ABC 
D H G, that is, to the prism abcdef* 

Lastly* let the sides A C, ac> as also 
A F, a/, be equal, but dissimilar. Make 
the parallelogram AG similar to a/. 
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and complete the triangular prism AB 
C D H G, as in the preceding case. Then, 
it is evident that the prism A B C D H G 
is equal to each of the prisms A B C D 
E¥,abed6^; to the former, because 
the side AC is common to both, and the 
other sides AG, AF are equal to one ano- 
ther ; and to the latter, because the sides 
AG, af are equal and similar (I. 24. 
and I. ax. 1.), and the other sides AC, a c 
equal to one another. Therefore (I. ax. 1 •) 
the prism A B C D E F is equal to the 
prism abcdef. 
Therefore, Stc. 

Prop. 22. (Etrc. xL 24 and 28.) 

The opposite faces of a parallelopiped 
are similar ana e^ual paralld(urrams : 
also any two qf its opposite et^^es are 
jxxralleito one another; and the plane 
which passes through them bisects the 
parallelopiped. 

Let Aabe a paral- 
lelopiped, and C D| 
cd any two opposite 
faces; they shall be 
similar and equal pa- 
rallelograms. They 
arepandlelograms, for the opposite sides 
of each) as A C, D 6, being sections of 
parallel planes by the same plane, are 
parallel (12). Again, their corre- 
sponding sides, as A D, B 01 are equal 
to one another, because they are oppo- 
site sides of a parallelogram ABcD 
(I. 22.) ; and their corresponding angles, 
as C A D, (I B c are equal to one another, 
because they are intercepted upon pa- 
rallel planes C A D, c2 B c by the planes 
of the same dihedral angle C A B D 
(15. Cor.) : therefore the parallelograms 
C Df cdwce equal and similar. 

Also, any two of the opposite edges of 
the parallelopiped, as A C, a c, are par 
rallel to one another ; for thev are the 
common sections of parallel planes* 
namely, the opposite faces of the paral- 
lelopiped (12. dor,). 

Lastly, therefore^ let the parallelo- 
piped be divided by the plane of any two 
opposite edges AC, ac, into the two 
triangular prisms dB ACac, bDAO 
ac: these prisms shall be equal to one 
another. For the edges 6 D. d B, being 
each of them equal to C A (1. 22.), are 
equal to one another ; and the dihedral 
angles at those edges are likewise equal 
(17. Scholium, 3.) and the sides which 
contain them are equal, each to each* 
because they are opposite &ces of the 
parallelopiped. Therefore the prisms a^ 
equal to one another (20.). 
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Therefore, &c. 

Cor. 1. If a triangular prism be com- 

Eleted into a parallelopiped (which may 
e done by completing its triangular 
bases into parallelograms), the ]^rism 
shall be equal to half theparallelopiped. 

Cor, 2. If a pa- 
rallelopiped be cut 
by two planes which 
are drawn parallel 
respectively to two of 
its adjoinmg faces, 
the line of their in- Af 
tersection will be parallel to the edge 
made by those faces (12. Cor,); and if 
that line be in the diagonal plane, and 
the parallelopiped be thus divided into 
four parallelepipeds, two of which 
are about the diagonal plane ; the 
other two which, together with the for- 
mer, make up the whole parallelopiped, 
shall be equal to one another. For, as 
in I. 23, the whole parallelopiped, and 
the two parts which are about the di- 
agonal plane, are bisected by that plane* 

'Scholium. 

It is worthy of remark, that " the 
four diagonals of a parallelopiped pass 
through the same point, fand that the 
sum of their squares is equal to the sum 
of the squares of the twelve edges.** 
For, if the diagonal planes which pass 
through A C, a c and 
B D, b d intersect 
one another in the 
line £ F,' the figures 
ACac andBD^c? 
will be parallelo- 
grams, having their opposite sides bi- 
sected by the line E F, (I. 22.) ; where- 
fore, the diagonals of each (which are 
the same with the diagonals of the pa- 
rallelopiped), as, for instance, A a, will 
bisect EF ; because the triangles AEG, 
a F G having the angles of the one equal 
to the angles of the other, each to each 
(I. 15.), and the side A£ equal to the 
side a F, the side E G is likewise equal 
to the side FG (I. 5.). Therefore, the 
four diagonals of the parallelopiped pass 
through the same pomt, viz. the middle 
point of EF. And again, because ACac 
and lM)bd are parallelograms, the 
squares of their four diagonals are 
(1.41. Cor,) together equal to the squares 
of A C, a c, A c, a C, and B D, 6 a, Bd, 
6D, that is to say, to the squares of the 
four edges AC, ac, Bef, oD, together 
with the squares of A c, B D, and a C, 
bd^ which are the diagonals of the pa- 
rallelograms ABcD and a 6Crf respec- 





tively ; that is, to'thesquares (1. 41 . Cor,) 
of the twelve edges, which are made up 
of the sides of these parallelograms, and 
the four edges before mentioned. 

Prop. 23. (Euc. xi. 29 and 30.) 

Parallelopipeds upon the same base^ 
and between the same parallel planes, are 
equal to one another. 

Let ABCD be the common base of 
two ptarallelopipeds, which have their 
opposite bases EFGH and KLMN 
lying in the same plane : the two paral- 
lelepipeds shall be equal to one another. 

Since E F and K L are both parallel 
to AB, either they 
are parts of the same 
straight line, or they 
are parallel to one 
another (6.). And 
first let them lie in the 
same straight line. 
Then, because LM 
and E H are equal and parallel to B C, 
and therefore to one another (I. ax. 1. 
and 6.), MH is parallel to LE or KP 
(I. 21.), and MN, GH lie in the same 
straight line with MH and with each 
other. Therefore, the sides AL, DM, of 
the one parallelopiped, are in the same 
planes with the sides A F, D G of the 
other, each with each. And because the 
bases K M, E G are equal each to the 
base A C (22.), they are equal to one 
another. Therefore, also, the parallelo- 

fam K H is equal to the parallelogram 
G. And because the triangular prisms 
KNHEAD, LMGFBC have the 
edges KN, LM equal to one another, and 
the dihedral angles at those edges equal 
(17. Scholium, 2.), and the sides con- 
taining those angles equal (22.), each to 
each, they are equal to one another (21.) : 
but, if the first of these prisms be taken 
from the whole soHd A D N K F G C B, 
there remains the parallelopiped AG; 
and if the other be taken from the same 
solid, there remains the parallelopiped 
AM: therefore the parallelopiped A G 
is equal to the parallelopiped A M. (I. 
ax. 3. ) 

Next, let E F, K L not be in the same 
straight line. Let the planes AD HE, 
B C G F be produced to meet the planes 
ABLK, DCMN, themselves pro- 
duced if necessary, and let the parallelo- 
piped A P be completed* by producing 

* In this case, the sides of the parallelopiped to be 
completed are alreadjr drawn, viz. by prodacing the 
sides of the parallelopipeds A M, A (i ; and, to com* 
plete the parallelopiped, it is only necessary to draw 
the upper base by producing the plaae of i^f QU and 
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f he plane of the upper hases E F G H, 
KLMN. Then, by the former case, 
the parallelopiped A 6 is equal to A P» 
because OP, F 6 are in the same 




straight line ; and, for the like reason, 
the paralldopiped A M is equal to the 
same A P. Therefore (I. ax« 1.) the 
parallelopipeds AG, AM are equal to 
one another. 
Therefore, &c. 

Prop. 24. (Euc. adu 31.) 

Parailelopipedg upon equal bases y and 
beUteen the same parallel pkmes, are 
equal to one another. 

Let A G, K Q be two parallelopipeds 
upon equsd bases ABCD, KLMN, 
and between the same parallel planes ; 
the parallelopipeds A G, K Q snail be 
equal to one another. 

The bases ABCD, KLMN are 
either similar, or equiangular, or not 
equiangular. 

In the first case, since they are equal 
as well as similar, they may be made to 
coincide; and the parallelopipeds will 
then stand upon a common base, and 
between the same parallel planes : there- 
fore Uiey are equal to one another. 

Secondly, let them be equiangur 
lar, and not similar, having the angle 
at B equal to the angle at L; and 
therefore, also, their other angles eoual, 
each to each, (L 15. and I. ax. 3.). Pro- 



duce AB to H, so that BR may be 
equal to K L ; complete the parallelo- 
gram B C S R ; join S B, and produce it 
to meet D A produced in T ; through T 
draw T U parallel to A B, to meet C B 
and S R produced in the points V and 
U ; complete the parallelopiped DX 
upon the base DTUS, and with the 
edge D H ; produce the planes A B F£, 
C B F G, in order to complete the paral- 
lelopiped BX, and draw the diagonal 
plane ST Y Z of the parallelopiped D X. 
Then the parallelopipeds B H and B X 
are equal to one another, because, toge- 
ther with the parallelopipeds B Y and 
B Z about the diagonal plane, thev com- 
plete the whole parallelepiped DX 
(22. Cor, 2.)* Again, because the bases 
B U and B D are complements of the 
parallelogram DU, BU is equal to 
B D (L 23.), that is, to L N i but BR 
is equal to K L, and the angle R B V 
to the angle ABC (L3.)> that is, to 
K L M : therefore, also, B V is equal to 
L M, and the bases B U, L N are both 
equal and similar. Therefore, by the 
first case, the parallelopiped KQ is 
equal to the parallelopiped ^ X, that is, 
to BH or AG. 

Lastly, let the bases ABCD, KLMN 
be equal, but not equiangular. Make the 
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KL M N to cat the aides. It may be observed, how- 
ever, that a parallelopiped can always be completed 
when its base ABCD and one of its principal edges 
AE are given, vis. by drawing the side-planes EAB, 
EAD, and then throngh EC, CD the side-planes BO, 




by which a pandlelogram is completed from two ad- 
joining sides (see note, pa^je 17) ; and will be some- 
times understood whdn it is directed to cov^fte a 
parallelopiped in fatare propositions. 



angle ABS, in the plane ABCD, 
equal to the angle K L M, and complete 
the parallelogram AB S T, and the pa- 
rallelopiped AX, upon the base A B S T 
and with the edge B F. Then it is 
evident that the triangular prisms D H 
EATY, CGFBSX have the edges 
DH, CG equal to one another (22.), 
and the dihedral angles at those edges 
equal {17, Scholium 2.)> and the sides 
containing those angles equal, each to 
each, for the sides A H, B G are oppo- 
site faces of the parallelopiped AG (22. )t 
and the sides TH, SG stand upon equal 
bases (I. ax. 1 . and ax. 2. or 3.) TD, SC, 
and between the same parallels (I. 25.) ; 
therefore, the prisms are equal to one 
another (21.); and, these being taken from 
the whole solid AEYTCGFB, there 
remains the parallelopiped AG, equal 
to A X. But the parallelopiped K Q is 
equal to A X by the preceding case ; 
because their bases are equal (1.24. and 
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ax. 1.) and equiangular. Therefore the 
parallelopiped KQ is equal to AG. 
(I. ax. 1.). 

Therefore, &c. 

Cor. Every parallelopiped is equal to 
a rectangular parallelopiped . of equal 
base and the same altitude. 

Pbop. 25. 

If the three conterminous edges of a 
rectangular parallelopiped contain^ each 
of than, the same straight line a cer- 
tain number of times exactly; the pa- 
ralldopiped shall contain the cube of 
that straight line, as often as is denoted 
by the product of the three numbers, 
which severally denote how qften the 
line itself is contained in the three edges. 

Let AB, A C, AD be three edges of 
a rectangular parallelopiped terminated 
in the same angular pomti and let them 




contain the same straight line M, five, 
three, and four times respectively: the 
parallelopiped shall contam the cube of 
M, 5 X 3 X 4, or 60 times. 

In the straight line AB, take the five 
parts A.b,bU\ &c. each equal to M, in 
A C the three parts Ac, cd, &c. each 
equal to M, and in A D the four parts 
At/, dd', &c., each equal to the same 
M. Through the points b, c, and d, let 
planes be £awn parallel to the planes 
cAdybAd, and bAc respectively, (11. 
Cor. 1.) and let them meet one ano- 
ther in the point h ; then A A is equal 
to the cube of M. Let the planes 
ch, dk be produced to meet the plane 
B N ; and let them be cut by the planes 
b' k!, &c. which are drawn through b', 
&c. parallel to the plane b k, or the plane 
CAD. Then, because the lines A 6, 
bV, &c.'are equal to one another, the 
bases of the parallelepipeds A^, bk, 
&c. are equal to one another (L 25.), 
and the parallelopipeds have the same 
altitude ; therefore (24.), they are equal 
to one another, and the whole row A K 
is equal to five times the cube of M. 

Again, through the points d, &c., let the 
planes d I, &c. be drawn parallel to the 
plane c k, or (1 1, Cor, 2.) the plane BAD, 



to cat the plane dk produced. Then, 
because the lines Ac, cd, &c. are equal 
to one another, the bases of the paral- 
lelepipeds A K, c /, &c. are equal to one 
another (L 25.) ; and the parallelopipeds 
have the same altitude ; therefore (24.) 
tiiey are equal to one another, and the 
whole tier A L is equal to three times 
A K ; that is, to 3x5, or fifteen times 
the cube of M. 

Lastly, through the points cT, &c., 
let planes be drawn parallel to the plane 
dk, or (11. Cor. 2.) the plane BAC. 
Then, as before, because Ad, ddf, &c. 
are equal, the paralldopipeds A L, dn, 
&c. are likewise equal to one another ; 
and, therefore, the whole parallelopiped 
A N is equal to four times A L, that 
is to 4 X 3 X 5, or sixty times the cube 
ofM. 

And, it is evident that a similar demon- 
stration may be applied, whatever other 
numbers be taken m place of the num- 
bers 5, 3, and 4. 

Thfivefore, to. 

Sdioltum, 

Hence the solid content of a Rectan- 
gular parallelopiped is said to be equal 
to the product of its three dimensions^ 
that is to AB X AC X AP, if AB, 
A C, AD are the three edges; this ex- 
pressipn being interpreted in the same 
sense with the product of the two dimeii- 
sions or sides, which is said to consti- 
tute the area of a rectangle, vi;,, fhat 
the number of cubical units in the pa- 
rallel opiped is equal to the product of 
the numbers which denote now often 
the corresponding linear unit is con- 
tained in the three edges. Thus, if the 
linear unit be a foot, and the edges 3, 
4, and 5 feet respectively, the solid con- 
tent will be 3 X 4 X 5, or 60 cubic feet. 

It is likewise said, in a similar sense, 
that the solid content of a rectangular 
parallelopiped is eaual to the product of 
its base and altituae : thus, in the exam- 
ple just stated, the number of square 
feet in the base is 4 x 5, or 20 ; and this, 
being multiphed by 3, the number of 
linear feet in the altitude, gives 60 for 
the number of cubic feet in the parallelo- 
piped, as before. 

The cube is also the unit in the men- 
suration of all other solids ; their con- 
tents being the same with the con- 
tents of rectangular parallelepipeds equal 
to them. Thus, since every parallele- 
piped (24. Cor.) is equal to a rectan- 
gular parallelopiped of equal base and 
altitude, the solid content of every pa- 
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raiietopiped it eqtud to lh» product of drawn throueh the poinlsof difieionpa- 

tit bate and altitude. The prism and rallel to the %ase 

the pyramid will presently furnish new (1. 25. and 24.). 

examples. ' a^^a :f »»« ^rtu^ 



Pfiop. 2S. (Buc. xi. 31 



And, if one of the 
first parts be con- 
t^ned in the alti- 
tude AE a certain 
number of times 
exactly or with i 




Paratlehpipedt, uAieh have ei 

aititudet, are to one another at. (-«./ exjcUy or with a I 

baMt.andparalletopipedt. u>kick Aaw „^^^i„. one of ' 

equal batet arc to o,ie another at their the others will be contained in the paral- 

altttudes : alto anv^ two par^lelo^pedt ieiopi„d A B the same number of*Umea 

^reto one ano^ 17, the roHotch^xt ^^^^C ^^ ^jth a corresponding re- 

eofM«,u^o/ the rattot>^thetr bates njainrfer (I. 25. and 24. >. Therefore 

and ailttudet. ^Jl dgf_ y, the parallelopiped A B is to 

flrst.let AB, ACbetworeelan^for the parallelopiped C D as the altitude 



the altitude C F. 
LasUy, let A B, CD be any two 
rectangwar parallelopipeds, having the 




parallelopipeds, having equal altiludes, 
and lei A £, A F be their bases ; the pa- 
rallelopipeds being so placed that a 
solid aiigk of the one may coincide, as 
at A, with a solid angle of the other. 
Then, the parallelopiMds will have a 
commoQ pEul A D, wnich is likewise a 
rectangular parallelopiped, having the 
same altitude A L with them, and the 
two adjoining edges AG, AH < 
to it vfith AB, 
A C respectively. 
Let the base AK 
of tliis parallelo- 
piped be divided 
into an^ number 
of e^ual rectangle a 
by lines parallel to 
A H ; and, there- 
fore, the parallelo- , . 

pip^ into the same number of equal'pa- with those of AG to AL or CH, and AE 
rallelopipeds, by planes passing through to CF; the parallelopiped AB has to 
these lines parallel to tl^e planes.L A H the parallelopiped CD, the ratio which 
(24.) Then, if one of the first, parts is compounded of the ratios of the alti- 
beconlainedin the base A E any number tude AG to the altitude GH, and of 
of times, exactly, or with a remainder ; the base A B to the base C F. 
oneoflheolher^ will be contained in the And what has here been demon- 
parallel opiped A B the same number of straled of rectangular parallelopipeds is 
times, exactly, or with a corresponding true also with regard to any two paral- 
remHinder (24,), Therefore (II, def. 7,) lelopipeds whatever, because these (24. 
the parallelopiped A B is to A D as the Cor.) are equal to rectangular parallelo- 
base A B to the base A K. And in the pipeds havuig equal bases and altitudes 
same manner it may be shewn that the with them. 

,ii,i__:_.j .^ i_ ._ A ,-. .„ .!,„ Therefore, &c. 




baaesAE, CF. and the altitudes AG, 
C H. Take A L equal to C H, and let 
AK be a third parallelopiped having 
the base AE and the altitude AlZ 
Then, because the parallelopiped A B has 
to CB the ratio which is compounded 
of the ratios of A B to A K, and A K to 
CD (II. def. 12.); which ratios, by what 
has iieenjust demonstrated, are the same 



Earallelopiped AD is to AC i 
ase A K to the base A F, Therefore, 
ex eequali (II, 24.), the parallelopiped 
A B is to the parallelopiped A C as the 
base A E to the base A F. 

Next, let AB, C D be two reclatigu- 
lar parallelopipeds, having equal bases ; 

and let AE, CF be their altitudes. . 

Then, if the altitude C F be divided into rallelopipeds, the first having It 
any number of equal parts; it may AB, AC, AD, the other the edges 
easily be shown that the parallelopiped A6, Ac, Ad; the parallelopiped AE 
C D will be divided into the same num- shall be to the parallelopiped A B in 
l>er of equal parallelopipeds, by planes the ratio wtiich is compouoded of the 



Prop. 27. 

Ang two rectangular parallekriipedt 
are to one another tn the ratio, wMtch ii 
compounded (^ the ratios nf their edges. 

Let A E, A> be two rectangular pa- 
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ratios of A B to A i, 
AC to Ac, and AD 
to A^. 

For, the parallelo- 
pipeds being placed 
so that a solid an- 
gle of the one may 
coincide with a solid angle of the other 
as at A, they will have a common part 
A F, which is likewise a rectan^lar pa- 
ralldopiped ; and the face oi this par 
rallelopiped, which is opposite to D b, 
being produced to meet the ^Isne de, 
will cut off from the parallelepiped A e, 
the part A G, which is also a rectangu- 
lar parallelepiped. Now, the parallelo- 
pipeds A £, A F have a common base 
D C ; therefore (26.) they are to one ano- 
ther as their altitudes A H, A6 ; and, for 
the like reason, the parallelopipeds A F, 
A G are to one another as their altitudes 

AD, A^, and the parallelopipeds AG, 
A e are to one another as their altitudes 
AC, Ac. But the parallelepiped AE 
has to the parallelepiped A e the ratio 
which is compounded of the ratios of 
AE to AF, AF to AG, and AG to 
A e. Therefore, the parallelepiped A E 
has to the parallelepiped A e, the ratio 
which is compounded of the ratios of 
AB to Ab, AD to Ad, and A C to 
Ac; or, wMch is the same thing, which 
is compounded of the ratios of A B to 
Ab, AC to Ac, and AD to Arf. (II. 
27.)* 

Therefore, &c. 

Cor» 1. (Euc. xi. D.) The same may 
be said of any two parallelopipeds 

AE, Ac, in which a solid angle of 
the one may be 
made to coincide 
with a solid angle 
of the ether; that 
is, such parallele- 
pipeds are to one 
another in the ra- 
tio, which is compounded of the ratios 
of the edges about the equal angles. 
For, the parallelepiped A G being com- 
pleted as in the proposition, AE is 
to A F as the base B C to the base 

* This demonstration is analogous to that of II. 36. 
The proposition may, however, be otherwise, and 
more concisely established by the aid of Prop. 86. ; 
for, since the parallelopipeds are to one another in 
the ratio which is compounded of the ratios of their 
bases and altitades, and that the bases, which are 
rectangles under two of the conterminous edges of 
rach, are to one another in the ratio which is com- 
pounded of the ratios of those edges Til. 36.), and 
the altitudes equal to the third edges, it follows that 
the parallelopipeds are to one another in the ratio 
wh ich is comi)ounded of the ratios of their edges. And 
the first coroUary (analogous to II. 36. Cor, 1.) admits 
Ota demonstration little different. 



bC (26.), that is. as A B to A ^> (IT. 
35. Cor,); and in like manner AF is 
to A G as A D to A ^, and AG to Ae 
as AC to Ac; therefore, as in the 
proposition, the parallelepiped AE is 
to the parallelepiped Ac, in the ratio 
which IS compounded of the ratios of 
AB to A^ AD to Ad. and AC to 
Ac; ihat is, in a ratio which is com- 
pounded of the ratio of the edges about 
the common angle A. 

Cor, 2. Cubes are to one another in 
the triplicate ratio of their edges (II. 27. 
Cor. 2.) ; therefore, the triplicate ratio of 
two straight lines A B, a 6 is the same 
with the ratio of their cubes. 

Cor, 3. If one straight line be to ano- 
ther as a third to a fourth, the cube of 
the first shall be to the cube of the se- 
cond as the cube of the third to the cube 
of the fourth (II. 27.). 

Prop. 28. 

Every triangular prism is eqttai to a 
rectangular paralletopiped, which has 
an equal base and the same altitude. 

Let A 6 c be a triangular prism, and 
let £ F be a -rectangular parallelepiped. 
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having its base E G equal to the base 
A B C of the prism, and its altitude FG 
the same with the altitude of the prism : 
the prism Abe shall be equal to the pa- 
rallelepiped E F. 

Let the bases A B C, a 6 c of the prism 
be completed into the parallelogn^ams 
A D. a J, and let D c? be joined. Then it 
is evident that the solid A ef is a parallele- 
piped (del 1 1 .). But the prism A 6 c is 
equal to half the parallelepiped A d (21.); 
and the parallelopiped E F is also equal 
to half the parallelopiped A d. because 
the base E G is equal to AB C, that is, 
to half of the base A D, and the altitude 
FG is the same with the altitude A a 
(26.). Therefore (I. ax. 5.) the prism 
A 6 c is equal to the parallelepiped E F 

Therefore, &c. 

Prop. 29. 

Every prism is equal to a rectangular 
parallelopiped, which has an equcS base 
and the same altitude. 

Let AdC be a prism, having the 
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olys^onal bases ABCD'E, abode, and 
et F G be a rectang'ular parallelopiped, 
having its base F H equal to the base 
ABODE, and its altitude GH the 
same with that of the prism : the prism 
A^O shall be equal to the parallelo- 
piped FG. Join AO, AD, ac, ad; 





then, because A a and Oc are parallel, 
they lie in the same plane (I. def. 12.) 
and the solid A 6 c is a triangular prism 
upon, the base ABO (def. 14.). In 
the same manner it may be shewn, 
that A erf, Ade, are triangular prisms 
upon the bases AOD, ADE. Now, 
because the rectangjle FH is equal to 
the polygon AB D, it may be divided 
(I. 57.) into rectangles FK, LM, N H, 
severally equal to the triangles ABO, 
AO D, AD E, which together make up 
the polygon ; and the parallelopiped F H 
may be divided into as many rectan- 
gular parallelopipeds, having the same 
altitude GH, and these rectangles for 
their bases. And, because these bases 
are severally equal to the bases of the 
triangular prisms A 6 c, A erf, A rfe, and 
that their common altitude G H is the 
same with the common altitude of the 
prisms, the parallelopipeds, which stand 
upon them, are severally equal to the 
prisms (28.)« Therefore their sum is 
equal to the sum of the prisms ; that is, 
the parallelopiped FG is equal to the 
prism ArfO. 

Therefore, &c 

Cor. 1. The solid content of every 
prism is equal to the product of its base 
and altitude (25. Scholium). 

Cor, 2. (Euc xii. 7. Cor, 2.) Prisms 
v^hich have ec^ual altitudes are to one 
another as their bases ; and prisms which 
have equal bases are to one another as 
their altitudes : also, any two prisms are 
to one another in the ratio which is 
compounded of the ratios of their bases 
and altitudes. (26.). 

Scholium, 
With regard to the lateral surface of 
a prism, if it be a right prism, it is 
measured by the product of the prin- 
cipal edge, and the perimeter of the 
base ; if oblique, by the product of the 
principal edge and the perimeter of a 
section, which is made by a plane per- 




pendicular to the principal edge. For, 
m the case of the right prism, the sides 
are rectangles, which have a common 
altitude, and for their bases the sides of 
the base of the prism ; there- 
fore (1.30.) their sum is 
equal to a rectangle of the 
same altitude, and having its 
base equal to the sum of 
those sides. And, in the case 
of the oblique prism, the 
sides of the perpendicular section, being 
perpendicular to the principal edges 
(5.), are the altitudes respectively of the 
parallelograms, which are the sides of 
the prism and have for their bases each 
a principal edge of the prism ; therefore 
the sum of those parallelograms is equal 
to a rectangle, having likewise for its base 
a principal edge of the prism, and for its 
altitude the sum of their altitudes, that is, 
the perimeter of the perpendicular section. 

In the latter case it is easy 
also to perceive that the 
content of the oblique prism 
is measured by the product 
of the principal edge, and 
the area of the perpendicu- 
lar section above men- 
tioned: for, if the lateral 
surface be produced, and cut by two such 
perpendicular planes passing through 
the extremities of any principal edge, as 
in the figure, the solids incluaed between 
these planes and the bases of the oblique 
prism, may be made to coincide, and are 
therefore equal to one another: there- 
fore the whole oblique prism'is equal to 
the right prism, which has for its bases 
the two perpendicular sections. 

The convex surface of a prism has this 
obvious but remarkable property, that 
the sections made by any two parallel 
planes are similar and equal figures (12. 
and 15. Cor,) : the convex surface, also, 
of a pyramid has its parallel sections 
similar, but they are not equal to one 
another. 

Prop. 30. 

Triangular vyrcanids, which have 
equal bases in the same plancj and their 
vertices in a straight line parallel to 
that plane, are equal to one another. 

Let A B D, E F G H be two triangu- 
lar pyramids, having equal bases BOD, 
F G H in the same plane, and the straight 
line A E, which joins their vertices pa- 
rallel to that plane : the pyramid A B D 
is equal to the pyramid E F G H. 

Since AE is parallel to the plane of 
the bases, the pyramids have a common 

L 
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is divided, the altitude of this prism may 
be diminished without hmit, and so the 
prism itself be made less than any given 
solid. Therefore, the series of inscribed 
prisma may be made to approach to the 
pyramid A B C D, hy less than any 
given difference. And in the same man- 
ner it may be shewn, that if prisms be 
similarly inscribed in the other pyramid 
EFGH, this series will approach to 
thepyramidEFGH, by less than the 
dtitude KL. Let KLbe divided into prism upon the base FGH, which is 
any number of equal parls ; and let the equal lo that before-mentioned upon the 
pyramids be cut by planes, parallel to equal base BCD; by less, that is, than 
the plane of the bases, passing through the same given difference. But of (he 
the points of division, hetocd and prisms inscribed in the two pyramids, 
fgh,h'dd and/'^A', Sec be the sec- those upon the bases hcd,^vA fgh^ 
lions made by these planes. Then, be- fc'c'rf' anAf ^ h', fitc. are equal to one 
cause the triangles bed, BCD lie in another, because their bases are equal 
parallel planes, which cut the dihedral to one another, and they have the same 
angles at the edges A B, A C, and AD altitude (39. Cor. 2.). Therefore, the 
of the pyramid ABC D, the angles series inscribed in the pyramid A B C D 
A, c, rf ofthe one are (15. Cor.) sever^y is equal lo the series mscribed in the 
equalto the angles B, CD of the other, pyramidEFGH (I. ax. 2.1. And be- 
and therefore (II. 31. Cor. 1.) the two cause this equality always subsists, and 
triangles are similar. Therefore the tri- that the two series may be made to 
angle 6 c </ is to the triangle B C D as approach to the two pyramids respec- 



fcC to BC" (11.42. Cot.), that 
cause be is (12.) parallel to B u, as 
Aft* to A B« (11. 30. Cor. 2. and 11.37. 
Cor.4.) And.inthesamemanneritmay 
be shewn, that the triangle /^A is to the 
triangle FGH as E/« to EP. that is 
(14.) as Aft" to AB'. Therefore the 
triangledcif is to the triangle B C D as 
the triangle fgh to the b-iangle FGH: 



tively within any the same given dif- 
ference, the pyramid A B C D is equal 
to the pyramid E F G H. (1 1. 28.). 
Therefore, Sec. 

Phop. 31. (Euc. xii. 7. Cor. 1.) 
Every triangular pyramid i» equal to 
the third part of a prism, having the 
base and the tame altitude with 



»nd, because BCD is equal to FGH the pyramid. 

(II. 12.), bcdia equal to /g-A (II. IS. Let AB CD be a triangular pyramid. 

Cor.). In the same manner it may be having the base BCD; let the sides 

(hewn, that ViJi is equal to/'g'h'; ABC, ABD be com- a_- -.„ 

and so of the rest. pleted into the parallelo- K;^^^ 

Now, if the triangular prisms with grams AB CE,ABDF, \ >a\ ' 

Ihebases bed, 6V(f,&c., and the edges and join EF; then it is V KK 

iB, 6' 6, &c., be completed, and also the evident that the triangle /\ \y\ 

triangular prisms with the bases BCD, A E F is the upper base " V \ // " 

, ftcrf, &c., and the edges B6, fif, &c. ; of a prism BE I^ stand- \iji/ 

the forroerwill,tc^ether, constitute ase- ing upon the same base '' 

ries of prisms inscribed in the pyramid BCD with the pyramid, and having 

ABCD, andlhelatteraseriesofprisms the same altitude l the pyramid A B C D 

circumscribed about the same pyramid, shall be equal to a third part of the 

which, excepting that upon the base prism BEF, 

BCD, are equal to the former, each JoinDE. Then the prism BEF is 

to each, because they have equal alti- made up of three pyramids, viz. A B 

tudes towards opposite parts of the CD, ACDE, and ADEF. The 

«ame base (29. Cor. 2.). And, because first of these is the original pyramid ; 

the pyramid exceeds the inscribed se- the second is equal (30.) to a pyramid 

ries, but is less than the circumscribed ; B C D E, upon the same base C D E, 

it differs from the former, by leas than and having its vertex B in the same line 

the difference of the tvno series, that AB parallel (10.) to the base; and 

U, by less than the prism upon the the third is equal to a pyramid BDEF, 

twse BCD. But, by increasing the upon the same base D E F, and having 

number of parts into which the altitude its vertex B in the same line A B paral- 
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lei to the base (30.)» that is, to a py- 
ramid BCDF, upon the same base 
BDF with the last, and having its 
vertex C in the same line C E, parallel 
to the base. Therefore the prism B E F 
is equal to the three pyramids A B C D, 
B C D E. and B C D F. But of these, 
the two last are each of them equal to the 
first AB C D, because they stand upon 
the same base BCD with it, and their ver- 
tices are in the same lines with it, viz., AE, 
F A, parallel to the base (30.). There- 
fore, the prism B E F is equal to three 
times the pyramid A B C D ; and the py- 
ramid A B C D is equal to a third part 
of the prism B E F. 

Therefore, &c. 

Cor. If a parallelopiped be described, 
having three of its edges the same with 
three conterminous 
edges of a triangu- 
lar pyramid, the py- 
ramid shall be equal 
to a sixth part of the^ 
parallelopiped ; for the latter is divided 
by its diagonal plane into two equal 
prisms (22.), one of which stands upon 
the same base, and is of the same altitude 
with the pyramid, and is, therefore, by 
the proposition, equal to three times the 
pyramid. 

Scholium, 

This proposition might have been 
demonstrated somewhat more concisely. 
It will be found, however, that our de- 
monstration applies equally to the fol- 
lowing more general theorem : — •* If the 
upper part of a triangular prism (see 
tne figure in the proposition) be cut 
away by a plane A E F, whether paral- 
lel to the base BCD, or otherwise, the 
remaining solid will be equal to the sum 
of three p3n'amids standing upon the 
same base BCD with the prism, and 
having for their vertices the upper ex- 
tremities A,E,F of the diminished edges.'* 

Prop. 32. 

Every pyramid is equal to the third 
part of a prism, having the same base 
and the same altitude. 

Let V ABCDE l)e a pyramid, and 
Xtiabcdeh^ the upper base of a prism 
standing upon the same 
base ABCDE, and 
having the same altitude 
with the pyramid : the py- 
ramid shall be equal to 
the third part of the prism. 
Join AC, AD, ac, ad,^ 
Then the pyramid V A B 
GD£ is divided by the 




planes VAC, VAD into triangular 
pyramids, having the common vertex V ; 
and the prism, into as many triangular 
prisms, by the planes ACca, ADc/a. 
And because the former have the same 
altitude, and stand upon the same bases 
with the latter respectively, tliey arc 
equal to their third parts, each of each. 
Therefore, also, the sum of the former, 
that is, the whole pyramid V A B C D E, 
is equal to a third part of the sum of 
the latter, that is, to a third part of the 
whole prism A rf c. 
Therefore, &c. 

Cor, 1. ^The solid content of every 
pyramid is equal to one-third of the 
product* of its base and altitude (29. 
Cor. 1.). 

Cor, 2. (Euc. xii. 5, 6.) Pyramids 
which have equal altitudes are to one 
another as their bases: and pyramids 
which have ec^ual bases are to one 
another as their altitudes: also, any 
two pyramids are to one another in the 
ratio compounded of the ratios of their 
bases and altitudes. (29. Cor, 2.). 

« 

Scholium, 

It was observed in the Scholium at i. 
29. that the measurement of any plane 
rectilineal figure in general depends upon 
that of the triangle, because every such 
fie^ure may be divided into triangles. In 
like manner, we may here remark, that 
the solid content of tne pyramid leads to 
that of every other polyhedron ; and that 
the latter may be found by adding toge- 
ther the contents of all the pyramids 
which constitute the polyhedron. These 
may be assumed with a common vertex, 
which may be either within the solid, 
in which case the several faces will be 
the bases of so many pyramids together 
making up the polyhedron, or at one 
of the angular points, in which case thd 
adjoining faces will be divided into sides, 
and the others will be bases of the com- 
ponent pyramids. 

Prop. 33. 

If the upper part of a pyramid be cut 
atoay by aplane parallel to the base; the 
remaining frustum shall be equal to the 
sum of three pyramids, hetving the same 
altitude with Vie frustum, and for their 
bases the bases of the frustum, and a 
mean proportioned between them. 

First, let BCD, bed be the two 
bases of the frustum of a triangular py- 
ramid : draw c E parallel to b B, to 

L2 
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meet BC in £, and 
join D E. Then, be- 
cause the triangles 
BCD, bed are equi- 
angular (12. and 15.)> 
and therefore similar, 
BCD is to 6c (^ in 
the duplicate ratio (II. 
42.) of B C to 6 c, or 
(I. 22.) BE, that is, in 
the duplicate ratio of the same BCD 
to B E D (II. 39.). Therefore the tri- 
angle B E D is a mean proportional be- 
tween BCD and beet (II. def. 11.) 
Now, the frustum is made up of three 
pyramids, namely, cBC'D,'Dbcd, and 
cbBD. And, of these the first has the 
same altitude with the frustum, and 
stands upon the base B C D ; the second 
has likewise the same altitude with the 
frustum, and stands upon the base bed; 
and the third, because c E is parallel ( 1 0.) 
to the plane Bbd, is equal (30.) to the 
pyramid E 6 B D, which has the same 
altitude, and stands upon the base 
BED, that is, upon a base which is a 
mean proportional between BCD and 
bed. 

Next, let A B C D E, a 6 crf^ be the 
two bases of the frustum of any pyra- 
mid, having the vertex V. v 
Then, if the planes VAC. 4 
VAD be drawn cutting 
the bases in the straight 
lines AC, ac, AD, ad, 
the frustum in question 
will be divided into frus- 
tums of triangular pyra- ^^ 
mids. And each of tnese, 
by what has been already 
demonstrated, is equal to the sum 'of 
three pyramids, having the same alti- 
tude with the frustum, and for their 
bases respectively, the two bases of 
the frustum and a mean proportional 
between them. Therefore, their sum, 
that is, the frustum in question, is 
equal to three pyramids having the 
same altitude, and for their bases the 
sum of the lower bases, the sum of 
the upper bases, and the sum of the 
means respectively. Now, the two 
former sums are the bases A B C D E, 
abode. And the sum of the means is a 
mean between the bases ABCDE, 
abede; for, the triangles ABC, ACD, 
&c having to the triangles a be, aed, 
&c. the same ratio, each to each, viz. 
that of V A« to t? a* (II. 42. and II. 32.) 
must have the same ratio also to their 
respective means (II, 27. Cor. 3. and 



note*) ; wherefore the sum of the for- 
mer, that is, the base ABCDE, has 
to the sum of the means the same 
ratio (II. 23. Cor, 1 .), viz. the subdu- 
plicate ratio of ABC to a be, or of 
ABCDE to abede; and accord- 
ingly (II. def. 11.) the sum of the 
means is a mean proportional between 
ABCDE and abede. Therefore, in 
this case also, the frustum in question is 
equal to the sum of three pyramids, 
having the same altitude with it, and for 
their bases its two bases, and a mean 
proportional between them. 
Therefore, &c. 

Prop. 34. (Euc. xii. 8. and 8 Cor.) 

Similar pyramids are to one another 
in the triplieate ratio of their homolo- 
gous edges. 

In the first place, let A B C D and 
abed be two similar triangular pyrsi-' 
mids, and let the edges BC, be be ho- 
mologous: the pyramid ABCD shall 





have to the pyramid abed the triplicate 
ratio of that which B C has to b e. 

Because the faces of the two pyramids 
are similar triangles, it is evident that 

• If a magnitade A be the first of three propor- 
tionals A, B, C, and if the same A be the first also of 
three other proportionals A,&, c, then if B be greater 
than 6, C shall likewise be greater than c. For C^ is 
to c in the ratio which is compoanded of the ratios' 
of C to B, B to &, and h to c, that is, (becaase the first 
of these ratios is the same with that of B to A, and 
the last the same with that of A to &,) in the ratio 
which is compounded of the ratios of B to A, A to 6, 
and B to 6, or in the duplicate ratio of B to h. Where- 
fore becaase B is greater than 6, C is likewise greater 
than c. 

Hence it follows, that if A,B, C be proportionals, and 
if A', B',C'' be likewise proportionals, and if A' has 
a greater ratio to B' than A to B, A' shall also have 
a greater ratio to C than A to C. For, if b be taken 
such that A' may have to b the same ratio as A to 
B, 6 will be greater than B' (II. ll.Cor. 3.); where- 
fore, if c be taken such that A', &, c mav be propor- 
tionals, c will likewise be greater than &i and there- 
fore A' will have to C- a greater ratio than it has to 
c. But A' has to c the same ratio as A to C (II. 24.). 
Therefore A' has to C a greater ratio than A to C. 

And hence it is evident, that if any three mdgni* 
tudes A, B, C be proportionals, and liketcise any other 
three. A', B', C, and if Ais toC as A' to C, A is to B 
as Af to W; for if A has not to B the same ratio as 
A' to B^ then neither can A have to C the same ratio 
as A'' to C. This last is the theorem demanded in the 
text ; and is evidently the converse of II. 27- Cor. 3., 
from which alone, however, it may be considered aa 
sufficiently apparent. 
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their corresponding edges are to one an- 
other in the same ratio, so that A B is 
to a 6 as 6 C to ^c, and as B D to bcL 
And, because the plane and dihedral 
angles of the solid angle B are severally 
equid in order to the plane and dihedral 
angles of the solid angle b, these solid 
angles may be made to coincide. There- 
fore (27 Cor. 1.) the parallelopipeds, 
which have the edges B A, B C, B D, 
and ba^bc, bd, are to one another in 
the ratio which is compounded of the 
ratios of B A to 6 a, B C to 6c, and B D 
to bd, that is, since these ratios are 
equal to one another, the triplicate ratio 
(II. 27. Cor, 2.) of that which B C has 
to be. But the pyramids ABCD, 
abed are (31. Cor.) the sixth parts of 
these parallelopipeds, each of each, and 
therefore have to one another (II. 17.) 
the same ratio with the parallelopipeils. 
Therefore, the pyramid ABCD has to 
the pyramid abed the triplicate ratio 
of that which B C has to b c. 

Otherwise: 

Take B E (II. 52.), a third proportional 
to BC, bc\ and, a^ain, BF a third 
proportional to 6 c, B E ; so that B C 
may have to B F the triplicate ratio of 
that which it has to 6c (II. def. 11.): 
join D E, D F, A F ; and, from A. a, let 
AP, op be drawn perpendicular to the 
bases BCD, 6 ca of the pyramids, 
each to each. Then, because the solid 
angles B, b may be made to coincide, 
and that in this case (5. Cor.) the tri- 
angles A B P,* a 6p will be in the same 
plane, and on account of the parallelism 
of AI*, ap (5.) will be equiangular 
(1. 15.), A P is to ap (II. 31.) as A B to 
a 6, or as B C to 6 c. Again, because, 
in the triangles D B C, t/6 c, D B is to 
(f 6 as B C to 6 c ; that is, as 6 c to B E ; 
the triangles D B E, r/ 6 c are equal to 
one another (II. 41.) But D B E is to 
DBF (11.39.) as BE to BF; that 
is, as B C to 6c. Therefore, dbc is to 
DBFas BCto6c. But B C is to be 
asAP to ap\ therefore, dbc is to 
DBFasAP to ap, and consequently 
(II. 11. Cor, 2.) the ratio, which is com- 
pounded of the ratios of dbc to D B F, 
and a p to A P is a ratio of equality. 
But the pyramid abed is to the pyra- 
mid ABFD in a ratio which is com- 
pounded of the ratios of dbc to D B F, 
and ap to A P (32. Cor, 2.) ; therefore, 
the pyramid A B FD is equal to the py- 
ramid a 6 c^. Now, the pyramid AB 
C D is to the pyramid ABFD, as the 

• The lines B P, hp are omitted in the figure. 



base D B C to the base DBF (32. Cor. 
2.); that is, as B C to BF (11.39.), 
or in the triplicate ratio of B C to be. 
Therefore, the pyramid ABCD is to 
the pyramid a 6 c^ in the triplicate ratio 
of that which B C has to b c.* 

The proposition is therefore demon- 
strated witn regard to triangular pyra- 
mids. 

Next, let VABCDE, vab'cdehe 




any two similar pyramids, and let B C, 
6 c be homologous edges : the pyramid 
VABCDE shall be to the pyramid 
vabcde in the triplicate ratio of that 
which BC has to be. 

Because the plane and dihedral angles 
of the solid angle V are severally equal 
to the plane and dihedral angles of the 
solid angle v, these solid angles may be 
made to coincide ; and, if this be done, 
the bases ABCDE, abede will be 
parallel (15.), because the faces V AB 
and vab, V B C and vbc, &c. being 
similar, their sides A B and a 6, B C 
and 6 c, &c. will be parallel (I. 15.). 
Hence it appears that the planes VAC 
and V a c, V A D and vaa make equal 
angles with the adjoining faces of 
the pyramids ; and that the triangles 
VAC and t; a c, as also VA D and vad, 
are similar. And it is easy to show 
that the triangles A B C, A C D, A D E 
are respectively similar to the triangles 
a6c, acdf ade (11.32.). Therefore, 
the pyramids in question are divided by 
those planes into similar trian£:ular py- 
ramids VABC and vabcVACD 
and vaed, VADE and vade (def 10.). 
And, since the homologous edges of 
these pyramids, BC and 6c, CD and 
c(/, D £ and de^sre to one another in 
the same ratio ; and, by what has been 

* These demonstrations are restpectively analog^ns 
to those given of II. 48. in pare 66. The second, it is 
obvious, admits of considerable abridgment, by refer- 
ence to 38. Cor. 2. ; for, since the pyramids are to 
one another in the ratio which is compounded of the 
ratios of their bases and altitudes, and that the bases 
are to one another in the duplicate ratio of two homo- 
logous edges (II. 48.), and the altitudes have to one 
another the same ratio with those edge?, it follows 
that the pyramids are to one another in the triplicate 
ratio of tneir homolorous edges. And in this form 
tho demonstration applies equally to the general case 
in which the bases are similar polygons. 
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already demonstr9.ted,' the pyramids to 
one another in the triplicate ratios of 
their homologous edges, that is likewise 
(II. 27. Cor. 3.) in the same ratio ; the 
whole pyramid V A B C D E is (II. 23. 
Cor, 1.) to the whole pyramid vahcde 
in the latter ratio, t*. e. m the triplicate 
ratio of that which B C has to b c, 

ITierefore, &c. 

Cor, Since the triplicate ratio of two 
straight Hnes is the same with the ratio 
of their cubes (27. Cor, 2.), similar py- 
ramids are to one another as the cubes 
of their homologous edges. 

Prop. 35. 

Similar polyhedrons are to one ano^ 
ther in the triplicate ratio of their ho^ 
mologous e^es. 

Let A C (?, acghe two similar poly- 
hedrons, and let B C, be be any two 




homologous edges: the polyhedron 
A C G shall be to the polyhedron a eg 
in the triplicate ratio of that which 
B C has to b c. 

In the first place, it is evident that 
the corresponding edges of the polyhe- 
drons are to one another each to each in 
the same ratio, because they are homo^ 
logons sides of the similar faces of the 
polyhedrons. Let the polyhedrons be 
so placed as to have two corresponding 
edges AB, ab parallel to one ano- 
ther, and two corresponding faces 
ABCD, abed adjoining to those 
edges likewise parallel. Then, be- 
cause the angles ABC, abc are 
equal to one another, B C is likewise 
parallel to be (15.); and for the like 
reason C D, D A are parallel to cd, da 
respectively. Again, since AB is pa- 
rallel to ab, B. plane may be made to 
pass through A B parallel to the plane 
ab hg il5.\ and that plane is no other 
than A B H G, because the dihedral an- 
gles at A B and a b are equal of one ano- 
ther(l7. Scholium,3.SLnd ll.Cor.l.) ; and 
for the like reason the other similar faces 
of the two polyhedrons lie in parallel 
planes. Therefore, also, any two cor- 
responding edges being the common 
sections of such planes, are parallel 
(12. Cor.). 

Join AC and ac, AH [and ah, AK 
and a A, A I, and a/; that is, join the 



points A> a, with all the angular pointy 
of their respective figures, to which they 
are not already joined by the edges 
terminating in A, a. Then, because 
the triangles *A 6 C), abc, are similar 
(11.32.) the angles BAC, 6a c are equal 
to one another ; but the planes BAG, 
5 a c are parallel, and A B is parallel to 
ab; therefore, aJso (15.), AC is parallel 
to ac: and, for the like reason, AH is 
parallel to a h. Again, because A F and 
F K are parallel respectively, and in the 
same ratio, to af and/^, the triangles 
AFK, afk are similar (15. and II. 32.), 
and their planes parallel ; wherefore, as 
before, AK is parallel to ak\ and for the 
like reason the triangles A'D'L,adl are 
similar and iii parallel planes, and A L 
is parallel to a L And because the tri- 
angles A C L, a c / have the three sides 
of the one parallel to the three sides of 
the other, each to each, they are equi- 
angular (15.), and lie in parallel planes: 
the same also may be said of the triangles 
A K L, a ^ /, and A H K, a A ft. 

Therefore, the pyramids into which 
the solid A C G is divided by the planes 
ACL, ADL,AFK, AHK, AKL are simi- 
lar to the pyramids into which the solid 
acsis divided by the planes acl, adl, 
afk, ahk, akl, each to each: for it 
has been shown that the faces in these 
planes are similar, each to each, and 
their other faces are similar, because 
thej^ are similar faces, or similar parts 
of similar faces, of the polyhedrons ; also 
the dihedral angles made by any two 
similar and adjoining faces are equal 
(17. Scholium, 3.), because their planes 
are parallel. And the former pyramids 
are to the latter (34.) in the triplicate 
ratios of their homologous edges, each 
to each ,• that is, in the triplicate ratio 
of B C to be, because their edges have 
to one another the common ratio of 
B C io be. Therefore, also, the sum 
of the former pyramids, that is, the po- 
lyhedron ACG, is (II. 23. Cor. 1.) to 
the sum of the latter, that is, to the 
polyhedron a eg, in the same ratio, viz., 
the triplicate ratio of B C to 6 c. 

Therefore, &c. 

Cor. Similar polyhedrons are to one 
another as the cubes of their homolo- 
gous edges (27. Cor. 2.). 

Section 4. — Problems. 

In the following problems it is as- 
sumed that a sphere may be described 
from any centre, and at any distance 
ro ni that centre : a}so, a plane is consi- 
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dered to be dra\m, when two straight 
lines are drawn which lie in that plane. 

Prop. 36. Prob 1. 

To drau) a straight line perpendicU' 
lor to a given plane A B,/h)m a given 
point C without it 

From C, to the plane, draw any 
straight line C D ; from the centre C, 





with the radius C D, describe a sphere 
D E F. If this sphere touch the plane 
in D, C D is the perpendicular required 
(8. Cor.); if not, take K, the centre of 
the circle D G H in which it cuts the 
plane, and join CK; CK will be the 
perpendicular required (8. Cor.). 

Therefore, &c. 

Another method has been seen in 
prop. 7. 

Prop. 37. Prob. 2. 

To draw a straight line perpendicular 
to a given plane A B,/rom a given point 
C in the same. 

From the centre C, with any radius 
CD, descril)e, in ^ 

the plane A B, the 
circle DEF. In 
the circumference 
of this circle, take 
any three points __ 
D, E, F ; and join a 
CD, CE, CF. 

Now, let C G be the perpendicular 
required. From the centre D, with 
any radius greater than D C, describe 
a sphere, and let its surface cut the 
perpendicular C G in G ; and join 
GD, GE, GF. Then, because GE 
and GF are each of them equal to 
GD (8.), if spheres be described from 
the points E and F, each with a radius 
equcd to D G, their surfaces will like« 
wise each of them pass through the 
point G. And G is the only pomt on 
that side of the plane A B, which is 
found at the same time in the surface of 
each of the three spheres. For, every 
point, as G, which is at equal distances 
from the three points D, E, F, must lie 
in the perpendicular which passes 
through the centre of the circle D E F» 
because (1. 7.) the angles G C D, G C E, 
GCF are equal to one another, and 



are" therefore (9. Cor^ right angles; 
and every other point of the perpendi- 
cular on the same side of A fi is at a 
greater or a less distance from D than 
G is (1. 12. Cor. 2.). Reversely, therefore, 
from the centres D, £, F, with any the 
same radius greater than D C, describe 
three spheres, and let G be the point 
common to the surfaces of these 
spheres { join C G ; C G will be the 
perpendicular required. 

Therefore, &c. 

Another method has been seen in 
prop. 7. 

Cor. It appears from the demonstra- 
tion, that, if a point be equally distant 
from the three ailgles of a triangle, it 
must lie in a perpendicular to the plane 
of the triangle, which passes through 
the centre ofthecu*cumscribing circle* 

Scholium, 

Had the intersection of the spherical 
surfaces, in this problem, been consi- 
dered at a greater length, the analogy of 
the construction to that employed in the 
first method of Book i. prop. 44, might 
have been lost sight of in the detaiU 
The subject is, however, of sufficient in- 
terest to merit the attention of the stu- 
dent ; and, as it has not hitherto found 
a place in this treatise, the present is, 
perhaps, the most proper for its consi- 
deration. 

1 . Two spheres will, 1°, cut one ano- 
ther, or 2^, touch one another, or 3^, 




one of them fall wholly without the 
other, according as the distance be- 
tween their centres is, 1^, less than the 
sum, and greater than the difference 
of their r^ii, or, 2°, equal to the 
sum, or to the difference of their rsr 
dii, or, 3°, greater than the sum, or less 
than the difference of their radii. 
This is easily inferred from what has 
been already demonstrated with regard 
to the intersection of circles; for it 
is evident that the sections of two 
spheres, made by a plane passing 
through thehr centre and throv^h ar^' 
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point which is sTipposfed io be common 
to the two surfaces, will be circles hav- 
ing the same radii and centres with the 
spheres respectively. 

2. If two spheres cut one another, 
they shall cut one another in a circle, 
the plane of which is perpendicular to 
the line joining their centres, and its 
centre in that line. 

Let C, c be the centres of two spheres, 
and P,Q any two jjoints common to 
the surfaces of both ; join C P, P c, C Q, 
Q c, and C c ; draw P O perpendicular 
to C c; and join O Q. Then, because 
the triangles C P c, C Q c have the three 
sides of the one equal to the three sides 



scribe two circles, and let them cut 
one another in P ; and from P draw 
P M perpendicular to A B : then M is 
the centre, and M P the radius, of the 
circle (dotted in the figure) in which the 
spheres, whose centres are A and B, cut 
one another. In like manner draw the 



y^-'".. 





of the other, each to' each, the angle 
P C O is equal (1. 7.) to the angle Q C O. 
And because the triangles P C O, Q C O 
have two sides PC, CO of the one equal 
to two sides Q C, C O of the other, each 
to each, and the included angles equal to 
one another ; the remaining sides P O, 
Q O are equal to one another, and the 
angle Q O C is equal to P O C, that is, to 
a right angle. Therefore, the point Q is 
in the circumference of a circle which is 
described frem the centre O, with the 
radius OP, in a plane (3. Cor. 1.) 
perpendicular to C O or C c. And the 
same may be shewn of every other 
point Q in the . common section of the 
two spheres. Therefore that common 
section is a circle, the plane of which is 
perpendicular to the line Cc, and its 
centre in that line, as above stated. 
In fact, if the plane P C c cut the spheres 
in the circles APjo and apP, and if it 
be made to revolve about the line C c, 
the circles A Pp, ojo P will generate the 
two spheres (def. 21.), and the line OP 
(3. Cor. 2.) the circle rff intersection. 

3. If three spheres be described, whose 
centres A, B, C do not lie in the same 
straight line, the surfaces of the three 
cannot have more than two points in 
common, which points (if there be any 
such) lie in a straight line perpendi- 
cular to the plane of the centres, and 
at equal distances on either side of that 
plane. . 

From the points A, B, with the radii of 
the spheres described from A, B, re- 
specUvely, in the plane ABC, de- 



line Q N, so that N may be the centre, 
and N Q the radius, of the circle (dotted 
in the figure) in which the spheres, whose 
centres are A and C, cut one another. 
Then, it is evident that the only points, 
common to the surfaces of the three 
spheres, are those which are common to 
the circumferences of these two circles. 
Let P M, Q N be produced to meet one 
another in the point O ; and let the planes 
of the circles cut one another in the line 
y v, which passes through O, and is 
perpendicular to the plane ABC (18. 
Cor. 2.), because the planes of the cir- 
cles, being perpendicular to the lines 
AB, AC respectively, are perpendicular, 
each, to the plane ABC, which passes 
through each of those lines (18.)- Then, 
if M P be greater than MO, the circle, 
which has the centre M and the radius 
M P, will cut the line Vr in two points 
V, V, which are equally distant from the 
point O (1. 12.). Join VN,t;N. Then, 
because A N is at right angles to the 
plane Q N V, the angles A N V, A N t; 
are right angles. And, because V, v are 
points in the surface of the sphere which 
has the centre A and radius AP or 
AQ, A V and 'At; are, each of them, 
equal to A Q. Therefore, because the 
right-angled (3.) triangles A N V, A N w 
have their hypotenuses AV, At?, and 
sides A N equal respectively to the 
hypotenuse KQ and side AN of the 
nght- angled triangle A N Q, their 
other sides N V, N t? are equal each 
to N Q (I. 13.) ; and, consequently, 
the cirde which has the centre N and 
the radius N Q also passes through the 
same two points V,t?. But, the cir- 
cumferences of the two circles do not 
meet one another in any other point ; 
for they can meet only in the line Vr, 
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in which fheir planes cut one another. 
Therefore the points V, t?, which are in 
a perpendicular to the plane ABC, and 
at equal distances on either side of that 
plane, and none else, are common to the 
surfaces of the three spheres ; as ahove 

sMed. 

If the point V coincide with O, the 
point V will likewise coincide with it; 
and in this case the three spherical sur- 
faces wUi have onl^ one point common 
to them, viz. the pomt O, which is in the 
plane of the three centres A, B, C. 

If the centres of three spheres lie in 
the same straight line, their circles of 
intersection (if there are any) cannot 
meet one another, because their planes 
are perpeniHcular to this straight line, 
and therefore (11.) parallel; and ac- 
cordingly the surfaces can have no 
point in common ; unless each of them 
passes throug:h the same point of the 
straight line in which the centres lie, 
for then each of them will touch the 
other two in that point. 

Prop. 38. Prob. 3. 

Through a given point C, to draw a 
piane, which mall be perpendicular to a 
given straight line A B. 

Ifthe point C lies 
in the straight line 
A B, from C draw 
any straight line CD 
perpendicular to 
AB (1. 44.) -.through 
AB draw any plane 
not coinciding with 
the plane A CD, 

and draw C E in that plane perpendi- 
cular to AB (Ii 44.): then the plane 
D CE (3.) is the plane required. 

But if C do not lie in AB, draw 
CD perpendicular 
to AB (L 45.): 
through A B draw 
any plane not co- 
inciding with the 
plane ADC, and 
draw D E in that 
plane perpendicu- 
lar to A B (1.44.): 
then the plane C D E is the plane re- 
quired. 

Therefore, &c. 

Prop. 39. Prob. 4. 

Through a given point A in a given 
plane B C, to draw a straight line, which 
shall lie in the plane B C, and be at 
right angles to a given straight line 
AD, which cuts the plane in that point. 





ThroucrhAdrawa 
planeGH (38.) per- 
pendicular to A D, 
and let it cut the 
given plane B C in 
the line AE: A£ 
will be the straight line required. For, 
AD, being perpendicular to the plane 
6H, is perpendicular to the line AE, 
which meets it in that plane (def. 1 .). . 

Otherwise : 

From any point D in AD draw D P 
perpendicular to the plane B C (36.) : 
join A F ; and, in the plane B C, draw 
A E perj^ndicular to A F ; then A E (4.) 
will be tne line required. 

Therefore, &c. 

Prop. 40. Prob. 5. 

Through a given point A in a given 
plane B C, /o draw a straight line, which 
shall lie in that plane, and be parallel 
to another given plane D K 

If the planes 

B C. D E are pa- 7 7 

rallel ; then any / /^ 

straight line which i*/ .(cr ^^ 

is drawn through bx ^ ^ ^"^ 
the point A in the ^ 

plane B C will be parallel to the plane 
D E (def. 6. and def. 3.). 

If the planes are not parallel, let them 
be produced to cut one another in the 
straight line F G» and through A draw 
AH parallel to FG (1.48.): AH will 
be the line reouired (10.). 

Therefore, 8cc. 

Cor, In the same manner a straight 
line may be drawn through a given 
point, which shall be parallel to each 
of two given planes ; viz., by producing 
the planes to cut one another, and draw- 
ing the required straight line parallel to 
their common section. 




Prop. 41. Prob. 6. 

Through a given straight line AB^ 
to draw a plane, which shall be perpen^ 
dicular to a given plane C D. 

If the straight 
line AB is per- 
pendicular to the 
plane C D, then 
any plane which 
passes through AB 
will be perpendi- 
cular to the plane 
C D (18.). 

But, if A B be not perpendicular to 
C D, from any point A m A B draw A E 
perpendicular to CD (36, or 37.) ; and the 
plane B A E will be the plane required.^ 

Therefore, &c. 
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Prop. 42. Prob. 1. 



Paop. 45. Prob. 10. 




ThroiLgh a given point A to draw a 
plane which shall be perpendicular to 
each of two given planes 6 C, D E. 

If the given planes are parallel, from 
A draw (36.) a straight line perpendi- 
cular to either of them ; and any plane 
passing through this straight line will be 
perpendicular to each of the given planes 
(11. and 18.) 

If the planes are not parallel, let them 
be produced to b >.a 

meet one another r^ 
in the straight line v lxn \A \y ^ 
¥ G, and through X \A \ Ac 
A draw the plane ^ 
H K perpendicu- 
lar to F G (38.) : H K will be the plane 
required (18.). Or, ip this case, draw 
from the point A perpendiculars to the 
two planes (36.) ; and the plane of these 
perpendiculars will be the plane re- 
quired (18.). 

Therefore, &c. 

Prop. 43. Prob. 8. 

Through a given point A, to draw a 
plane J which shall be parallel to a given 
plane B C. 

From A draw the straight line AD 
perpendicular to the 
plane BC (36.); and 
through A draw the 
plane E F (38.) per- 
pendicular to the 
straight line AD: 
the plane E F is the plane required (1 1 .). 

Othermse : 

In the given plane B C, draw any two 
straight lines cutting one another; and, 
through the given point A, draw parallels 
to them respectively : the plane of these 
parallels will be the plane required (15.). 

Therefore, &c. 

Prop. 44. Prob. 9. 

Through a given straight line AB, 
to draw a plane, which shall be parallel 
to a second given straight line C D. 

If AB is parallel to CD, then any 
plane (1 0.) which passes through A B, 
and does not pass through C D, is na- 
ralleltoCD. ^ 

But, if A B is not parallel to CD, 
through any point A of AB draw the 
straight line A E 
parallel to CD 
(1.48.): the plane 
BAE is the plane 
required (10.). 

Therefore, &c. 



TojSnd the shortest distance between 
two given straight lines, A B and C D, 
which do not lie in the same plane. 

Through A B draw the plane E F, pa- 
rallel to the line C D (44.) ; and through 
the same A B draw the plane G H, per- 
pendicular to the plane E F (41.). 
Then, because the straight line C D is 
parallel to the plane E F, which cuts the 
plane GH in the line AB, it cuts, or 
may be produced to cut, the plane G H 
in some point L. From L, draw L K 
perpendicular to A B : K L shall be the 
shortest distance required. 





For, the plane G H, being perpendicu- 
lar to the plane E F, the straight line 
K L, which is drawn in the former plane, 
at right angles to the common section 
A B, must be perpendicular to the plane 
EF (18.), and therefore (10. and I. 14.) 
to the line C D, which is parallel to the 
plane EF. Now, because the line 
A B lies in the plane E F, C D cannot 
be nearer to AB than it is to the plane 
E F, to which it is parallel. But be- 
cause K L is perpendicular to the plane 
E F, K L is the shortest distance of C D 
from the plane E F. Therefore K L is 
the shortest distance between the straight 
lines A B and CD. 

Othermse : 
Prom any point A in A B, draw A C 
perpendicular to C D (I. 45.) : from C 





draw CE perpendicular to the plane 
A C D (37.), and let AB cut the plane 
DCE in B: complete the rectangle 
BDCE, and join AE: from C draw 
CF perpendicular to AE (I. 45.): 
through F draw F K (I. 48.), parallel to 
B E or CD, to meet AB in K : take C L 
equal to F K, and join K L : K L shall 
be the shortest distance required. 
For, let G be any other point in AB, 
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and G H its perpendicular distance from 
C D : through G draw G M, parallel to 
B E or D C (I. 48), to meet AE in M, 
and join C M. Then, because G M and 
H C are in the same plane (I. def. 12.), 
G H and M C are likewise in the same 
plane ; and, because C D is perpendicu- 
lar both to C A and C E, it is perpen- 
dicular also to CM and CF (3,) ; but, CD 
is likewise perpendicular to G H ; there- 
fore (1. 14.) C M is parallel to H G, and 
the quadrilateral CG is a rectangle. 
Again, because F K, C L are parallel 
and equal, and that the angle F C L is 
a right angle, C K is a parallelogram 
(I. 21.) and a rectangle. Therefore 
(I. 22.) GH is equal to C M, and KL 
to CF. But CF (I. 12. Cor. 3.) is 
less than C M, because C F is perpendi- 
cular to A E. Therefore, also, K L is less 
than G H. And in the same manner it 
may be shown that K L is less than any 
other distance between the lines AB, 
CD. If AB do not meet the plane DCE, 
that is, if it be parallel to that plane, 
AC is the shortest distance required. 

Therefore, &c. 

Cor. 1. The shortest distance be- 
tween two straight lines is a straight 
line which is at right angles to each of 
them. This is evident from each of the 
constructions above given. Indeed, if 
such were not the case, it could not be the 
shortest distance ; for a perpendicular to 
the line which it does not meet at right 
angles, drawn from the point in which 
it meets the other, would be shorter 
(I. 12. Cor. 3.). 

The problem shows, therefore, how to 
draw a straight line, which shall be at 
right angles to each of two given straight 
lines not lying in the same plane. 

Cor. 2. R, in the second construc- 
tion, the perpendiculars A C and B D be 
given, the length of the shortest distance 
K L may be found ; for it is equal to the 
perpendicular C F, which is drawn from 
the right angle to the h);potenuse of a 
right-angled triangle haying those per- 
pendiculars for the two sides. 

Prop. 46. Prob. 11. 

To bisect a given dihedral angle 
ABCD. 

Draw from any the same 
point B in the edge B C, B A . / 
and B D perpendicular to it 
(I. 44.) in the planes C B A 
and C B D respectively, and 
bisect the angle ABD by the 
straight line B E (1. 46.) : the 
plane EBC will bisect the 
given dihedral angle ABCD (17.). 







Jfi 



Therefore, &e. 

Cor. Any point in the bisecting plane 
is at equal distances from the planes of 
the dihedral angle A B C D (1.13) ; for it 
may easily be shown that these distances 
are the sides of right-angled triangles, 
which have a common hypotenuse and 
the angles opposite to them equal to one 
another. 

Prop. 47. Prob. 12. 

To circumscribe a sphere about a 
given tetrahedron or triangular pyra^ 
mid ABCD. 

Bisect aTw one of the edges, A B, in 
£ (1. 43. ) : n-om E, in the adjoining faces 

ABC, ABD, draw 
EF, EG perpendi- 
cular to AB (1.44.): 
take F, G, the cen- 
tres of the circles 
circumscribing the 
triangles ABC, 
ABD (III. 59.); 
and therefore in the 
straight lines E F, 
E G respectively : from the points F, G, 
in the plane FEG, draw FO, GO, 
perpendicular to FE, GE (I. 44.) 
respectively, and meeting one another 
in O, and join OA : the sphere, which is 
described from the centre O, with the 
radius O A, shall pass through the 
points B, C, D, and circumscribe the 
tetrahedron. 

Join O B, O C, O D. Then, because 
EF and EG are each of them at 
right angles to E A, the plane FEG 
is perpendicular to E A (3.), and there- 
fore (18.) to each of the planes ABC, 

ABD, which pass through E A. But 
O F and O G are perpendicular to the 
common sections F E and G E respec- 
tively. Therefore (18.) O F and O G are 
perpendicular to the planes ABC and 
ABD respectively. And because the 
points A, B, C, are equidistant from 
the foot of the perpendicular O F, they 
are likewise equidistant from the point 
O in the perpendicular (8.) ; therefore 
O B and O C are each of them equal to 
O A. And for the like reason O B (as 
before) and O D are each of them equal 
to O A. Therefore, the four distances, 
O A, O B, O C, O D, are equal to one 
another ; and the sphere, which is de- 
scribed from the centre O, with the ra- 
dius O A, is circumscribed about the 
tetrahedron ABCD. 

Otherwise : 
Bisect tjiree of the edges at right an- 
gles by planes meeting one another in 



156 



GEOMETRY. 



[IV. 5 4. 




the point O (38.) : O is evidently the cen- 
tre of a sphere, passing through the 
points A, B, C, D, and circumscribing 
the pyramid. 
Therefore, &c. 

Prop. 48. Prob. 13. 

To inscribe a sphere in a given ielra* 
hedron or triangular pyramid A B C D, 

Bisect the dihedral angles at the edges 
BC, CD, DB of any the same face,(46.) 
and let Jhe bisecting 
planes meet one an- 
other in the point O : 
from O draw OP, OQ, 
O R, O S, perpendicu- 
lar to the faces BCD, 
ABC, ABD, ACD, re- jj< 
spectively (36 ) : the 
sphere, which is de- 
scribed from the cen- 
tre O, with the radius OP' shall pass 
through the points Q, R, ^ , and be 
inscribed in the tetrahedron. 

For, the point O being in the plane 
which bisects the dihedral angle at B C, 
is equidistant (46. Cor.) from the planes 
A B C, B C D, that is, O Q is eoual to 
O P ; and, for the like reason, OR and 
O S are each of them equal to O P ; 
therefore, the four distances, O P, O Q, 
O R, O S, are equal to one another: and 
the sphere, which is described from the 
centre O, with the radius OP, is in- 
scribed in the tetrahedron A B C D, 

Therefore, &c. 

Cor. If the faces and altitude A L 
of the tetrahedron be given, the length 
of the radius O P may be found. For, 
since the pyramid, which has the alti- 
tude A L and the base BCD, is equal 
to the sum of four pyramids having the 
common altitude O P, and for their 
bases the four faces of the first pyra- 
mid ; or, which is the same thing, to a 
pyramid, which has the altitude OP, 
and a base ecjual to the sum of those 
faces (30.) ; it may easily be shown 
(32. Cor. 2. and II. 10. Cor.) that OP 
is to A L as the base B C D to the sum 
of the four faces. 

Scholium, 

In these problems, 12. and 13., it is as- 
sumed that, three planes being given, a 
point may be found which is common to 
the three, or that, any three planes being 
drawn, there is some point through 
which each of them passes, and which 
may be called iheir point of intersection. 
It is evident, however, that if the com- 
mon section of two of the planes be 
paraUelto the third plane (in which case, 



also, by Prop. 10, the common sections 
are all parallel to one another), there 
can be no such point ; for, since aU the 
points which are common to the two 
first planes are found in their common 
section, if this common section does not 
cut the third plane (that is, in other 
words, if there is no point common to this 
common section and the third plane), 
there can be no point which is com- 
mon to the three planes. When, on 
the contrary, the common section of 
two of the planes is not parallel to the 
third, it mav be produced to cut that 
plane, and the pK)mt in which it cuts it 
is the point which is common to the 
three planes. 

"When a point is to be determined, 
therefore, by the intersection of three 
planes, in order to be satisfied with regard 
to the meeting of the planes, it is only 
necessary to consider the common sec- 
tion of any two of them, and examine 
whether it is or is not parallel to the third 
plane. Thus, in Problem 13, the ques- 
tion occurs, whether O C is, or not, pa- 
rallel to the plane which is made to pass 
through DB ; and it is easily perceived 
that it is not parallel ; for, if the plane 
D B A be supposed to be turned round 
D B, in order to arrive at the position in 
which it will be parallel to O C, before 
it arrives at that position it must evi- 
dently become parallel to AC, andDBO 
is necessarily more distant from the po- 
sition of parallelism than DAB when 
parallel to AC, for it passes between the 
face A D B of the pyramid, and the base 
C D B. In the second solution of Prob. 
1 2, the three planes, which are supposed 
to meet in O, are at right angles to the 
edges, and therefore the common sec- 
tion of any two of them, as, for instance, 
the two which are at right angles to 
A B, A C, is perpendicular to the face 
ABC of the pyramid (18. and 1 8. Cor. 2.), 
for which reason any plane which is 
parallel to it must be perpendicular to 
the same face, which is evidently not the 
case with the plane which is at right an- 
gles to the edge AD. 

Prop. 49. Prob. 14. 

Three plane angles A O B, B O C, 
C O A, which form a solid angle O, 
being given ; to find by a plane construe^ 
tion the angle contained by two of the 
planes, viz. A O B and B O C. 

At the point B, in the^ plane B O C, 
and upon either side of the an^le B O C, 
make the angles BOD, C O E equal 
to the angles BOA, COA, each to each 
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struction becomes impossible, when the 
third angle C O E is greater than the 
sum or less than the difference of the 
other two. For, in order that it may be 
applied, it is necessary that B P be less 
than B D. Now, if D F be drawn per- 
pendicular to O C, and producedf to 
meet the circle described from the centre 
O with the radius O D in G, it may 
easily be shown that the angle F O G is 
equfid to the angle FOD (III. 3. and 
I. 7.) ; and, therefore, the angle COG 
to COD, that is, to the sum of B O C 
and BOD. And in like manner, if 

.T .,N • r,T.^^ L^ ^ rf/ be drawn perpendicular to O C, and 

(1. 47.): m O D take any pomt D, and produced to meet the circumference of 

make O E equal to O D ; from the points the same circle in g, the angle C O s- will 

D, E, draw D B, E C perpendicular be equal to the angle COd, that isf (be- 

(I. 45.) to AB, A C respectively, and let cause B O rf, by III. 3. and I. 7., is equal 

thembeproducedtomeet one another in to BOD) to the difference of BOC 

P : fipom P (1. 44.) draw Q P perpendicu- and B O D. But if C O E be greater 

lar to P B, and from the centre B, with than C O G, or less than C Og, in either 

the radius B D, describe the circle DQd case the perpendicular E C, which is 

cutting P Q in Q, and join B Q ; the drawn to C from a point E in the cir- 

angle QBP shall measure the angle cumference of the circle D C p-, will not 

of inclination contained by the two cut Drf between the points D andrf* 

planes AO B, B O C. and, therefore, B P will be greater than 

TakeOAeoualtoODor OE,andjoin BD. The limits of possibility are, 
AB, AC , AP. Then, because the triangles therefore, those above stated. The in- 
OB A, OBD have the two sides OB, OA ferences from this are evidently the samo 
of the one equal to the two sides OB, OD with 1 9. and 1 9. Cor, 
of the other, each* to each, and the in- Cor. l.The same construction, slightly 
eluded angles equal to one another, B A modified, may be used to find the thiixl 
is equal to B D (1. 4.), and the angle angle C O A from the two A O B, 
O B A to the angle OBD, that is to a BOC, and their angle of inclination! 
right angle. And, because O B is at For, if P B Q be made equal to the 
right angles both to B A and B P, it is angle of inclination, and if B Q be taken 
at right angles to the plane AB P (3.), equal to B D, the point P will be de- 
and therefore the plane BOC, which termined by drawing Q P perpendicu- 
passes through O B, is at right angles to lar to B P ; and thence the angle 
the same plane A B P (18), or, which is C O E or C O A, by drawing P C per- 
the same thing, the plane AB P is at pendicular to O C, and producing it to 
right angles to the plane O B C. And meet the circumference D G^ in 1). 
in the same manner it may be shown Cor. 2. (Euc.xi. A.) It follows, from the 
that the plane A C P is likewise at right solution of this problem, that if two solid 
angles to the plane OBC. Therefore angles be contained each of them by three 
the straight line A P, which is the com- plane angles, and if the plane angles which 
mon section of the planes A B P, A C P, contain one of them be equal to those 
is at right angles to the plane OBC which contain the other, each to each, 
(18. Cor. 2.), and the angle APB is a the dihedral angles of the one will like- 
right angle. And, because in the right- wise be equal to the corresponding dihe- 
angled triangles Q B P, AB P, the hypo- dral angles of the other, each to each, 
tenuse Q B is equal to the hypotenuse Cor. 3. And in like manner it follows, 
A B, and the side B P common to both from Cor, 1, that if two solid angles be 
the triangles, the angle QBP is equal to contained each of them by three plane 
the angle ABP (1. 13.). ButABPmea- angles, and if two of the plane angles 
sures the inclination of the planes AOB, which contain one of them oe equal to 
BOC, because AB and Br are each of two of those which contain the other, 
them perpendicular to the common sec- each to each, and equally inclined to one 
tion OB (1 7. Schol.) Therefore, the angle another, the third angle of the one shall 
QBP measures the same inclination. be equal to the third angle of the other. 

Therefore, &c. ' and its plane inclined at equal angles to 

It will be found that the above con- the adjacent planes. 
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Prop. 50. Prob. 15. 




An edge KB of a regular polyhedron 
being given ; to construct the polyhe- 
dron. 

It has been already seen (20. Cor,) that 
the number of regular polyhedrons can- 
not exceed five, three of which (if there 
be so many) will be contained by equila- 
teral triangles, one by squares, and one 
by pentagons. In the present problem 
it will appear that each of these five 
solids may be constructed. 

1. Let the solid angleof the polyhe- 
dron in question be contained by three 
angles of equilateral triangles. Upon 
the given edge A B, 
describe (I. 42.) an 
equilateral triangle 
ABC : take the cen- 
tre O (III. 26.) of 
the triangle ABC, 
and from O draw 
OD perpendicular to 

the plane A B C (37.) : in O D take the 
point D such that A D may be equal 
to AB,* and join DA, D B, DC. 
Then, because OB and O C.are each of 
them equal to O A, D B and D C are 
each of them equal to D A or A B (8.), 
and, therefore, the faces DAB, DA (3, 
D B C of the solid D A B C are equi- 
lateral triangles: and because its solid 
angles are each of them contained by 
three angles of equilateral triangles, 
they are equal to one another (49. Cor, 2.). 
Therefore, D A B C is a regular solid ; 
and since it has four faces, it is a regu- 
lar tetrahedron. 

2. Let the solid angle be contained 
hy four angles of equilateral triangles. 
upon the given edge 
A B describe a 
square A B C D 
(I. 52.); take the 
centre O (III. 26.), 



to E A, (L 4.) or A B. Therefore, the 
eight faces of the solid £ A B C D F are 
equilateral triangles. Again, each of 
the quadrilaterals EAFC, EBFDis 
a square, because its diagonals are 
equal, and (I. 22. Cor. 2.) oisect one 
another at right angles : therefore, the 
planes of any two adjoining faces are in- 
clined to one another at the same angle 
as the planes of any other two, (49. Cor. 2.) 
viz., tne angle which is contained by 
two angles of equilateral triangles form- 
ing with the angle of a square a solid 
angle. Therefore, any two of the solid 
angles, as E and F, may be made to co- 
incide, and are equal to one another. 
Therefore, EABCDF is a regular 
solid ; and, since it has eight faces, it 
is a r^ular octahedron. 
3. Let the solid angle be contained by 





and from O draw 
OE (37.) perpendi- 
cular to the plane 
ABCD; takeOE 
equal to O A, and, 
therefore, (I. 22. Cor. 2. and I. 36.) 
such that A E shall be equal to A B ; 
and produce E O to F, so that O F may 
be equal to O E : join E A, E B, EC, 
ED, and FA, FB, FC, FD. Then, 
because the point is equally distant 
from the points A, B, C, D, E B, E C, 
E D are each of them equal to E A or 
AB (8.): and for the like reason FB, 
FC, FD are each of them equal to FA; 
that is, be cause O F is equal to O E, 

• That ia. Uke 0.D8 equal to AB«-. A 0« (I. W.) 



five angles of equilateral triangles. Upon 
the given edge A B describe a regular 
pentagon ABCD E;(III. 63. Cor,) : take 
the centre O (III. 26.), and from O 
draw OF perpendicular to the plane 
ABODE (37.): take OF such that 
FA may be equal to AB (which may 
be done by joining O A, and taking 
(I. 59.) OF such that the square of 
OF may be equal to the difference of the 
squares of O A, A B), and join FA, FB, 
F C, FD, FE. Then, because the point 
O is equally distant from the points A, B, 
C, D, E, FB, FC, FD, FE are equal each 
of them to FA or A B (8.), and there- 
foreFAB, FBC, FCD, FDE, FEA 
are equilateral triangles. Join BD ; then 
because the triangles B F D, B C D have 
the three sides of the one equal to the 
three sides of the other, each to each, 
the angle B F D is equal to the angle 
B C D (I. 7.), that is, to the angle of a 
regular pentagon ; and the same is evi- 
dently true of tiie plane angle formed by 
imy two of the principal edges of the 
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pyramid FABCDE, which are not pentagon draw (3 7.) a perpendicular PN» 
adjacent to one another. Complete and talce P N such (1. 59.) that N G may 
the regular pentagon BFDGH, and be equal toGK, and join NG, NK, 
join C G, CH. Then, because the point N L, N M, N H : then N G K, N K L, 
C { is equally distant from the three N L M, N M H, N H G are equilateral 
points B, F, D, it lies in that perpendi- triangles. Therefore all the faces of 
cuJar to the plane B F D, which passes the solid F N are equilateral triangles, 
through the centre of the circle circum- And it is evident that any two adjoining 
scribing the triangle BFD (37. Cor,), faces on the same side of the plane 
that is, through the centre of the pen- GKLMH are inclined to one another at 
tagon BFDGH; therefore CG, CH thesame angle as any other two (49. Cor. 
are each of them equal to C B (8.) or 2.), viz., the angle which is contained by 
AB, and CDG, CGH, CHBare equi- two angles of equilateral triangles form- 
lateral triangles. Join C£, and let it cut ing a solid angle with the angle of a pen- 
BD in the point Z. Then, because the tagon. Also, that any two upon opposite 
diagonal BD is common to the two pen- sides of that plane, as A L M, N L M, are 
tagons ABCDE,HBFDG, and that inclined to one another at the same an- 
another diagonal C E of the former cuts gle, may be shown by comparing it with 
it in Z, it may easily be shown that the the angle contained by any two GDC, 
diagonal F G of the latter cuts it in the F D C, upon opposite sides of the plane 
same point Z.* Therefore EF, FC,' and ABCDE: for, since a solid angle is 
CG lie in one plane ; and because the an- formed at C by the three plane angles 
gles EFC, FCG, as shown in the case of B C D, B C F, D C F, of which the first 
the pyramid first constructed, are equal is an angle of a regular [pentagon, and 
to tne angles of a^ regular pentagon, let the two others angles of equilateral tri- 
the regular pentagon £ F C G K be com- angles, and in the same manner a solid 
pleted, and join DK. Then, as above, it angle at L by the three plane angles 
may be shown that D K is equal to D E K L M, K L N, M L N, of which the first 
or AB, and that DEK, DKG are equila- is an angle of a regular pentagon, and 
teral triangles. Complete in like manner the two others angles of equilateral tri- 
the pentagon A F D K L, and join L E ; angles, the dihedral angle, contained at 
and in like manner the pentagon B F E the edge C D by the planes B C D, F C D, 
L M, and join MA : then, as before, EL is equal to the dihedral angle contained 
is equal to £A or AB, and EAL, ELK at the edge L M by the planes K L M, 
are equilateral triangles; and AM is NLM (49. Cor. 2.): and again, since 
equal to AB, and A B M, A M L are a solid angle is formed at C by the three 
equilateral triangles ; and because FA, plane angles BCD, B C G, D C G, of 
A M, F C, C H may be shown in the which the two first are angles of regular 
same way as above to be in one plane, pentagons, and the other an angle of an 
and that they make with one another equilateral triangle, and in the same 
angles of a regular pentagon, the line manner a solid angle at L bv the three 
MH will complete the regular pentagon angles K L M, K L A, M L A, of which 
F A M H C. and B M H will be an equi- the two first are angles of regular penta- 
lateral triangle. gons, and the other an angle of an equi- 
Again, because G K is parallel to the lateral triangle, the dihedral angle con- 
diagonal CE of the pentagon FCG KE, tained at the edge C D by the planes 
and K L to the diagonal D A of the pen- BCD, G C D, is equal to the dihedral 
tagon FDKLA, and so on, the lines GK, angle contained at the edge L M by the 
K L, L M, M H, H G lie all in the same planes K L M, A L M (49. Cor. 2.) ; 
plane parallel to the plane ABCDE therefore, the whole dihedral angle con- 
(15.); and the angle contained by every tained at the edge CD by the planes 
adjacent two is equal to the angle of a F C D, G C D, is equal to tne whole di- 
pentagon, because K G H is equal to hedral angle contained at the edge L M 
E Z B (15.), that is, to E A B (1. 22), and by the planes N L M, A L M (I. ax. 2.). 
so on. Therefore G K L M H is a regu- Therefore, all the plane and likewise all 
lar pentagon. From the centre P of this the dihedral angles of the solid F N are 

— r'7^' T~t ~^ 7~* — equal to one another; and, conse- 

aivM!'^."a.o\tA\T.;jV'h-X"r^^^^^ 1'^«°Uy' »"y *"" ''^ "' 'f^ angles as 



th. triMjfies ECD, pcz h.«.) b«in» i»oscd«. and f^A gincg jt has twenty faccs (vix. five, 
tw. " •• "" ^" ^ ^ " '" ^ • fon^K the pyramid wfiioh has the ver- 
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tex F and base ABCD; five more, 
forming the pyramid which has the ver- 
tex N and the base G K L M H ; and 
ten more between the two bases;) it is 
a regular icosahedron, 

4. Let the solid angle be contsuned 
by three angles of squares, that is, by 
three rip:ht angles. Upon the given 
edge A B describe a 
square ABCD : from 
A draw A E at right 
angles to the plane 
ABCD (37.). and 
therefore at right an- 
gles both to A B and 
AD; take A E equal 
to AB, and complete ^ 
the parallelopiped 
EC. Then it is evident that the six 
faces of the parallelopiped E C are 
squares (I. def. 20. and IV. 22.) ; and 
because each of its solid angles is con- 
tained by three right angles, any two of 
them may be made to coincide, and are 
equal to one another. Therefore E C 
is a regular solid, and since it has six 
faces, is a reffular hexahedron. This 
figure is the same as the cube (def. 13.). 

5. Let the solid angle be contained 
by three angles of pentagons. Upon 
the given edge A B describe a pentagon 
A B C D E : find the angle, I, at which 
two angles of regular pentagons must 
be mutually inclined, in order that with 
a third angle, which is likewise an angle 
of a regular pentagon, they may contain 
a solid angle (49.) ; and tlirough the 
sides A B, B C, &c. of the pentagon, 
already described, draw planes, each 
making with it that angle of inclination, 
and intersecting one another in the lines 
AF, BG, CH, DK, FL : then the angles 




at the points A,B,C,D,E,will all of them 
be angles of regular pentagons. Com- 
plete the regular pentagons A B G M F, 



B C H N G, &c. : then, since the angles 
B G M, B G N are angles of pentagons, 
and so inclined, that with a third angle 
of a pentagon they may form a solid 
angle, the third angle M G N is an angle 
of a pentagon ; and for the like reason 
the third angles at H, K, L, F are like- 
wise angles of pentagons. Now, it is 
evident from the figure thus far con- 
structed, that, if at adjacent angles 
FAB,GBAofa pentagon, other angles 
F A £, G B C of pentagons be placed 
at the inclination I, the edges A E, A B, 
B C will lie in one plane.* If, there- 
fore, the pentagon G M R S N be com- 
pleted, not only will H N S be an angle 
of a pentagon, for the reason before 
stated, but, ifor the reason just mentioned, 
OH, HN, NS will lie in one plane, 
because at the adjacent angles C H N, 
GNH, other angles CHO, GNS of 
pentagons are placed at the inclination 
I: and for the like reasons FMR is 
an angle of a pentagon, and QF, FM, MR 
lie in one plane. In like manner, if the 
pentagon H N S T O be completed, PK, 
iC O, O T will be in one plane ; and if 
K O T U P lie completed, (J L, L P, P U 
will lie in one plane ; and if L P U V Q 
be completed, M F, F Q, Q V will lie in 
one plane, viz., the plane QFM, or 
Q F M R, and therefore M R being joined 
will complete the pentagon F Q V R M. 
Lastly, also, by the same rule, the lines 
R S, S T, T U, U V, V R lie in one plane, 
and make with one another angles of 
pentagons, and therefore R S T U V is a 
pentagon completing the solid AT. And 
because AT has all its faces regular 
pentagons, and all its solid angles 
(49. Cor. 2.) equal (for each of them is 
contained by three angles of pentagons ), 
it is a regular solid ; and, since the faces 
are twelve in number, it is a regular 
dodecahedron. 

And, in every case the regular solid 
is described with the given edge A B. 

Therefore, &c. 

As it is possible that the dotted or 
occult lines, which have been necessarily 
introduced in the foregoing construc- 
tions, may prevent the reader*s acquiring 
from them a clear notion of the solids 
intended, we have here added shaded 
representations of the five regular solids, 
each in two different positions, in which 
only so much of the convex surface is 
exhibited as would present itself to the 
eye if they were opaque bodies. 

* The same will evidently be the case if FAB, 
OBA are an^ other equal angles, F A E, G B C any 
other tvro likewise equal to one another, and the 
common incliuation I any whatever. 




Cor. 1, 

ir(def. 10.). 

Cut. 2. Anyregular solidbeinggiven, 
B point may be found within it, which is 
the common centre of two spheres, one 
inscribed in the solid, and touching ftIL 
its faces, the other circiunscribed about 
it, and passing through all its solid 




perpendicular to the face (37.); let the 
dihedral angle at A B be bisected by a 
plane cutting O X in X ; X shall be the 
point in question. 

Take O" the centre of the adjoining 
ftwe, and Y the middle point of AB, 
and join OY, O'Y.XO'. XY. Then. 
because O Y is perpendicular to A B 
(III. 3.) XY is likewise perpendicular 
to A B (4,) ; also C Y is perpendicular 
to the same AB: therefore OY, X Y 
and O' Y lie in one plane (3. Car, 1.), 
And because the plane X Y A bisects 
the dihedral angle O Y A O. the angle 
X Y Ois equal to the angle XYO'(l7.): 
also Y O IS equal to Y O' ; therefore 
X 0' is equal to X O (1. 4.1 and the angle 
XO'YIo the angle XOY, that is, to 
a right angle. But the plane X CV Y is 
perpendicular to the face which has the 
centre O' (18,), because it is perpendi- 
cular to the line A B, through which 
that face passes. Therefore (18.) XO' 
is perpendicular to the face which has 
the centre O'. Now, because X lies in 
the perpendicular passing through the 
centre U, it may easily be shown (4. KoA 
I 4) that the planes XBC, XCD, 
&c make dihedral angles with the 
plane A B, equal each to the dihedral 
angle O Y A X ; aJso the dihedral angles 
of the solid are equal to one another; 
therefore those planes bisect the dihedral 
angles of the solid at B C, CD, &c. 
Hence, as above, it may be shown, that 
the straight lines drawn from X to the 
centres of each of the adjoining faces 
are perpendicular to those faces, and 
equal each to X O, And because the 
dihedral angles at AB. BC, Stc. are 
bisected by planes meeting the penien- 
diculars from the centres of those faces 
in X, the same may be said of the faces 
adjoining to them, and so on. There- 
fore the straight lines drawn from X to 
the centres of all the faces are perpen- 
dicular to them respectively, and equal 
each <o XO. And hence again, be- 
caiise the centres of the faces are equi- 
distant from their several angles, the 
point X ia likerrise equidistant ftom the 
several angles of the solid (8,). There- 
fore X is the common centre of two 
spheres, one inscribed, and the other 
cvcumscribed, as before a^d. The 
point X is called the centre of the 
sdid. 

Cor. 3. Each of the regular solids of 
six, eight, twelve, and twenty faces has 
for every face a face opposite and pa- 
rcel to it, and the opposite edges of 
M 
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those ^es likewise parallel ; and the 
straight line which joins two opposite 
angles passes through the centre of the 
solid. That the opposite faces and edges 
are parallel, is evi- 
dent from the con- 
struction of the so- 
lid ; and hence it is 
evident (1 1. and 7.) 
that the lines X O, 
X O' drawn to their 
centres from the cen- 
tre of the solid, are in 
one and the same straight line : there- 
fore, again, because the opposite edges 
are parallel, it may easil)r be shown that 
the lines X A, X A' which are drawn 
from the centre to the opposite angles 
A, A', lie in the same straight line 
(15. and 1.4.) 

Scholium, 

Upon examining the number of the 
solia angles in each of these figures, it 
will appear, that the tetrahedron has four 
solid angles, which is also the number 
of its faces ; the cube eight, which is 
the number of faces of the octahedron ; 
the octahedron six, which is the number 
of faces of the cube ; the dodecahedron 
twenty, which is the number of faces of 
the icosahedron; and the icosahedron 
twelve, which is the number of faces of 
the dodecahedron. Hence it is easily 
inferred, that if the centres of the faces 
of a regular solid be ia^en, they will be 
the vertices of another regular solid in- 
scribed in the first. In this manner a 
tetrahedron may be inscribed in a te- 
trahedron; an octahedron in a cube, 
and a cube in an octahedron ; an icosa- 
hedron in a dodecahedron, and a dode- 
cahedron in an icosahedron.* 



* With ithe aid of this relation it will be found, 
also, that a regular solid being gireo. anj one of the 
regular solids which have a less number of faces, 
may be inscribed in it by taking for the vertices ce;-- 
tain of the vertices of the former, or else of the cen- 
tres of its faces, or of the middle points of its edjres. 

Thus, in the cube AF, the vertices B, D, E, F are 
the vertices also of an inscribed tetrahedron. 

In the octahedron £ F, the centres of the several 
faces are the vertices of an inscribed cube; and the 
centres of the faces E A B, EDC, FAD, FBCthe 
vertices of an inscribed tetrahedron. 

In the dodecahedron AT, the vertices H, O, A, D, 
P, Q, R, T, are the vertices of an inscribed cube ; for 
AX) and GH being eaual, and also, because they are 
parallel to BC, parallel to one another Q6), the hgare 
ADHO is a parallelogram (I. 81.); but the side AD 
is equal to the side D H, and the diagonal A H may 
biB shown to be equal to the diagonal DG; therefore 
ADHG is a rhombus, which has its two diagonals 
equal to one another, that is, a square ; and, since 
the same may Im shown of the other figures A D P Q, 



This mutual relation of the regular 
solids is very striking. We may observe 
that if lines are drawn from the centre of 
the circumscribed solid to its different 
angular points, these lines will be per- 
pendicular respectively to the faces of 
the inscribed solid : hence, if we cleave 
or cut away the solid angles of the 
circumscribed figure by planes perpen- . 
dicular to these lines ; and if we con- 
tinue the process until we arrive at the 
centres of the. several faces, we shall 
obtain the regular solid which is in- 
scribed, and which forms as it were the 
nucleus of the other. There are two 
stages of this process, which geometers 
have marked by bestowing names upon 
the figures which the derived solids are 
made to assume on arriving at them. 
The first is when the solid angles are so 
far cut away that the remaining por- 
tions of the faces are regular polygons, 
which have twice as many sides as the 
original faces. The derived solids at 
this stage are called the ex-tetrahedron, 
ew-cube, ex-octahedron, ex'dodecahe- 
dron, and ex-icosahedron. They are 
obtained from the regular solids by in- 
scribing in each of the faces a regular 
figure, having twice as many sides as the 
face, and then cutting away the small 
pyramids which have for their vertices 
the several solid angles of the regular 
solid. Thus, in the face of a regular 
tetrahedron a hexagon may be inscribed 
by inscribing a circle in the face, joining 
the centre with the angles of the face, and 
drawing tangents to the circle at the 
points where the circumference is cut by 
the joining lines : and in a similar man- 
ner an octagon may be inscribed in a 
square, and a decagon in a pentagon. 
The number and character of the faces - 
of any of these derived solids may be 
readily obtained from the number and 
character of the faces and solid angles 
of the regular solid from which it is de- 
rived. Thus the faces of the ex-cube are 
six octagons and eight equilateral tri- 
angles. 



&c., the inscribed solid HGADPQRTisa cube ; ' 
hence, also, the vertices A, U, P, R are the vertices 
of an inscribed tetrahednm ; and the middle points 
of B C, U V, E L, S N, K O, M F, the vertices of an 
inscribed octahedron. 

In the icosahedron A G, the centres of the several 
faces are the vertices of an inscribed dodecahedron ; 
the centres of the faces F B A, A L M, M N H, H B C, 
CGD, DF£, ELK, KGN, the vertices of an inscribed 
cube; the centres of the faces F B A, M N H, CGD, 
£ L K, the vertices of an inscribed tetrahedron ; and 
the middle points of the edges BC, KL, KF, H N, 
AM, DG, the vertices of An inscribed octahedron. 
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The second (4ag* oeeun when, the 
solid angles being still further cut away, 
Ihe planes of cleaTan meet at the mid- 
dle points of the edges, thus reducing 
thfl orinnal ftces to regular polygons 
which have the same number of sides 
with the faces, and are inscribed in them 
by joining th« middle points of the edges. 
In fact, if theedgesof a regular solid t>e 
bisected, and the points of bisection 
joined, there will t» inseribad in each of 
its hces a figure similHr to that face, 
that is, an equilateral triangle, if the face 
be an equilateral triangle ; a square, if a 
square ; and a pentagon, if a pentagon. 
Here the forms of the derived s^ida 
apprise us at once of the mutual rela- 
tions of their originals ; the two derived 
from the cube and octahedron being 

Srecisely similar, as are likewise those 
erived nom the dodecahedron and ico- 
sahedroQ ; from which cirouroslance 
Ihe new figures with which we are 
thus presented have received the naraes 
of the cuboclakedron and the icatado. 

decahedron. From the tetrahedron Prop. SI. ProK 16. 

treated in this manner we obtain the ™ = j j. ■ ,. ,. 
octahedron T^Jtnd iht tnclinaUon qfttoo cu^otn- 

ing planes of a given regular solid, 

1. If the given solid be a regular 
/i\ tetrahedron, the required inciination is 

that of two angles of equilateral trian- 
gles, which, together with a third, form 
a solid angle, and therefore may be 
found by the constructimi pfg^ j_ 
given in Prop. 49. *' '_ 

Or thus: describe theright- 
angled triangle A C B, hav- 
ing Ihe hypotepuse A B 
equal to Ihree times the side 
AC; and the angle BAG 
will be the angle of inclioa* 
lion required. 

2, ir (he solid be a cube, the angle 
of inclination will be a right angle (1 7. 
Cor.) 

3. If an octahedron, the required 
inclination is that of two angles of equi- 
lateral triangles, which, together with 
the angle of a square, form a aolid angle, 
and may be found as in Prop. 49. 

Or thus: describe the 

right-angled triangle ACB, 

having its two sides A C, 

C B equal, respectively, to 

the side and diagonal of a 

square, and twice the angle 

BAG will be the angle of 

Elnally, the cleavage being continued inclination required. ^- 

tiU we arrive at the centres of the fiices, *■ If a dodecahedron, the required 

we obtain the inscribed regular soUds. inclination is that of two angles of re- 




Fig.2. 
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gular pentagons which, together with 
a third angle of a pentagon, form a 
solid angle, and therefore may be found 
as in Prop. 49. 

Or thus: describe the 
right-angled triangle A C B, 
having its sides AC, CB 
to one another in the medial 
ratio, and A C the lesser of 
the two ; and twice the angle 
B A C will l>e the angle re- 
quired. 

6. If an icosahedron, the required in- 
clination is that of two angles of equila- 
teral triangles, which, together with the 
angle of a regular pentagon, form a solid 
angle, and therefore may be found as in 
Prop. 49. Fig, 4. 

Or thus: describe the rigjht- 
angled triangle A B, having 
its sides A C, C B to one an- 
other in a ratio which is the 
duplicate of the medial ratio ; 
and twice the angle BAG will 
be the angle required. 

It will be sufficient to notice briefly 
the steps which lead to the foregoing 
constructions. 

With regard to the tetrahedron ; if a 
perpendicular be drawn from the centre 
of an equilateral triangle to one of the 
sides, such perpendicular will be a 
third of the whole perpendicular which 
is drawn to the same side from the an^le 
opposite to it (see the method of m- 
scribing an equilateral triangle in a 
circle at III. 63.). Now, in the tetrahe- 
dron the faces are equilateral triangles, 
and the line which joins any of .its solid 
angles with the centre of the opposite 
face is perpendicular to that face (37. 
Cor,) ; whence, by the aid of Prop. 4., 
the first construction. 

In the octahedron, the square which 
divides the figure (see the construction 
in Prop. 50) bisects the angles made by 
the adjoining faces upon eiUier side of it: 
and the line which joms the centre of this 
square with either of the two solid an- 
gles above and below it, is equal to half 
its diagonal, while the perpendicular 
drawn from the centre of the sauare to 
any of its sides is equal to half me side; 
whence the construction in this case. 

The cases of the dodecahedron and 
icosahedroti admit of an easy demon- 
stration by help of the mutual rela- 
tion of the dodecahedron and icosahe- 
dron mentioned in the last Scholium. 
For, if X be the centre of the icosahe- 
dron AG (see the figure of Prop. 50.), 



X F and X G will be perpendicular to 
two adjoining planes of the inscribed 
dodecahedron, and therefore, A X G 
being a straight line (50. Cor, 3.), the angle 
AXF will measure the inclination of those 
planes (17. SchoL 4.) : now because XF 
IS equal to X A or XG (50. Cor, 2.), 
the angle AFG is a right an^le (1. 19. 
Cor. 4.), and the angle AXF is double 
of the an^le AGF (I. 6. and I. 19.); 
also, FG is the diagonal of a reg^ar 
pentagon, whose side is equal to AF, and 
therefore FG is to AF in the medial 
ratio (see note p. 159). Hence the con- 
struction given for the inclination of the 
faces of a dodecahedron. 

And that given for the icosahedron 
is similarly derived, from considering it 
as inscribed in a dodecahedron. For 
if X be taken, the centre of the dode- 
cahedron L N (see the figure of Prop. 
50.), XN, and XH will be perpendi- 
cular to two adjoining planes of the 
inscribed icosahedron, and therefore, 
LXN being a straight line (50. Cor. 3.) 
the angle L X H will measure the incli- 
nation of those planes ( 1 7. Schol. 4.) : 
now, if L K, K H, L H, be joined, the 
angle LKH will be equal to the angle 
E D C of a pentagon (15.), because L K 
andKH are parallel to ED and DC 
respectively; therefore, the triangle 
LKH is similar to KOH (II. 32,), 
and OH is to HK as H K to LH; 
and since O H is to H K in the medial 
ratio, O H or H N is to L H in a ratio 
which is the duplicate of that ratio 
(II. def. 11.): and, because X H is equal 
to X L or X N, the angle L H N is a 
right angle (1. 19. Cor. 4.). and LXH 
is equal to twice L N H (1. 6. and 1. 1 9.), 
that is, the angle of inclination is equal 
to twice the greater acute an^le of a 
right-angled Mangle, whose sides are 
to one another in a ratio which is the 
duplicate of the medial ratio. 

Therefore, &c. 

Prop. 52. Prob. 17. 

The edge of any regular solid being 
given, to find the radii of the inscribed 
and circumscribed spheres. 

Find AB and AC, the D 
radii of the circles in- 
scribing and circum- 
scribing a face of the 
given solid (III. 26.); 
from A draw AD perpen • 
dicular to AB or AC ; at 
the point B make the angle ABD equal 
to half the angle which measures the in- 
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clinalion'of two adjoining faces (51.); the edges of the'cube/together with the 

let BD meet AD in D, and join CD. square of the diagonal of one of ^the 

Then it is evident, from the construction faces : hence, therefore, the constructions 

of 50. Cor. 2, that DA is the radius for the tetrahedron and cube, i 

of the inscribed sphere, and D C that In the octahedron, the line which 

of the circumscribed sphere. joins two opposite angles is at once the 

Or the radius DC of the circum- diameter of the circumscribed sphere, 

scribed sphere .may be determined in and also the dia^nal of a square which 

the several cases, by the following con- has for its four sides four of the edges of 

structions ; and then D A from the tri- the octahedron ; hence the construction 

angle DAC, described with the hypo- in this case, 

tenuse D C and side A C. In the dodecahedron (see the figure 

1. If the given solid be a tetrahedron, of p. 160) the triangle L H N is right- 
describe the right-angled triangle ACB angled at H, and the sides L H, H N 
(see 51. Jiff, 2.), having the sides A C, have to one another a ratio which is the 
C B, equal respectively to the side and duplicate of the medial ratio, as was 
diagonal of a square ; and the diame- shown in the last problem : also L N is 
terofthe circumscribed sphere will be the diameter ofthe circumscribed sphere; 
to the edge of the tetrahedron as A B therefore, the rule in this case is mani- 
to B C. fest. 

2. If a cube, the diameter of the cir- And, lastly, in the icosahedron (see the 
cumscnbed sphere will be to the edfi^e of figure of p. 158) the triangle AFG is 
the cube as AB to A C in the above right-angled at F, and the sides GF, FA 
triangle (51. fig, 2.) ; and that of the are to one another in the medial ratio, 
inscribed sphere will be equal to the as was shown in the last problem ; also 
edge. A G is the diameter of the circumscribed 

3. If an octahedron, the diameter of sphere : whence the construction in this 
the circumscribed sphere will be to the case. 

edge as the dUagoncd of a square to its Therefore, &c. 

side. Cor, Every regular solid may be di- 

4. If a dodecahedron, describe the vided into pyramids, having for their 
right-angled triangle ACB (see 51. bases the several faces of the solid, and 
fig, 4.), having its sides A C, C B to one for their common vertex the centre ofthe 
another in a ratio which is the duplicate solid ; and the altitude of each of these 
of the medial ratio ; and the diameter of pyramids will be the same, viz. the ra- 
the circumscrit)ed sphere will be to the dius of the inscribed sphere. By help 
edge as the hypotenuse A B to the lesser of this proposition, therefore, we may 
side A C. find the solid content of any given regu- 

5. If an icosahedron, describe the lar solid; for it will be one-third of 
right-aneled triangle A C B (see 51./^. the product of the above radius and 
3.), having its sides AC, C B in the the convex surface of the solid (32. 
medial ratio ; and the diameter of the Cor, 1.). 

circumscribed sphere will be to the ed^e Scholium, 

M the hypotenuse A B to the lesser side ^h^^ ^^^^^1^ solids have ceased to 

-^ Jll , . L ' L A^. j» L '^ c occupy that prominent place in science 

We need not enter into the details of ^hichVas assigned to them for so long 

these constructions : it will be sufficient, ^ j^^^ ^^^^ the time of Euclid to that 

as m the preceding problem, to point of^Kepler*. A volume, replete with the 

out the considerafaons from which they ^^^^^ Striking results, might indeed be 

are dmved respectively. ^.^itten upon the subject ; but as these 

And first, a tetrahedron may be in- ^^ ^^^^ the exception of the cube, 

scribed m a cube, which shall have for ^l^^ ji^^j^ ^^ ^^ ^^^^^^ ^i^h anything 

Its four angles four of the angles of the ^^^^^^^ themselves, such a work would 

cube, and for its four edges the diago- ^e of value to the curious only. It is 

nals of four feces of the cube (see note, ^^^ surprising, perhaps, if we jegard 

p. 162); and the sphere which is cir- g^^j^j ^^ ^he discoverer of the many 

cumscnbed about such tetrahedron will ^| ^ relations which characterize 

be also circumscribed about the cube ; ^^^^ ^^ ^^^ 13^^^ ,4^h^ and 15th Books 

but in a cube, the hne which joins two ^^ ^^e Elements t, that he should have 

opposite angles is the diameter of the — =- 

circumscribed sphere, and the squareof ; ^h'.f .'i«Vbo?Ji"l?.Km.wUh«,».pr.. 

this line is equal to the square ox one ot lability, ascribwi to ApoUoniiw. 
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eotnpoied his immortal tx^atiBe, as is 
said to have been the case, with the sole 
object of demonstrating these relations ; 
it is not, perhaps, too much to sa^ that 
at that epoch, when the properties of 
numbers and geometrical figures were 
inyestigatedifor their own sake, ab- 
stractedly 'and without reference, as in 
the present day, to the body of mixed 
sciences dependant upon them, the five 
regular solids were even worthy of such 
a distinction. The fate of this portion 
of his work (so rarely now perused) is, 
however, a striking illustration of the 
lasting and transcendant nature of what 
is reaUy (though humbly) useful above 
the merely curious and surprising. So 
obscure is the rank now assigned to 
these once interesting and all-important 
figures, that it may be considered even 
trifling, in the present treatise, to have 
established their construction, &c. at a 
greater length than usual. We must 
refer the reader, by way of apology, to 
the properties above alluded to, a few of 
which, capable of being verified without 
difficulty with the assistance which we 
have afforded, are here subjoined. 

In the tetrahedron, the radius of the 
circumscribed sphere is equal to three 
times the radius of the inscribed sphere : 
in the cube (as we have seen) the two 
radii are to one another in the subdu^ 
plicate of this ratio. 

In the cube, the radii of the inscribed 
and circumscribed spheres have to one 
another the same ratio as in the octahe- 
dron : and the same is true of the dode- 
cahedron and icosahedron. 

In the icosahedron, the distance of the 
regular pentagon, which passes through 
five of the solid angles, from the centre of 
the solid, is equal to half the radius of the 
circle circumscribed about the pentagon. 

These few may serve as a sample 
of the rest, which are occupied with the 
mutual inscription and circumscription 
of these figures, and the proportions of 
their surfaces and contents when in- 
scribed in one and the same sphere. 

BOOK V. 

} I. Surfaces and contents of the Right 

Cylinder and Right Cone,-^ 2. Sur* 

face and content of the Sphere,—^ 3. 

Surfaces and contents of certain por^ 

iions of the Sphere. 

Suction l.-Of the Right Cylinder 

and Right Cone, 
Def. I A cylinder is a solid figure, 
the surface of which is partly plane and 



partly carved ; the plane portions being 
two equal and parallel circles, and the 
curved portion such, that any point being 
taken in the circumference of either 
circle, the straight line which is drawn 
through it parallel to the line joining 
their centres lies wholly in the sur- 
face. 

Such a surface may be conceived to 
be generated by a straight 
line A a, which is carried 
round the circumference 
of a given circle ABD, 
so as to be always pa- 
rallel and equal to a given 
straight line Oc at the 
centre. 

For it is easy to perceive that the up- 
per extremity of such a line will always 
lie in the circumference of a second 
circle abdt which is of the same dimen- 
sions with the given circle, and in a 
plane parallel to it (IV. 13* Cor, 2.). 

The curved surface of a cylinder is 
called also the convex surf ace ; the cir- 
cles are called bases ; and the straight 
line which ioins their centres is called 
the axis of the cylinder. 

2. A cylinder is said to be ri^ht or 
oblique, according as the axis is per- 







pendicular to the bases, or inclined to 
them. is a right, and C an oblique 
cylinder. 

3. Similar Cylinders are those whose 
axes are perpendicular, or equally in- 
clined, to their respective bases, and in 




the same ratio to the radii of those 
bases. 

4. A cone is a solid figure, the sur- 
face of which is partly plane, and partly 
curved ; the plane portion bemg a 
circle, and the curved portion such, that 
if any point be taken in the circum- 
ference of the circle, the straight line 
which joins it with a certain point with- 
out the plane of the circle, lies wholly in 
the surface, 

A curved surface of this description 
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may be concMved to b« 
generated by a straight 
line V A, which is car- 
ried round the circum- 
ference of a given circle 
A B D, so as to pass ^^ 
always through a given 
point V without the 
plane of the circle. 

The curved surface of a cone is called 
also the convex turf ace: the point 
through which the straight line always 
passes is called the verte» or summit ; 
the circle is called the bcise ; and the line 
which is drawn from the vertex to the 
centre of the base, the axis of the cone. 

5. A cone is said 
to be right or 06- 
hque, according 
as the axis is per- 

Sendicular to the 
ase, or inclined 
to it. C is a right, 
and C an oblique cone. 

The shnt 9tde of a right cone is a 
straight Une which is drawn from the 
vertex to any point in the circumference 
of the base. 

6. Similar Cones a 
are those whose /Vl 
axes are perpendi- / / I 
oular, or equally Z^JLA 
inclined to their ^/j) 
respective bases, ^*^-*--^ 
and in the same ratio to the radii of 
those bases. 

7. If a cone be divided 
into two parts by a plane 
parallel to its base, the 
part next the base is 
called a firustum of a 
cone, or sometimes a 
truncated cone. 

The ckris of a frustum is that part of 
the axis of the whole cone, which is in- 
tercepted between the cutting plane and 
the base of the cone. 

8. A prism is said to be inscribed in 
a cylinder^ when its bases are inscribed 
in the bases of the cylinder; and in 
like manner a prism is said to be cir- 
cumscribed about a cylinder, when its 
bases are circumscribed about the bases 
of the cylinder. 



in a cone, when ^its vertex b the same 
with that of the obne, and its base is in- 
scribed in the base of the oone : and in 
like manner a pyramid is said to be 
circumscribed about a cone, when its ver« 
tex is the same with that of the oone, 
and its base circumscribed about the 
base of the oone. 
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9. A pyramid is ssiid to be inscribed 



The right cylinder, right cone, and 
sphere, are sometimes styled, by wav of 

? re-eminence, the three round bodieSm 
'hey are also termed solids qfrevolU" 
tion, because each of them may be con- 
ceived to be generated by the revolution 
of a plane figure about a fixed straight 
line taken in its plane. Thus we have seen 
(IV.def. 21.) that a sphere is generated 
by the revolution of a semicircle about 
its diameter. If a right angle triangle 
VGA revolve about 
one of the sides con- 
taining the right an- 
gle, as V C, that side 
will be the axis of a 
right cone, of which 
the other side AC 
will describe the base 
(IV. 3. Cor. 2.) and 
the hypotenuse VA 
the convex surface. 
And if a rectangle Ac 
revolve about one of 
its sides C c, that side 
will be the axis of a 
right cylinder, of which the two adjoin- 
ing sides will describe the two bases 
(IV. 3. Cor. 2.), and the side opposite, 
A a, the convex surface. 

Before we can proceed to consider the 
convex surfaces of the cone and cylin- 
der, it will be necessary to establish the 
foUowing lemmas concerning convex 
surfaces in general 

Lemma 1. 

A plane surface OABCD is less 
than any other surface P A B C D,^ ter- 
minated by the same contour A B C D. 

For, in whatever di- 
rection we extend the 
plane BPD, to cut the 
plane surface in the 
straight line B D, and 
the other surface in 
the cui-ved or bent line BPD, the 
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dimension B D of the plane is less than 
the dimension B P D of the other sur- 
face (I. 10. Scholium). But if the plane 
surface were equal to or greater than 
the other, the dimension of the plane 
surface could not be, in every direction, 
less than the dimension of the other. 
Therefore, the plane surface A B C D 
is neither equal to nor greater than the 
surface PABCD; that is, it is less 
than the surface PABCD. 
Therefore, &c. 
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Lemma 2. 

If a convex surface A B is enveloped 
on all sides by another surface M N ; 
whether they have any points, lines, or 
planes in common, or have no point at 
all in common, the enveloped surface 
will always be less than the surface which 
envelops it. 

For it is the nature of 
a convex surface that 
there is no point of it 
through which a plane 
cannot be drawn touch- 
ing, or at least not cut- 
ting, the surface. There- 
fore, if such a surface A B be enveloped 
by any other M N, and if A be any point 
in the former which is not also in the 
latter surface, a plane CD maybe drawn 
through A, cutting the surface M N, and 
not cutting the surface A B. And be- 
cause the plane CD is less than the sur- 
face C M D by the preceding lemma, the 
whole surface CND is less than the whole 
M N (I. ax. 6.) Therefore, of all the sur- 
faces which envelop the space AB, and 
are in any part exterior to the surface 
AB, there is none than which a less 
cannot be found enveloping the same 
space A B. But of the surfaces enve- 
loping this space, there must be some 
(one or more) less than any of the others ; 
for none of them can be less than of 
some certain magnitude. Therefore, 
since one or more of the surfaces must 
be less than any of the others, and 
since a less may be found than any 
which is in any part exterior to the sur- 
face AB, such least surface is none other 
than the surface A B. Therefore, the 
surface AB is less than the surface MN. 
Therefore, &c. 

Prop. 1. 
A right cylinder is greater than any 
inscribed prism, and less than any cir- 
cumscribed pHsm : also the convex sur- 
face of the cylinder is greater than the 
convex surface of any inscribed jnism, 
and less than the convex surface of any 
circumscribed prism. ^ J ^ 




The first part of the proposition is 
manifest: we have only, therefore, to 
demonsh-ate that which relates to the 
surfaces. 

Let A a be the axis of a 
right cylinder, and BCD, 
bed its two bases ; and, 
first, let E F, e/be the bases 
of any prism inscribed in the 
cylinder : the convex surface 
of the cylinder shall be greater 
than the convex surface of 
the inscribed prism. 

For, if not, it must either 
be less than the latter surface 
or equal to it. First, let it 
be supposed less, viz. by a surface P ; 
let Q be any multiple of P, which is 
greater than the difference between the 
two circles B C D, ^►crf taken together, 
and the two polygons EF, ef taken 
together: take A a' the same multiple of 
A a that Q is of P, and complete the 
cylinder which has the axis A <1 and the 
base BCD, and the prism /flS^Y^ 
which is inscribed in it upon the base 
E F. Then, by making the cylinder 
which has the axis A a coincide succes- 
sively with the parts of the larger cylin- 
der, it may be shown that the convex 
surface of the latter is the same multiple 
of the convex surface of the former that 
Aa' is of Aa, or Q of P; and it is evi- 
dent that the convex surface of the 
prism inscribed in it is the same mul- 
tiple of the convex surface of the prism 
inscribed in the former cylinder: tnere- 
fore, because the convex surface of the 
lesser cylinder together with P is equal to 
the convex surface of its inscribed prism, 
the convex surface of the larger cylinder 
together with Q is likewise equsd to the 
convex surface of its inscribed prism. 
But the difference between the two cir- 
cles B C D, Acrf taken together and the 
two polygons E F, c/ taken together (or, 
which is the same thing, between the 
two circles B C D, ^ c'rf' taken together 
and the two polygons E F, eff taken 
together) is less than Q. Therefore, the 
convex surface of the larger cylinder 
together with this difference is less than 
the convex surface of its inscribed prism ; 
which is impossible (Lem. 2.), because 
the convex surface of the cylinder, toge- 
ther with this difference and with the 
two polygons EF, e^f, envelops the 
convex surface of the prism, together 
with the same two polygons E F, tf'/'. 
Therefore, the convex surface of the 
cylinder which has the axis A a is not 
less than the convex surface of the in- 
scribed prism. 
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Neither on theconvex surface of the C D ~ C E shall be 1o C E in ■ ratio leit 

ejlinder be equal to the convex surface than any assit^ed, and, therefore, in a nu 

of the inscribed pmm. For, if this be tioIessthanthatofPto Q. LetAfiFGH 

supposed, then, Decause a polygon mar be such a polygon, snd CE its apo< 

be inscribed in the circle BCD, which Ihem. Join C A, C B, Sec., and let the 

shall have a grester perimeter than the planes A C c, B C c, Sic. cut the upper 

polygon EF, a prism may be inscrilwd Due in the radii ca, cb,&ui„ and join 

in the cylinder whichshall have (IV. 29. A a, Bfi, &&, 06, 6/, &c.: then(def.8.) 

ScAo^ium) a greater convex Gxirface than it is evident that the polygons ABF 

tbeprismuponthebaseEF,thatis,than GH, abfgk are the bases, and tho 

the cyUnder has. But this is impos- straight lines Aa, B6, Sm., the princi- 

sible, as has been already demonstrated, pal edges of a prism inscribed in the 

Therefore, the convex surface of the given cylinder. Again, let the polygon 

cylinder must be greater than the c" >" ••^"-' - -■> ■ . >^n— t,' ■ 



vex surfoce of the i 
scribed prism. 

And by a similar course 
of reasoning applied to 
the adjoined figure, it may 
be demonstrated that the 
convex surface of a cylin- 
der ia less than the con- 
vex surface of any cir- 
cumscribed prism. 

Therefore, &c. 

Phop. 3. 



KLM^O, simiia? to'ABFGH^^be 
circumscribed about the circle A B D, 
so that one of its sides, K L, may touch 
the circle in D (III. 27. Cor. 2.) : let tho 
e DCccut the circle abd va the 



circle, so that the side kl may touch it 
uiil,aiidjoinKA,LJ,&c.; then<def.S.) 
it is evident that KLMNO, klmno 
are the bases, and the straight lines K k, 
L I, &c the principal ed^s of a prism 
urcumscribea about the given cylinder. 
Now, the convex surfaces of these 



Am/ right ct/imder being ^vm, two prisms, inscribed and circumscrilied. 



pri»m» fBoy be Ote one inscribed 
and the other cireumscribed about it, 
such f/tat the difference of their con- 
vex turfaees, or of their solid contents, 
thall be leu than any given difference. 

Let A B G. abg be the bases of a 
given right cylinder ; G, c their centres. 



the sums of their rectangular faces. 
And, since these rectangles have all of 
them the same altitude, the sums of the 
rectangular faces are as the sums of Ihe 
bases of the rectangles (11.35.), which 
sums are the perimeters of the inscribed 
and cireumscribed polygons, and are. 



And, first, let P be the given difference therefore, as the apothems CE, CD (III, 
of surfaces, and let Q be the convex 30.). Therefore, the convex surfaces of 
surface of some circumscribed prism, the prisms are to one another as CE, CD 
Then, because (as in III. 31.) a regular (II. 12.) ; and their difierence is to the 
poWgon may be inscribed in the circle convex surface of the inscribed prism 
ABG, the apothem CE of which ap- asGD-CEtoCE (II. 20.), that is 
proaches to tho radius C D within any in a less ratio than that of P to Q. 
^ven difference, it is evident that a But even had Ihe ratio of Iheir diSer- 
polygon may be inscribed such that ence to the convex surface of the in- 
scribed prism been the same with that 
of P to Q, the difference would have 
been less than P (II. 18. Cor.), because 
the surface of the inscribed prism is 
less than Q, which b the surfnce of 
some circumscribed prism (IV. 29. 
Sckolium) : much more, Iherefoie, being 
less, is Ihe difference less than P. 

In the next place, let S be the given 
difference of solid contents, and let T be 
the solid content of some circumscribed 

Erism. Then, as before, a polygon may 
e inscribed in the lower base such that 
its apothem C E shall approach to the 
radius C D within any given difference ; 
and, therefore, such also that C D'- C E' 
may be to C E' in a ratio less than any 
assigned ; less, therefore, than that 
ofS toT. Ut ABFGH be such a 
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polygon, and let the prisms be insoribed Hum) ; therefore^ the eironmftnrence of 

and oiroumscribed as before. Then, the base of the cylinder is lew thau the 

because these prisms have the same perimeter of this inscribed polygon^ 

altitude, their solid contents are to one which is impossible. 

another as their bases (IV. 20. Cor. 2.), Therefore the product in ouestion is 

ytineh bases are the inscribed and cir- neither greater nor less than me convex 

eumscribed polygons, and, therefore, are surface of the cylinder ; that is, it ifl 

to one another as G £*, C D*. There- equal to it. 

fore, the contents are to one another as Therefore, &c. 

C£', CD* (11.12.); and their difiPer-i Cor. If R is the radius of the base of 

ence is to the content of the inscribed a right cylinder, and A its altitude, 

prismas CD*^C£* to C E' (II. 20.)i the convex surface of the cylinder is 

that is, in a less ratio than that of 8 to 2 «'R A (III. 34. Scholium.), 

T. Therefore, as before, because the Prop. 4. 

content of the insoribed prism is less ^, ,. _ . . 1 * . .^ , ., 

than T, much more is the difference of . The sohd content of apfhteylmder 

contents less than S. ",/9««^ ^ *^ ^^«*^' ^ •'* ^« *^ 

Therefore &c. cUtttude, 

Cor. 1. Any * right cylinder being This proposition is demonstrated in 
given, a regular prism may be inscribed exactly the same manner as the preced- 
(or drcumscribed) which shall diflfer ing- If the product in question exceed 
from the cylinder in convex surface, or the content of the cybnder, it must like- 
in iolid content, by less than any given wise exceed the content of some cir- 
difference. For the difference between cumscnbed pnsm (2. Cor. 1.) : but this 
the cylinder and either of the prisms, is impossible, because the prism (IV. 29. 
whether in surface or in content, is less ^or. 1.) is equal to the product of its 
than the difference of the two prisms (1.). altitude, which is the same with that of 

Cor. 2. Any two similar right cylin- the cylinder, by its base, which is greater 

ders being given, similar regular prisms than the base of the cyUnder. If, on 

may be inscribed (or circumscribed) the other hand, it be less than the con- 

which shall differ from the cylinders in tent of the cylinder, it must likewise be 

convex surface or in solid content, by less than the content of some inscribed 

less than any the same riven difference, frim (2. Cor. 1.) ; but this is impossi- 

p ble, because the prism (IV. 29. Cor. 1.) 

mt ^ irROT. 3. . is equal to the product of its idtitude, 

' The convex surface of a rtghtcyhft; ^^ick is the same with that of the cy- 

der^^ equal to the product of its aitu ^^^ ^ j^^ ^ ^^^^ j, ^^^ ^^{^ 

tude ^.J^l.^^^'J'f^^^^^ the base of the cylinder. Therefore, the 

For, If this product be not equal to the ^^^^^ ^^ /.^j^^ ^^^^t ^^^ ^^ 

convex surface of the cylinder, it must ^ ^^ ^^ ^he content of the cylinder, 

either be greater or less than that surface. Therefore &c 

If greater, ^as by a difference D, it ^or. 1. If R ii the radius of the base 

must be greater also than the convex of aright cylinder, and A its altitude, 

surface ofsomecircumscnbed pnsm; ^he solid content of the cylinder is 

for a prism may be circumscribed, the ^ r, ^ ^ j jj 34^ Scholium.). 

convex surface of which approaches to ^or. 2. If a right cylinder and a 

thaUfthecyhnderwithmthedifferenceD j^^ y^^^^ equal bases and altitudes. 

(2.C0/M.): but the convex surface of such f^e cylinder shall be equal to the prism 

a pnsm is equal to the product of its alti- /^jy 29 Cor 1) 

tude (which is the same with that of the ^^3^ (Euc.xii. ll.and 14.) Right 

cyhnder) by the perimeter of some cir- ^^^^^^^ ^^^j^ ^^^^ 1 ^^{^ |^ 

cumscnbed polygon (IV. 29. Scholium); ^S one another as their bases ; and right 

therefore, the circumference of the base ^^^^^^ ^^^.^^ ^^^^ ^^ ^^^^^ ^S 

of he cyhnder is greater than the pen- /^^ ^^^^^^^ ^ ^y^^^ ^^IJ^^^^^ . ^ 

meter of this circumscnbed polygon, two right cylinders are to one another in 

which is impossible. the ratio which is compounded of the 

And, m the same manner, if less, as ^^^^ ^^ ^y^^^ y^^^^ ^^ altitudes (IV. 

by a difference D, it must be less also 29 Cor. 2 ). 

than the convex surface of some in- ' ' *'* 

scribed prism (2. Cor.\,) ; but the con- Prop- 5- (Euc. xu. 12.) 

vex surface of such a prism is equal to The surfaces of similar right cylin- 

the product of its altitude (the same with ders are as the squares of the axes ; and 

that of the cylinder) by the perimeter of their solid contents are as the cubes qf 

some mscribed polygon (I v. 29. Scho the axes. 
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- For, in the flnl plici.'then may be manifest: (he Uter reipeotin^ th« suiy 
inscribed in the cjlinders similar prisms, faces may be demonstrated m follow! ; 
the conrex siirftces of which approach I^el VA tie the axis 
more nearly to the convex surfacea and B CD thehaaeof 
of the cylinders than by any the lama a right cone ; end, 
given difiference (3, Cbr.a.) : and it may first, let EP be the 
«aiily be shown that the convex sur- base of any pyramid 
facea of these priimi are to one another inscribed in the cone : 
always in the same ratio, vii., as the the convex surfitoeof 
squares of their principal edges (11.43. the cone shall be 
Cor. I.), which are equal reapectively greater than the con- 
to the axes of the cylinders : therefore, vex surface of the 
the convex surfaces of the cylinders inscribed pyramid, 
are to one another in the same rHtio For, if the axis VA 
(11.38.), vii.,M the squares of their axes, be prodnced to V, so 

And, in the same manner, because that A V may be equal to A'V.'and if a 
there may be inscribed in the .oylin- right cone be described which ahall have 
dera, similar prisms, the solid contents the axis VA and the base B CD, it may 
of which approach more nearly to the be shown by coinoidence that the con- 
solid contents of the cylinders than by vex surface of the latter cone V'B C D 
anythe8ame|^vendifiference(l.Cor.2.); is equal lo the convex surface of the 
and became the solid contents of these first cone V B C D ; and, because the 
prismi are to one another always in the triangles which form the convex surface 
same ratio, vii., as the cubes of their of the inscribed pyramid V E F have 
principal edgea (IV. 3S,), which are their sides equal respectively lo the aides 
equal respectively to the axes of the of the corresponding triangles which 
cylinders, the solid contents of the cylin- form the convei surlace of the inscriljed 
dera are to one another in the same ratio pyramid VEF (I. 4.), the former trian- 
(11. 28.), viz., as the cubes of their axes, gles are equal to the latter, each to each. 
Otherwise: ^"'^ "^^ whole convex surface of the 
Let A, a represent the axes of two pyramid VEF is equal to the whole 
- similar right cylinders, and R, r the radii ^J'^^^ sui^faoe of the pyramid V E F. 
of their bases. Then (3. Cor.) 2, HA, Therefore the convexsurface ofthecone 
a*rawiU represent their convex sur- VB CD is equal lo half the convex sur- 
race8respectively,and(4.Cor.].)irR«A, 'aces ofihe two cones taken together ; 
itr'a their soUd contents. But, be- ?™ '™ convex surface of the pyramid 
cause the cylinders are similar, (def, 3.) VEF is equal lo half the convex 
H • A"r ■ a- therefore (p. 47, Rule ii.) surfaces of the two pyramids taken to- 
RA-A* ::Ta-a:allBmandoai. 19.) , gether. But Ihe convex surfaces of the 
RA-ra::A> ; a', and(p.47, Ruleii.) Iwoconeslakentogetherare greater than 
2irR'A--2irro;:A' :a', that is, the the convex surfaces of the two pyramids 
convex surfaces of the cylinders are to '^ken together (Lemma 2), bec«use the 
one another as the squares of their fo"ner envelop the lalter. Therefore 
axes. 
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Again, because R ; A I : r : a, R' ; 
A' :;r' : o'(n.37. Cor.4.), and (p. 47, 
Rule ii.)j R" A : A« : : f a : a- ; there- 
fore, allemando (II. 19.) R' A ; r" a :: 
A" lo", and (p. 47, Rule ii.) *R'A : 
*r" a:: A' : a»i that is, the sohd "- 
tents of the eyhndera are 
as'the cubes of their axes. 

Therefore, 8cc. 

Prop. 6. 

A right cone is greater than ant/ in- 
tcribedpyramid, and lest than any cir- 
cumscrthed pyramid ; cUto Ihe convex 
tur/ace of the cone it greater than 
the conveM sitr/ace of any inembedpy- 
ranrid, and lets t/iart the convex turfacs 



), the convex surface of the 
V B C D is greater than the con- 
vex Hur&ce of the in- ■■, 
scribed pyramid VEF. 
And by a similar 
demonstration appUed 

_^^_ to the adjoined figure, 

one ano"ther "t may be shown Uiat ^/-l-. 
the convex surface of 
Ihe cone is less than 
the convex surface of 
any cireumscribed py- 

Therefore, 8so. 




The former part «: 



A propositioii ii 



Peop. 7. 

_ be the one inscribed it 
cone, and the other circumscribed aioul 
it, such thai the difference of 
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vex sur/ac^Sf' or of their solid cort" 
tents, shall be less than any given dif- 
ference. 

Let V be the vertex of a right cone, 
A B D its base, and C the centre of the 
base. And, first, let P be the given dif- 
ference of the suifaces ; and let Q be the 
convex surface of some circumscribed 
pyramid. Then, because (as in III. 3 1 .) 
a regular polygon may be inscribed in 
the circle ABD, the apothem CE of 
which approaches to the radius C D 
within any given difference, a polygon 
m^ be mscribed, such that C D« — 
CE« may be to CE"* in a ratio less 
than any assigned; less, therefore, 
than that of P to Q. Let A B FG H 
be such a polygon; and let a similar 
polygon KLMNO be circumscribed 




about the circle, so that the side K L 
may touch the circle in D (IH. 27. 
Cor. 2.). Join VA, VB, &c., VK, 
VL, &c., and through E draw EU 
parallel to DV, to meet C V in U, and 
join UA, UB, &c.* Then, it may 
easily be shown, that the convex sur- 
faces of the two pyramids, which have 
the points U, V, for their vertices, and 
the inscribed and circumscribed poly- 
gons for their bases, are made up of 
similar triangles, which are to one an- 
other in the same ratio, each to each, 
viz. that of C £« to C D« (1L42. Cor.). 
Therefore, the convex surfaces of the 
pyramids are to one another in the same 
ratio (II. 23. Cor. 1.) ; and the differ- 
ence of their convex surfaces is to that 
of the lesser pvramid as C D«— C E« to 
C E* (II. 20.), that is, in a less ratio than 
that of P to (J. But the convex surface 
of the lesser pyramid is less than the 
surface of the pyramid VABFGH 

• The line« UA» UB, Sic. are omitted in the 
figure. 



(1. 26. Cor. and L 12. Cor. 2.), and there- 
fore by much more less than Q. Much 
more, therefore, is the difference of the 
convex surfaces less than P (II. 1 S.Cor.); 
and more still is the difference of the 
surfaces of the inscribed and circum- 
scribed pyramids, which have the com- 
mon vertex V, less than P. 

Next, let S be the given difference of 
the solid contents ; and let T be the 
solid content of some circumscribed py- 
ramid. As before, let the regular poly- 
gon A B F G H be inscribed in the circle 
ABD, such that CD«-CE«may be 
to C £> in a less ratio than that of S to 
T; let a similar polygon be circum- 
scribed, and the inscribed and circum- 
scribed pyramids completed. Then, 
because these pyramids have the same 
altitude, their solid contents are to one 
another as their bases, that is, as C £^ 
C D« (IV. 32.): therefore, the difference 
of the contents is to that of the inscribed 
pyramid as CD«-CE» to CE« (11.20.) 
that is, in a less ratio than that of S to 
T. Therefore, because the content of the 
inscribed prism is less than T, much 
more is the difference of the contents 
less than S (II. 18. Cor.). 

Therefore, &c. 

Cor. 1 . Any right cone bein^ given, 
a regular pyramid may be inscribed (or 
circumscribed), which shall differ from 
the cone in convex surface, or in solid 
content, by less than any given differ- 
ence; for the difference between the 
cone and either of the pyramids, whe- 
ther in surface or in content, is less than 
the difference of the two pyramids (6.). 

Cor. 2. Any two similar right cones 
being given, similar regular pyramids 
may be inscribed (or circumscribed), 
which shall differ from the cones in 
convex surface, or in solid content, by 
less than any the same given difference. 

Prop. 8. 

The convex surface of a right cone is 
equal to half the product of its slant 
side by the circuntference of its base. 

For, if half this product be not equal 
to the convex surface of the pyramid, it 
must either be greater or less than that 
surface. If ^eater, it must also be 
greater than the convex surface of some 
circumscribed pyramid (7. Cor. 1.) — 
greater, that is, than half the product 
of the slant side of the cone by the peri- 
meter of the circumscribed polygon 
(I. 26. Cor.), which is the base of the 
pyramid ; for the triangles which form 
the convex surface of the pyramid have 
for their bases the sides of the circum- 
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scribed polygon* and the lines drawn solid content of the' cone is | «• R>A 

from then* common vertex to the points (III. 34. Schoiium,), 

of contact (which lines are each a slant Cor, 2. (Euc. xii. 10.). If a right cylinder 

side of the cone) perpendicular to those and a right cone have the same base and 

bases respectiveljr (III. 2. Cor» 1. and the same altitude, the cone shall be a 

IV. 4.). But this is impossible, be- third part of the cylinder (4.). 

cause the circumference of the base of Cor. 3. If a right cone and a pyramid 

the cylinder is less than the perimeter have equal bases and cdtitudes, the cone 

of the circumscribed polygon. Again, shall be equal to the pyramid (IV. 32, 

if half this product be less than the con« Cor. 1.). 

vex surface of the cone, it must be less Cor. 4. (Euc. xii. 11 and 14.) Right 

also than the convex surface of some cones which have equal altitudes are to 

inscribed pyramid (5.* Cor. 1.) — less, that one another as then* bases ; and right 

is, tiian half the product of the perpen- cones which have equal bases are to one 

dicular drawn from the vertex to a side another as their altitudes : also, any 

of the inscribed regular polygon which is two right cones are to one another in the 

the base of the pyramid, by the perimeter ratio which is compounded of the ratios 

of that polygon ; which is impossible, of their bases and altitudes (IV. 32. 

because not only is the slant side greater Cor, 2.). 

than the perpendicular (IV. 8.), but the Prop. 10. (Euc. xii. 12.). 

circumference of the base of the cylinder The surfaces of similar right cones 

is also greater than the perimeter of the are as the squares of the axes; and 

inscribed polygon. their solid contents are as the cubes of 

Therefore, half the product in'question the axes. 

is neither greater nor less than the con- For, in the first place, there may be 

vex surface of the pyramid ; that is, it is inscribed in the cones similar pyramids, 

®^m?J *^i*' Q, ***® convex surfaces of which approach 

Therefore, &c. .^, , - niore nearly to the convex surfaces of 

Cor. If K is the radius of the base of the cones than by any the same given 

a right cone, and S ils slant side, the difference (7. Cor. 2.) ; and the convex 

convex surface of the cone is «• R S surfaces of these pyramids are, to one 

(III. 34. Scholium,). another, always in the same ratio, viz. 

Ppqp q as the squares of the sides of their bases 

^ ,. . . /^ ' . 1^ . (11. 42. Cor. and II. 23. Cor. 1.). that 

The solid content of a right &)ne is i^^ ^ ^he squares of the radii of the cir- « 

equaltoone^thirdof the product of Its cumscribing circles (III. 30.), or (II. 

base and altitude. ^ , ^ . 37. Cor. 4.) as the squares of the axes 

This proposition IS demonstrated in of the cones, for the axes of the cones 

tiie same way as the preceding. If a ^re to one another as the radii of their 

thud of the product in question exceed ^ases (def. 6.); therefore the convex 

the content of the cone, it must likewise surfaces of the cones are to one another 

exceed the content of some circum- j^ the same ratio (II. 28.), viz. as the 

scnbed pyramid (7. Cor. 1.) ; but this is squares of their axes. 

impossible, because the latter (IV. 32. And, in the same manner, because 

Cor. l.)is equal to a third of the pro- t^ere may be inscribed in the cones 

'?!: ?l ?s ^^*tude, which IS the same similar pyramids, the solid contents of 

with that of the cone, by its ba^e, which ^^ich approach more nearly to the solid 

M mater than the base of the cone, contents of the cones than by any the 

And if, on the other hand, it be less g^me given difference (7. Cor. 2.) ; and 

than the content of the cone, it must because the solid contents of these pyra- 




Cor. 1.) IS equal to a third of the pro- Qor. 3.) as the cubes of the axes of the 

duct of lU ^titude, which is the same ^ones; the soM contents of the cones 

with that of the cone, by its base, which ^re to one another in the same ratio 

IS less than the base of the cone. (xi. 28.), viz. as the cubes of their axes. 

Therefore, a third of the product m 

question is equal to the content of the Otherwise : 

cone. Let A, a represent the axes of two 

Therefore, &c. similar right cones ; R, r the radii of their 

Cor. 1 . If R is the radius of the base bases ; and S, s their slant sides. Then 

of a right cone, and A its altitude, the (8. Cor.) irRS and ^rs will represent 
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their convex surfaces respeethreljr, and 
(9. Cor, 1 .) i> R« A, 4 •'r" a their solid 
contents. But, because the cones are 
similar (def. 6.) R : A : : r : (i ; and be. 
cause the slant sides S, s are the hypo- 
tenuses of right-angled triangles, which 
have the sides A, R and a, r about the 
right angles proportional (II. 32.) S : A 
:. * : a : therefore (II. 37. Cor, 3.), R S 

: A*;: rs : a», altemando (11. 19.) RS 

: r J :: A» : a», and (p. 47, Rule il) 

wRS : wr* :: A" : os that is, the con- 

yex surfaces of the cones are as the 

squares of their axes. 

Again, because R : A : r : a, R* : A« 

: r« : a* (IL 37. Cor. 4.), and (p. 47, 
Rule ii.) R« A : A» : r" a : rf» : therefore 
altemando (II. 19.) R« A : r' a :: A« 

: a», and (p. 47, Rule ii.) i «■ R» A : 
) vr* a :: A* : a*, that is, the solid 
contents of the cones are to one another 
as the cubes of their axes. 
* Therefore, &c. 

Prop. 11. 
The convex surface of ajhietum of a 
right cone ie equal to the product qf its 
slant side by half ^^ ^^ ^ ^he ciroum^ 
ferences of its tujo bases; and its solid 
content is equal to the sum qf the solid 
contents of three conesp which have the 
same altitude vnth the frustum, and for 
their bases its two bases, and a mean 
proportional between them. 

Let ABD, abd^he the bases of the 
frustum of a cone, which has the vertex 



equal to the tra()ezoid AE^a. And 
because the trapesoid AE^a is equal 
to the product of its altitude A a by half 
the sum of its parallel sides A £, ae 
(I. 28.), the convex surface of the frus- 
tum is equal to the product of its slant 
side A a, by half the sum of the cir-< 
oumferences A B D, a 6 d. 

In the next place, with regard to the 
solid content. LetKLMN be a triangular 





V. Draw any slant side V a A ; from A 
draw any straight liae AE perpendicular 
to VA (I. 44.) ; suppose AE to be taken 
ec|ual to the circumference ABD, and 
join VE, and through a draw a e parallel 
to AE (1. 48.), to meet VE in e. Then, 
because the circumferences A B D, a 6 (i, 
are as their radii (III. 33.)* that is, as 
V A, V a (II. 31.), that is, again, as A E, 
ae (11.31.), and that AEis equal to 
ABD, ae 'is equal to abd (II. 18.), 
Now the triangle V AE is equal to the 
convex surface of the cone VABD 
(6.)t because (I. 26. Cor,) it is equal to 
half the product of V A the slant side, 
and A E, which is equal to the circum- 
ference ABD; and, for the like reason, 
the triangle Vae is equal to the convex 
surface of the cone yabd\ therefore, 
the. convex surface of th^ frustum is 



pyramid, having its base L M N equal to 
the base ABD, and in the same plane with 
it, and its vertex K in the same parallel 
to the base with the vertex of the cone. 
Then, because the cone and pyramid 
have equal bases, and the same altitude, 
they are eaual to one another (9- Cor. 3.). 
Let the plane abd h^ produced to cut 
the pyramid in the triangle lmn\ then, 
because Imn is similar to L M N 
(IV. 12. and IV. 15.), they are to one 
another as Im^ and LM« (III. 42. Cor.\ 
that is, (II. 37. Cor, 4.) as K/« and 
K L«, or (IV. 14.) as Va« and VA«: 
but the bases.a&£? and ABD are to 
one another in the same ratio (III. 33. 
and II. 31.), and LMN is equal t9 
ABD: therefore, also, /mn is equal 
\jQ abd (II. 12. and II. 18.)i and 
(9. Cor, 3.) the cone Yabd is equal 
to the pyramid K Imn, Therefore 
(I. ax. 3.) the frustum of the cone is 
equal to the frustum of the pyramid. 
But the latter (IV. 33.) is equal to the 
sum of three pyramids, having^ the 
same altitude with the frustum, and 
for their bases the bases of the frustum, 
and a mean proportional between them ; 
and (9. Cor. 3.) each of these pyra- 
mids is equal to a cone having the same 
altitude and an equal base. Therefore, 
also, the frustum of the cone is equal to 
the sum of three cones, having the same 
altitude with it, and for their bases the 
bases of the frustum, and a mean pro* 
portional between them. , 

Therefore, &c. 

Cor. If a straight line A a be made to 
revolve about any axis, VC, in the same 
plane with it, the surface generated by 
such straight line shall be equal to the 
product of the straight line and the cir- 
cumference generated by its middle 
point F, _ ' 
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For the eenerftted sitrfkee is that of a 
cylinder if the line be parallel to the axis ; 
and, in every other case, that of a frus- 
turn of a right eone. In the former 
ease, the reason is sufflcientlv manifest 
(3.). In the latter, it maybe shown, 
that if F 6 be dravm parallel to AS (in 
the first figure of the proposition) to 
meet V E in G, F G will be equal to the 
circumference generated by the point F : 
also, because vF is equal to half the 
sum of V A and Va, f6 is equal to half 
the sum of A£ and ae (II. 30. Cor, 2.); 
therefore the circumference generated by 
the point F is equal to half the sum of 
the circumferences A B D, abd\ and 
hence by the proposition, the convex 
surface of the frustum, that is, the con- 
vex Burfkce generated by the line A a is 
equal to the product of A a and the cir- 
cumference generated by its middle 
point F. 

Scholium. 

Although the propositions of this sec- 
tion have, for greater brevity and sim- 
pUcity, been stated and demonstrated 
only with regard to the right cylinder and 
right cone, it will be found that Props. 2. 
and 7. apply equally to the oblique cylin- 
der and oblique oone, to which the de- 
monstrations may be without difficulty 
adapted, and hence it may be demon- 
strated, almost in the words of Props. 
4. 9. 11. 5. and 10. that the solid content 
of an oblique cylinder is equal to the 
product of its oase and altitude; the 
solid content of an oblique oone to one- 
third of the product of its base and 
altitude ; the solid content of a truncated 
oblique cone to the sum of the solid 
contents of three cones, having the same 
altitude with it, and for their bases its 
two bases, and a mean proportional be- 
tween them; and, lastly, that the sur- 
faces of similar oblique cylinders and 
cones are to one another as the squares 
of their axes, and their solid contents as 
the' cubes of the axes. With regard to 
the convex surface of the oblique cylin- 
der, it may likewise be shown in a simi- 
lar manner (see IV. 29. Scholium) to 
be equal to the product of its side (or 
axis) by the perimeter of a plane sec- 
tion perpendicular to it 

It remains to observe, with regard to 
Prop8..3. and 8., that the remarkable pro- 
perty by which the convex surfaces of 
the cylinder and cone have been defined, 
viz. that of containing, the first, straight 
lines parallel to a given straight line, 
and the other straight lines mverging 
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from a given point, leads to another 
property of those surfaces, firom which 
the measures assigned in Props. 8. and 
6. may be very readily inferred. This 
property is, that they are developable, 
that is, they may be conceived to be 
unfolded and spread out upon a plane. 
Now, it is easy to perceive, that if the 
surface of a right cylinder be so deve- 
loped, it will form a rectangle, which 
has for its base the circumference of the 
circle, which is the base of the cylinder, 
and for its altitude the altitude of the 
cylinder; whence it foUows, that the 
convex surface of a right cylinder is 
equal to the product of its altitude by 
the circumference of its base. In like 
manner the developed surface of a right 
cone win form a circular sector, the arc 
of which is equal to the circumference 
of the base of the cone, and its radius 
to the slant side; whence it follows, 
that the convex surface of a right 
cone is equal to half the product of its 
slant side by the circumference of its 
base. 

Section 2. — Surface and content of 
the sphere.^ 

Prop. 12. 

If an ieoecelee triangle ABC be made 
to revolve about an axis which lies in 
the same plane tvith it and passes 
through the vertex A, and if a perpen- 
dicular AD be drawn from the vertex 
to the base, awrf EF be that portion of 
the axis which is intercepted by per- 
pendiculars drawn to it from the ex- 
tremities of the base ; the convex surface 
generated by the base shall be equal to 
the product qfEF by the circumference 
of a circle having the radius A D ; and 
the solid generated by the triangle shall 
be equal to one-third of the product of 
this surface by the perpendicdlar AD. 

First, of the surface generated by 
the base B C. This is evidently the 
convex surface of a truncated cone 
having the axis E F, and EB, FG 
for the radii of its 
bases ; and is there- 
fore (1 1 . Cor.) equal 
to the product of BC, 
and the circumfer- 
ence generated by its 
middle point D, that 
is, (if D G be drawn 
parallel to B E to meet 
EF in G) the circum- . — - — .^ 
ference which has ^^'>k 

the radius D G. Now, if £ L be drawn 
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parallel to B C, £ L will be equalto B C, 
(T. 22.), and the triangles LE F, AD G 
will be similar (1. 18.)* because the sides 
of the one are perpencUcular to the sides 
of the other, each to each ; therefore 
EL or BC is to EF as AD toDG 
(11.31.), that is, as the circumference 
of a circle which has the radius A D to 
the circumference of a circle which has 
the radius DG (III. 33. and 11.12.); 
and therefore (II. 28. SchoL Rule I.) 
the product of B C and the latter cur- 
cumference is equal to the product of 
EF and the former. But tne convex 
surface in question is e(}ual to the pro- 
duct of BO and the circumference of 
which has the radius D G. Therefore 
(I. ax. 1.) that surface is likewise equal 
to the product of E F, and the circum- 
ference which has the radius AD. 

Next, of the solid generated by the 
triangle ABC. Let CB and F£ be 
produced to meet one another in V. 
Then the solid in question is the dif- 
ference of those generated by the trian- 
gles A C V and A B V. Now, the solid 
generated by the triangle ACV is 
equal to the sum or difference of two 
cones, having the altitudes AF, VF 
respectively, and for their common base 
the circle of which C F is radius — equal, 
that is (9.), to one- third of the product 
of A V, which is the sum or difference 
of the altitudes, by half the radius C F, 
and the circumference which has the 
radius C F (III. 32.) ; or to one-third 
of the product of AD, half VC, and that 
circumference (for A D x V C is equal 
to AVx C F), or lastly, to one-third of 
the product of AD, and the siu-face 
generated by VC (8.). And in the 
same manner it may be shewn, that 
the solid generated b)r the triangle 
A B V is equal to one- third of the pro- 
duct of A D, and the surface generated 
by VB. Therefore the difference of 
these solids, that is, the solid in question, 
is equal to one-third of the product of 
AD, and the siurface generated by B (3. 

It has been supposed in the above 
demonstrations, that £ F and B C are 
not parallel. If B C be parallel to E F, 
the surface generated by BC will be 
that of a right cylinder having the axis 
£ F, whence the first part of the pro- 
position is manifest ; and the solid ge- 
nerated by the triangle ABC will be 
equal to two-thirds of the cylinder (9.), 
wnence the second part of the propo- 
sition. 

Therefore, &c. 

Cor. The proof of the second part of 



the proposition is equally applicable, 
whether A B C be isosceles, or other- 
wise. Therefore, if any triangle ABC 
be made to revolve about an axis which 
lies in the same plane with it and passes 
through its vertex A; and if AD be 
drawn perpendicular to the base, the 
solid generated by the triangle shall be 
equal to one-third of the product of 
AD and the surface generated by the 
base B 0. 

Prop. 13. 

I/thehal/AFGHKB of any regu- 
lar polygon of an even number of sides 
revolve about the diagonal A B ; the 
whole surface of the solid generated by 
its revolution shall be equal to the pro* 
duct of AB by the circumference of a 
circle whose radius is the apothem C £ 
of the polygon ; and its solid content 
shall be equcd to one-third of the product 
of this surface by the apothem C £. 

From the points F, G, H, K, draw 
FL, GM, HN, KO 
perpendicular to AB, 
(L45.) and join CF,CG, 
CH, CK. Then, be- 
cause C is the centre of 
the polygon, the trian- 
gles CAF, CFG, &c. 
are isosceles triangles, 
having the common ver- 
tex C, and the perpen- 
diculars drawn from C 
to then: respective bases equal each of 
them to the apothem CE. And, because 
these triangles revolve about the axis AB 
passing through C, and that A L, L M, 
&c. are the parts of the axis intercepted 
by perpendiculars drawn from the ex« 
tremities of the base of each ; the por- 
tions of the whole surface in question, 
generated by AF, FG, &c., are eoual, 
respectively, to the products of AL, LM, 
&c., by the circumference of the circle 
which has the radius C E (12.). There- 
fore the whole surface is equal to the 
sum of these products, that is, to the 
product of A B by the circumference of 
the same circle. 

Again, because the portions of the 
whole solid which are generated by the 
triangles C A F, C F G, &c. are the third 
parts, respectively, of the products of the 
portions of surface generated by A F, 
FG, &c. bj; the apothem C £ (12.) ; the 
whole solid is the third part of the sum of 
these products, that is, the third part of 
the product of the whole suiface by th« 
apothem C £. 

Therefore, &c. 
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Prop. 14. 




If within and about a semicircle there 
ewe inscribed and circumscribed any 
two half 'poly sons t the one having the 
diameter of the semicircle for its diago- 
nal, and the other the diameter pro- 
duced; and if these figures are made to 
revolve together with the semicircle 
about tJie diameter; the sphere genC" 
rated by the semicircle shall be greater 
than the inscribed solid of revolution^ 
and less tham the circumscribed solid: 
also the surface of the sphere shall be 
greater than the surface of the inscribed 
solid of revolution^ and less than that of 
the circumscribed solid. 

For, with respect to 
the solid contents, the 
sphere contains the in- 
scribed solid, and is itself 
contained in the circum-^ 
scribed solid : and, i/vith 
respect to the surfaces, 
the surface of the spRere 
envelops the sur&ce of 
the inscribed solid, and 
is enveloped by that of 
the circumscribed solid 
{Lemma 2.). 

Therefore, &c. 

Lemma 3. 

If there be two straight lines, of which 
one is given, and the other may be made 
to approach to it within any given dif- 
ference ; the cube of the latter may also 
be made to approach to the cube of the 
former within any ^ven difference. 

Let AB, A.C be the two straight lines, 
of which AB is given. Upon AB (1. 52.) 
describe the square 
B D ; from A draw 
A £ perpendicular K 
to the plane BAE h 
(IV.37.);makeAE 
equal to AB, and ^ 
complete the cube ^ 
AF: and in like man- Jl 
ner upon A C describe the square C G 
in the same plane with B D, from A E 
cut off AH equal to AC, and com- 
plefe the cube AK: and let the faces 
H K and G K of the latter cube be pro- 
duced to meet the faces B F, E F, of the 
former. Then the difference of the two 
cubes is equsJ to the sum of the three 
parallelopipeds G F, C L, and L E. Of 
these, the nrst has its base DF equal to 
the square of A B (IV. 22.), and its alti- 
tude D G equal to the difference of AB, 
AC ; the second has its base C K equal 
to the square of A C (IV. 22.), and its 
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altitude C B likewise equal to the diJBTer- 
ence of A B, AC; and with respect to 
the third, its altitude HE is lUcewise 
equal to the difference of A B, A C, and 
its base H L is a mean proportional be- 
tween the squares of AB, A C, because 
its adjacent sides are equal to AB and AC 
respectively, and (II. 35.) AB« is to AB 
X AC as AB x AC to AC«. Therefore 
the difference of the cubes is less than 
ft parallelepiped, whose altitude is C B, 
and its base equal to three times the 
square of AB. But, because CI B may 
be made less than any given line, this 
parallelepiped may be made less than 
any given sohd. Much more, therefore, 
may the difference of the cubes be made 
less than any given solid, that is, than 
any given difference. 

Therefore, &c. 

Cor. It appears from the demonstra- 
tion, that the difference of the cubes of 
two straight lines is equal to the pro- 
duct of the difference of uie straight hues 
by the sum of their squares, and a mean 
proportional between those squares. 

Prop. 15. 

Any sphere being given, two figures 
qf revolution generated by similar half 
polygons may be, the one inscribed in 
the sphere, <md the other circumscribed 
about it, such that the difference of their 
surfaces, or of their solid contents, shall 
be less than any given difference. 

Let the given sphere be generated 
by the revolution of 
the semicircle A D B 
about the diameter 
AB. And first, let 
P be the given diffe- 
rence of surfaces ; and 
let Q be the surface of 
any solid circumscri- 
bing the sphere. Then, 
since (as m prop. 7.) 
a regular polygon 
may be inscribed in 
the circle A BD, such 
that, CE being its 
apothem, C D« — C E« shall be to 
C £' in a ratio less than that of P to 
Q; let AFGHKB be the half of 
such a polygon, and let a similar half- 
polygon L M N O R V be circumscribed, 
so that one of its sides L M may touch 
the circle in D (II I. 27. Cor, 2.) Then, 
if these inscribed and circumscribed 
half-polygons be made to revolve with 
the semicircle about the axis AB, they 
will generate, together with the sphere 
generated by the semicircle, two figures 
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of revolution, the one inscribed in the For if this product be not equal to 
sphere, the other circumscribed about the surface of the sphere, it must either 
it And because the surfaces of these he greater or less than it. 
figures are equal respectively (13.) to the Ii ^eater, it must be greater also 
rectangles under AB and the cnrcum- than the surface of some circumscribed 
ference which has the radius C E, and solid of revolution (15. Cor,), ^eater, 
under L V and the circumference which that is (13.)i than the product of the dia- 
has the radius C D, and that these rect- eonal L V by the circumference which 
angles are to one another as the squares has for its radius the apothem C D (see 
of C £, D (11. 37. Cor. 1.) ; the dif- the figure of Prop. 15.) ; which is impos- 
ference of the surfiices is to the surface sible, because the diameter is less tnan 
of the inscribed figure as C D> — C E* LV,.and the circumference of the gene- 
to C E* (II. 20.) ; Qiat is, in a less ratio rating circle is the same with the cir- 
than that of P to (^. But the surface of cum&ence which has the radius C D. 
the inscribed figure is less than Q : much If less, it must also be less than the 
more, therefore, is the difiPerence of the surface of some inscribed solid of revo- 
surfaces less than P (II. 18. Cor,). lution (15. Cor.) — ^less,that is (13.), than 

Next, let 8 be the given difference of the product of the diameter A B» which 
contents ; and let T be the content of is the same with the diameter of the 
any solid circumscribing the sphere, generating circle, by the circumference 
Then, since a re^ar polygon may be which has for its radius the apothem 
inscribed in the curcle AB D, such that, C £ ; which Js impossible, because the 
C £ being its apothem, C D — C £ shall circumference of the generating circle is 
be less than any ^ven difference, and greater than the circumference which 
therefore also such that CD*— C£* has the radius C £, 
shall be to C £• in a ratio less than that Therefore the product in Question is 
of S to T (Lemma 3,) ; let A F G H K B neither greater nor less than the surface 
be the half of such a polygon, and let the of the sphere ; that is, it is equal to it, ^ 
figures of revolution be inscribed in the Therefore, &c. 
sphere, and circumscribed about it, as Cor. 1. The surface of a sphere is 
before. Then, because the contents of equal to four times the area of its gene- 
these figures are (1 3.) equal respectively rating circle. For the area of this circle 
to the thirds of two parallelepipeds (IV. is equal to half the product of the radius 
25. Schol.), having their bases equal to and circumference (III, 32.), 
the surfaces, and their altitudes equal Cor. 2. If a right cy- 
to CE, CD, and that these parallelo- Hnder be circumscribed 
pipeds are to one another as the cubes about a sphare; the 
of .C £, CD, for their Imses are, as was surface of the sphere 
shown in the former part of the propo- shall be equal to the 
sition, as the squares of C E, C D ; the convex surface of the 
difference of the contents is to the con- cylinder. For the latter 
tent of the inscribed figure as CD* — is equal to the pro- ^''' — iw - ^^ 
C E> to C £> (II. 20.), that is, in a less duct of its altitude, and the circumference 
ratio than that of S to T. But the con- of its base (3.) ; and its base is equal 
tent of the inscribed figure is less than to the generating circle of the sphere, 
T: much more, therefore, is the dif- and its altitude to the diameter, 
ference of the contents less than 8 (II. Cor. 3. The surface of a sphens is 
18, Cor,). equal to two- thirds of the whole surface 

Therefore, &c. of the circumscribing cylinder. 

Cor. Any sphere bemg given, a Cor. 4, If D is the diameter of a 
figure of revolution may be inscribed sphere, its whole surface is equal to irD' 
(or circumscribed), which shaU differ (III. 34. Schol.). 
from the sphere in surface or in content, -. , 

by less than any given difference. For "^^P* ^^^ 

the difference between the sphere and The solid content of a sphere i$ equcU 
either of the figures of revolution, whe- to one-third qf the product of the radiu9 
ther in surface or in content, is less than ify the surface. 

that ofthe two figures (14.). For the third pari; of this product 

Prop, 16 cannot be greater than the content of 

^, ' * the sph»% ; since then it would be ereater 

i ne eurface of a sphere is equal to also than the content of some circum- 

diJ^Z iy ^^ circumference and ecribed eolid of revolution (15 Cor.)— 

»^^et€r of the generating circle. greater, that is, than one-third of the 
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product of the same radius by the sur- the radii), in the triplicate ratio of the 

face of that solid (13.) ; i^hich is imposr radii, or (lY. 27. Cor. 2.) as the cubes of 

sible, because the surface of the sphere the radii, 

is less than that pf the solid (14.). Otherwise ; 

Nor, on the other hand, can it be less Let D, d be t^e diameters pf two 
than the content of the sphere, for then spheres, and R, r their radii. Then 
would it be less than some inscribed (\e. Cor. 4.) w-D*, jrrf« will represent 
solid ofrevolution( 15. Cor.), less, that is, their surfaces, and (17, Cor. 4.) i^J>^» 
than one-third of the product of the apo- i^d* their solid contents ; pr, since jj 
them by the surface of that solid (13.) ; is equal to 2R and r/ to 2 r, 4 «-R», 4 ^rr* 
which IS impossible, because not only will represent their surfaces, and frR*, 
is the radius greater than the apothen), j,t» their solid contents. But (p. 47, 
but the surface of the sphere is likewise Rule ii.) 4 o-RMs to 4 «t» as R» to r», 
greater than the surface of the inscribed and | «■ R» is to | «• r» as R» to r*. There- 
solid (14.). ^ fore, the surfaces are as the squares of 

Therefore the product m question is the radii, and the solid contents as the 

equal to the spjid content of the sphere, cubes of the radii 

Therefore, &c. Therefore, &c. 

Cor. 1. The solid content of a sphere 

is equal to one- third of the product of Section 3. — Suffaoes and eonimis qf 

the radius by four times the area of the certain portions of the sphere. 

generating curcle (16, Cor. 1.). in order to have a clear apprehension 

Cor. 2. The solid content of a sphere of the figures intended in the following 

is two-thirds of the solid content of the deiimtions, it is necessary to keep in 

circumscribing cylinder. For the latter mind, that every section of a sphere 

is equal to twice the product of the which is made by a plane is a circle, the 

radius, and the area of the generating centre of which is the foot of the per- 

pircle (4). pendicular irawn to the plane from the 

Cor. 3. If any solid contained by centre of the sphere (IV. 8. Cor.). 

planes be circumscribed about a sphere, j)ef. 10. A segment of a sphere is any 

the content of the sphere will be to the portion of it which is cut off by a plane, 

content of the solid as the surface of the and the circle in which the plane cuts the 

sphere to the surface of the solid. For sphere is called the hose of the segment, 

the solid may be divided into pyramids, When the plane 

having the centre of the sphere for their passes through the /'"'"^^N 

common vertex, and their altitudes equal centre, the two seg- ' ^ 

each to the radius of the sphere; and ments into which the 

since each of these pyramids is equal to sphere is divided are 

ft third of the product of its base and equal to one another, 

altitude, their sum is equal to a third of and are therefore 

the product of the convex surface of the each of them called a hemisphere. 

solid and tbe radius of the sphere : also, The convex surface of a segment is 

the sphere is equal to a pyramid, having called a zone. 

the same altitude, and its base equal to ii. A double-based spherical segment 

the surface of the sphere (IV. 32.). is a portion of a sphere 

Cor. 4. If D is the diameter of a intercepted between two 

sphere, its whole solid content is equal parallel planes; and the 

to i «• X D» (16. Cor. 4.). circles in which these 

Phop. 18. (Euc. xii. 18.). KluSVe'^^fo^f 

The surfaces of spheres are as the the segment. The con- 

squares of the radii, and their solid con- vex surface of a double-based segment 

tents are as the cubes of the radii. is likewise called a zone. 

For the surfaces are equal respectively 12. A sector of a sphere is the solid 

to four times the areas of the generating figure contained by 

circles (16. Cor. 1.), and these areas are the convex surface of ^^'*' """\ 

as the squares pf the radii (III. 33.). a segment, and that r \ 

And the solid contents are to one of a right cone, which f 
another in a ratio which is compounded has the same base 
of the ratios of the surfaces and of the w}th the segment, and 
radii ; that is (because the surfaces are for its vertex the cen- 
to one another in the duplicate ratio of tre of the sphere, 

N2 
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* The convex surface of the segment is 
called the base of the sector. 

13. A 'spherical orb 
is a portion of a sphere 
contained between its 
surface and that of a 
lesser 8i)here, which is 
concentric (or has the 
same centre) with it. 

14. A spherical wedge or ungula is a 
portion 01 a sphere intercepted between 
two planes, each of which passes 
through the centre of the sphjere. The 
convex surface of an ungula is called a 
lune. 

Let A D B be a semicircle, and from 
the points D, E of 
the semicircumfe- 
rence, let thestraight 
lines DF, EG be 
drawn at ri^ht an- 
gles to the diameter 
A B ; join C £, and 
let KNL be a se- 
cond semicircle, 
having the same 
centre C ; then, if the whole figure re- 
volve about AB, the parts A E G, D E 
GF, AEG, and ADBLNKwill ge- 
nerate a spherical segment, a double- 
based spherical segment, a spherical 
sector, and a spherical orb respectively. 
And if the semicircle A D B, instead of 
making a complete revolution, revolve 
only throuffh a certain angle, it wiQ ge- 
nerate a spherical wedge or ungula. 

Prop. 19. 

If a semicircle be made to revolve 
about its diameter, the zone which is 
generated by any arc oj the semicircle 
shall be greater than the surface gene- 
rated by the chord of that arc, and less 
than the surface generated by the tan-- 
gent of the same arc, which is drawn 
parallel to the chord, and terminated by 
the radii passing through its extremi- 
ties. 

Let ADB be a 
semicircle having the 
diameter AB, and 
the centre C : let 
P E F be any arc of 
the semicircle, DF 
its chord, and GH a 
straight Une parallel 
toDF, which touches 
the arc D E F in E, 
and is terminated by 
the radii C D, C P 
passing through the 




extremities of the arc : then, if the semi- 
circle be made to revolve about the dia- 
meter A B, the zone which is generated 
by the arc DF, shall be greater than the 
surface generated by the chord DF, and 
less than the surface generated by the 
tangent GH. 

l^om the points D, F draw the straight 
lines D d, ¥f, each of them perpendicu- 
lar to A B (I. 45.). Then, m the sup- 
posed revolution of the figure, these 
straight lines will generate two circles 
which have the points d,f for their cen- 
tres, and rfD,/F for their radii respec- 
tively (IV. 3. Cor. 2.). And, because 
the zone generated by the arc D £ F, 
together with these two circles, forms a 
convex surface which envelops, and 
therefore (Lemma 2.) is greater than the 
convex surface consisting of the surface 
generated by the chord DF and the same 
two circles, the zone generated by the 
arc D E F is greater than the surface 
generated by the chord D F. 

In the next place, from the points 
D, F draw the tangents D K, F L 
(III. 56.) to meetGH mthe points K, L 
respectively ; bisect D K in M (I. 43.) ; 
through M draw M N parallel to C (3- 
(I. 48.) to meetG K in N, and from the 
points M, N draw M m, N « perpendi- 
cular each of them to A B ; and, lastly, 
through m draw mp parallel to M N to 
meet N n in p. Then, because the middle 
point of D K, in the supposed revolution 
of the figure about the axis A B, gene- 
rates the circumference which has the 
radius Mm, the surface generated by 
D K is equal to the product of D K and 
the circumference wnich has the radius 
Mm (11. Cor,), And, in like manner, 
since N is the;middle point of GK 
(II. 29.), the surface generated by GK 
is equal to the product of G K and the 
circumference which hsis the radius N n. 
But, because (III. 2. Cor. 1.) the angle 
KDG is a right angle, and therefore 
(1. 8.) the angle K G D less than a right 
angle, that is, than KDG, D K is less 
than G K (I. 9.) ; and, because (I. 22.) 
Mm is equal to Np, which is less than 
Nn, the circumference which has the 
radius Mm is less than the ^circumfer- 
once which has the radius N n (III. 33.). 
Therefore, upon both accounts, the sur- 
face generated by D K is less than the 
surface generated by G K. And in the 
same manner it may be shown that the 
surface generated bv L F is less than the 
surface generated by L H. Therefore, 
the whole convex surface generated by 
the three straight lines D K, K L, L F is 
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less than the whole surface generated by 
the tangent 6 H. But the zone gene- 
rated by the arc D £ F is less than the 
surface generated by DK, KL, LF 
{Lemma 2.), for the zone together with 
the circles which have the radii D(/, F/, 
is enveloped by the latter surface toge- 
ther with the same two circles. Much 
more, therefore, is the zone generated 
by the arc D £ F less than the surface 
generated by the tangent G H. 
Therefore, &c. 

Prop. 20. 
A spherical zone is equal to the pro- 
duct of the circumference of the gene- 
rating circle and that portion qf the 
axis which is intercepted between its 
convex surface and base; or, if it be 
double-based, between its two bases, 
:_ Let ADB be a semicircle, and AK 
any arc, by the revolution of which 



can it be less than the zone ; for then it 
must be less also than [some inscribed 
surface — ^less, that is, than the product 
of AL and the circumference which 
has the radius £ ; which is impossible, 
because the circumference A D B £ is 
iater than that which has the radius 
£. Therefore, it must be equal to 
the zone ; that is, the zone is equal to 
the product of the circumference AD 
£ B, and the part A L of the diameter. 

Next, let H K be any arc, by the re- 
volution of which about the diameter 
A B a double-based zone is generated ; 
and let H L, K N be drawn perpendi- 
cular to A B. Then, because the whole 
zone generated by the arc A K is equal 
to the product of AN and the cir- 





about the diameter A B a spherical zone 
is generated, and from K draw KL 
perpendicular to A B : the zone shall be 
equal to the product of the whole cir- 
cumference AD B £ by the part A L of 
the diameter. 

The demonstration is in every respect 
similar to that of prop. 13. For, in the 
first place, it is evident that the arc 
A K may be divided into a number of 
equal arcs, such that, the chords A F, 
FG, &c. being drawn, their common 
distance C £ from the centre C shall 
approach to the radius C D within any 
given difference ; and hence it may be 
shown, as in prop. 15., that there may 
be inscribed m tne zone and circum- 
scribed about it, two surfaces of revo- 
lution which differ from each other, and 
therefore (19.) each of them from the 
zone, by less than any ^ven difference. 
Therefore, the product in question can- 
not be greater than the zone ; for then 
it must be greater also than some cir- 
cumscribed surface — ^eater, that is, 
than the product of M Q and the circum- 
ference A D B £ ; which is impossible, 
because AL is less than MQ.* Neither 

♦ •.H the point Q lies between A and C, MQ irUl 
be the difference, not the snjn, of M J>, and L Q ; but, 
in this case also, A L is less than M Q, because LQ 
» less thaa K P, that is, than M A. 



cumference ADBE, and the part gene- 
rated by the arc A H equal to the pro- 
duct of AL and the same circumfe- 
rence, the remainder, that is, the 
double-based zone in question, is equal 
to the product of L N and the same cir- 
cumference. 

Therefore, &c. 

Cor, 1. If a cylinder, having the axis 
A B, be circumscribed about the sphere ; 
any zone having the same axis, shall be 
equal to that portion of the convex siur- 
face of the cylinder which is intercepted 
between the base of the cylinder and 
the plane of the base of the zone, or be- 
tween the planes of its two bases, if it 
be double-based (3.)* 

Cor. 2. In the same or in equal spheres, 
any two zones are to one another as the 
parts of the axis or axes which are in- 
tercepted between their respective bases 
(IL 35.). 

Prop. 21. 

Every" spherical sector is equal to 
onC'third of the product of its base and 
the radius of the sphere. 

The steps by wnich this proposition 
is demonstrated are similar to those in- 
dicated in the preceding. In the first 
place, it may be shown that two solids 
of revolution may be, one inscribed 
in the sector, the other circumscribed 
about it, which approach each of 
them to the sector more nearly than by 
any given difference. Hence, the P' 
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duct in question cannot be greater than 
the sector ; for thfen would it be greater 
than some cu'cumscribed solid, and 
therefore (12.^ the base of the sector 
greater than tne convex surface of such 
a solid, which (19.) is impossible: nei- 

£er can it be less, for then would it be 
}s also than some inscribed solid ; which 
is impossible, because, not only is the 
base of the sector greater (19.) than the 
convex surface of such a solid, but the 
radius C H is likewise greater than the 
perpendicular C £. Therefore it must 
be equal to the sector. 
Therefore, &c. 

Prop. 22, 

Every spherical segment, upon a 
tingle aise, is equal to the half of a cy- 
linder having the same base and the 
same altitude, toget?ierwith a sphere, qf 
which that cdtitude is the diameter. 

Let ADFG be any cii'cular half- 
segment, bj^ the revolu- 
tion of wmch about the 
diameter A B, a spheri- 
cal segment having .the 
altitude AG is gene- 
rated: the spherical seg- 
ment shall 1)6 equal to 
the half of a cylinder 
having the same base and 
altitu&, together with a 
sphere, of which A G is the diameter. 

Jdin AF; and from the centre C 
draw C E perpendicular to A F. Then, 
because the solid, generated by the seg- 
ment AD F, is equal to the difference 
of th^ solids generated by the sector 
CADF and the triangle CAF, the 
former of which (21.) is equal to one- 
tturd of the product of C A by its base 
AGx2«-xCA (20.), and the latter 
(12.) to one-third of the product of C E 
by the convex surface generated by 
A F viz. (12.) AGx2«-xCE; the 
solid, generated by the segment AD F, 
is equal to | «- x AG (C A« — CE«), 
i. e. I «• X AG X AE«, or to 4 «- x AG 
X AF«, because (I. 36. Cor. 1.) C A« 
— CE» is equal to AE», and AE» 
(III. 3.) to a fourth of AF». To this 
add the cone generated by the triangle 
A FG, which (9.) is equal to !«• x AG 
x F G* : therefore, the spherical seg- 
ment in question is equiu to ^ tr x A G 
(A F« + 2 FG»), i.e. to i «• X AG(3 F(5« 
4- AG*) because AF» is equal to AG« + 
FG»(III.36.). Andi*x AG(3FG« 
+ AG«) is equal to \* x AG xFG« + 
)/ >< AG}3 ; the first part of which is 
C4. Cor. 1.) the half of a cylinder having 
the alUtudd AG and the same baw 
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with the segrilent, and ih«l other part 
(17. Cor, 4.) a sphere of v^hich A G is 
the diameter. 
Therefore, &c. 

Prop. 23. 

Every double-based spherical seg^ 
ment is equal to the half of a cylim&r 
having the same altitude with the seg* 
ment and a base equal to the sUm of 
its two bases, together with a sphere of 
which that altitude is the diameter. 

Let FH K G be any portion of the se- 
micircle AD<B, by the revolution of 
which about the diameter A B, a double* 
based segment, having the altitude GK, 
is generated: the segment shall be 
equal to the half of a cylinder having 
the same altitude and a base equal to 
the sum of its two bases, tog^er with 
a sphere of which G K is the diameter. 

For, in the first place, because the 
solid, generated by the revolution of the 
circular segment FH, 
is equal to the excess 
of the difference of the 
sectors generated by 
CAH and CAF 
above the solid ge- 
nerated by the tri- 
angle C F H, it may 
be shown hy the 
same steps as in the 
last proposition, that the solid generated 
by the revolution of FH is equal to 
I* X GK X FH», i. e. if FL be drawti 
parallel to GK, to i* x GK (FL« + 
LH»). But(L22.)FLis€qiialtoGK, 
and LH is equal to the difference of F G 
and H K (I. 22.) : therefore (L 33.), 
LH«isequaltoFG«+HK«-2FGx 
HK,andi*xGK(FL«+LH«),orthe 
solid generated by the segment F H, is 
equal to^ *• xGK (FG«+HK»-2FG 
xHK)4-i*xGK«. Tothisaddthe 
truncated cone generated by the tra- 
pezoid FGKH ; which (11.) is equal 
to i «• X GK (F(J« + HK» + F G X 
H K) : therefore, the double-based seg- 
ment in question is equal to i <r x 
GK (3F(5»+3HK») + |* + GK»; 
or to J«-x GK (FG« + HK») + |^r 
x G K* ; the first part of which is the 
half of a cylinder (4. Cor. 1.) having 
the altitude G K, and a base «• x F G« 
+ «• X H K«, equal to the sum of the 
bases of the segment, and the other 
part a sphere of which G K is the dia- 
meter (17. Cor. 4.). 

Therefore, &c. 

Cor. It appears from the demonstra- 
tions of this and the preceding proposi- 
tion, that the solid generated by the re- 
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volution of ttny circular se^ent about 
a diameter of the circle, is equal to 
i r X GK X FH*; GKbeingthat por- 
tion of the diameter^ which is intercepted 
between two perpendiculars drawn to it 
firom the extremities of the segment, 
and FH the ohord which is the base of 
the s^poGient. 

Prop. 24. 

Every tfjhericai orb is equal to the 
earn of three pyramide hamn^ their 
common attitude equcd to the thickness 
qf the orbt and for their bases its ex* 
terior and interior surfaces, and a mean 
prwortional between them. 

For, a spherical orb is the diff^- 
enee between two concentric spheres. 
Now, if a pyramid be described naving 
its base equal to the exterior surface, 
or surface of the lai^ger sphere, and 



two bases and a mean proportional 
between them (IV. 33.). Tnerefore, the 
spherical orb is equal to the sum of 
three pyramids, having their common 
altitude equal to the thickness of the 
orb, and for their bases its exterior and 
interior surfaces, and a mean propor- 
tional between them* 
Thereforci &c. 

Prop. 25. 

Every spherical ungtda is to the 
whole sphere, as the angle between its 
planes to four right angles; and its 
iunst or convex surface, is to the surface 
of the whole sphere in the same ratio. 

Let AD B £ be an imgula of asphere 
having the centre C and the diameter 

A 





its altitude equal to the radius of that 
surface, tins pyramid will be equal 
to the whole sphere (IV. 32. Cor, 1. 
and 17. h And if, from this, there be 
cut ofiP, by a plane parallel to the 
base, a pyramid, having its altitude 
equal to the radius of the interior sur- 
face, the two pyramids will be to one 
ano^er as the cubes of any two homolo- 
gous edges (IV. 34. Cor.) ; or, since it 
may be shown that their altitudes are 
to one another in the same ratio with 
the homoloeous edges, as the cubes of 
their altituaes, (IV. 27. Cor. 3.), that is, 
as the cubes of the radii of the spheres, or 
(18.^ as the spheres. Therefore, because 
the laiger pyramid is equal to the larger 
sphere, the smaller pyramid is equal to 
the smaller sphere (II. 18.); and uie dif- 
ference of the two pyramids is equal to 
the difference of the two spheres, that is, 
the frustum is equal to the spherical 
orb. And, because the larger base of 
the frustum is equal to the surface of the 
larger sphere, it may be shown that its 
smaller oase is equal to the surface of 
the smaller sphere, exactly in the same 
manner as it has been already shown, 
that the content of the smaller pyramid 
is equal to the content of the smaller 
sphere ; also the altitude of the frustum 
is equal to the thickness of the orb. 
But the frustum is equal to the sum 
of three pyramids, having the same 
altitude with it, and for their bases its 




AB; and from C let CD, CE be 
drawn in the planes A D B, A £ B, per- 
pendicular to AB (I. 44.) : the ungula 
A D B E shall be to the whole sphere, as 
the angle D C £ to four right angles. 

For, since the plane D C E is per- 
pendicular to A B (ly. 3.), the angle, 
which measures the inclination of any 
two planes passing through AB, may 
be drawn in that plane at the point 
C (IV. 17. SchoL); and, if any two 
of these angles at C be equal to one 
another, the dihedral angles which they 
measure willbe equal (IV,l 7.)t and there- 
fore the ungulas, which have those dihe- 
dral angles, may be made to coincide, and 
are equal to one another. Now, let the 
angle D C E be divided into any number 
of equal angles D C F, F C G, 8cc. ; and 
therefore the dihedral angle D A B E into 
thftsame number of dihedral angles by the 
planes A C F, A C G, &c. (IV. 17.); and 
the ungula A DB E into as many equal 
ungulas A D B F, A D B G, 8cc. by the 
same planes. Then, if the angle D C F 
be contained in the four right angles 
about C any number of times exactly, 
or with a remainder, the ungula ADBF 
wUl be contained in the whole sphere the 
same number of times exactly, or with 
a remainder. Therefore the ungula 
AD BE is to the whole sphere as the 
angle D C E to four right angles (IL 
defi 7,). 
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And a similar proof may be applied the two extremities of a diameter, any 

to show that the lune AD B E is to the number of great circles may be made to 

surface of the whole sphere in the same pass, for they are in the same straight 

ratio, viz. that of the angle D C E to four line with the centre of the sphere (iV. 

rirfit angles. 1. Cor. 4.). 

Therefore, &c. 2. If a sphere is cut by a plane which 

Cijr. 1. Every spherical ungula is does not pass through the centre, the 

equal to one-third of the product of the section is called a smaU circle of the 

radius by its lune or convex surface. sphere ; the radius of such a section 

Cor. 2. In the same or in equal being less than that of the sphere, 

spheres, any two ungulas are to one a circle, it is plain, may be made to 

another as the angles between their pass through any three points in the 

planes. And the same may be said of sphere*s surface ; and it will be a great 

any two lunes. or a small circle, according as its plane 

eft,,* r passes through the centre of the sphere. 

Scholium. oy otherwise. 

We might here add the proportions of 3. The axis of any circle of the sphere 

similar segments, sectors, orbs, ungulas, is that diameter of the sphere which is 

and of their convex surfaces. The perpendicular to the plane of the circle ; 

reader wdl, however, easily perceive, and the extremities of the axis are called 

from the demonstration of prop. 15, that the poles of the circle. 

{LT«"^'^ T'^'^'l^^''*^''"^^''''*?'"? 4. Parallel circles of a sphere are 

be denned to be such as are venerated L MwiM>^vi.y^ v#i » d^iiy«; ~v 

by similar circular segments ml secto^ '"?^" v?^^&i!^'Z'^^'^^ h„. 

their surfaces wiU bl as the squares of »u " ** *''??* *5* "^f^H '''?'? •?*!! 

the radii, and their contents as L cubw ?' same axis and poles; for a strwht 

of the radii. And the same maybe saU I'ne which is perpendicular to one of two 

of similar spherical orbs, defln'ed to be Pilf*",t P^?"*?,^ perpendicular to the 

such.that tlfe radii of their exterior and ^gf^^hat Swo 'HJi StcaS 

mterior surfaces are to one another in ?T^*u Au paraiiei circles can- 

the same ratio ; and of similar ungulas ^°L^°*^u°f *H? T' *'?f°^g^*^%^"*,^ 

defined to be such as have their dihliral Sl^iL'p^tepfo^^^^^^ ^ZZ 

angles equal to one another, ^®^^^* circles of the sphere. 

^ ^ These four definitions may be illus- 
trated by referringto the figure of prop. 

BOOK VI. ^' ^" which PAP is a great circle^ 

A B C a small circle^ POP' the a«t», 

i 1. 0/ great and small circles of the T^A^,:i^^)^fl^^4'n''^^^^ 

Sphere.-§ 2. 0/ Spherical Trian- and A'B' C, AB C sie parallel circles 

gles.^§ 3. 0/ equal Portions of Sphe- °^ *^^ *P*^®^- 

rical Surface^ and the Measure of ^' Any portion of the circumference 

solid Angles.--^ A, Problems. ^^ * great circle is called a spherical 



arc. 



J 1.-0/ great and small Circles of the Two points are said to be Joined on 

Sphere. the surmce of the sphere when the sphe- 

Def, 1. If a sphere is cut by a plane ^^^^ arc between them is described ; and 

which passes through the centre, the *^*s ^^ ^^ called the spherical distance 

section is called a great circle of the ^^ ^^ ^^^ points, in order to distin^ish 

sphere ; the radius of such a section '^ ^^^ ^^^^^ direct distance, which is the 

being the greatest possible, the same, straight line which joins them. The 

namely, with the racfius of the sphere. spherical distance of opposite extremities 

From this definition it is evident that ^^ * diameter of the sphere is evidently 

a great circle majr be made to pass ^^^ *^® circumference of a great circle : 

through any two points in the surface of ^^^^ the spherical distance of any other 

a sphere ; and that, if the two points be *^o points is less than a semicircum- 

not opposite extremities of a diameter, ference, being always the lesser of the 

only one great circle can be made to *wo arcs into which they divide the 

pass through them, for its plane must great circle which passes through them, 

pass through the centre of the sphere, 6. The polar distances of any circle 

and only one plane can be made to pass of the sphere are the spherical arcs 

1«^o!Y • f*P^*^^?.?^^^^*^"otin*he which join any point in the circum- 

same straight hue (IV. 1.) But through ference with the two poles of the circle. 
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By the polar distanee (sioffly) the lesser 
of ttiese two arcs, or distance from 
the nearer pole, is generally to be under- 
stood* 

7. If the ares AB, 
AC of two great dr* 
des meet one another 
in a point A» they 
are said to form at 
that point a spherical 
angle BAG. 

A spherical angle 
is greater or less, 
according to the opening between its 
containing arcs : thus the angle B A C is 
greater than the angle D A C by the an- 
gle BAD. 

Every spherical angle is measured by 
the plane anele which measures the in- 
clination of the planes of the containing 
arcs. For it is easy to perceive, that if 
this inclination is the same in any two 
spherical an^es, they may be made to 
coincide, and therefore are eaual to one 
another. If, therefore, the dihedral an- 
gle made by the planes of one spherical 
angle contain any sub-multiple of the 
dihedral angle made by the j^lanes of 
another a certain number of times ex- 
actly, or with a remainder, the first 
spherical angle will contain a like sub- 
multiple of the other the same numl>er 
of times exactly or with a remainder; 
and, therefore, the spherical angles are 
to one another (II. def. 7.) as the dihe- 
dral angles made by their planes, and 
have the same measures with them.* 

# 

8. When one spheri- 
cal arc standing upon 
another makes the ad- 
jacent spherical angles 
equfd to one another, 
each of them is called 
a spherical right an^ 
gle, and the arc which stands upon the 
other is said to be perpendicular^ or at 
right angles to it. . 

The terms a(»4/tf and o6/ti«tf are likewise 
apptied to spherical angles, in the same 
sense as in Book I. def. 1 1 . 

It is evident that a spherical right an- 
gle is measured by a rectilineal right an- 
gle, a spherical acute angle by a rectili- 

* Hence a spherioal angle lias been defined by 
some writers to be identiealwith tbe dihedral angle 
of its planee : while othera have extended to it the 
general definition of the anfle in which two cnryes 
cat one another, considering it the tame vath the 
plane rectilineal angle of the tangents at the point 
A ; for the latter angle, being contained bj perpen- 
dienlars to the common section OA, measnrf^t the 
fUhedial angle of the plaata* 





neal acute angle, and a spherical obtuse 
angle by a rectilineal obtuse angle. 

9. A spherical triangle is a portion of 
the sphere*s surface included by three 
arcs of difiPerent great circles, as A B C. 

Every spherical tri« ^A 

angle, ABC, has three 
sides, viz. the containing 
arcsAB, AC, andBC, 

and three angles A, B, v .^ 

and C. B^ ^ 

In the spherical triangles here con- 
sidered, it is supposed that each of 
the sides is less than a semicircum- 
ference. For, the greatest spherical 
distance at which two points can be 
placed is a semicircumference ; and if 
any arc, as PAF, « 

be taken equal to — " 

a semicircumference, 
its extremities P, P 
will be extremities of a i 

a diameter P OF of ' 

the sphere, and there- 
fore the same great 
cirde will pass 
through both of them, 
and any third point Q on the sphere*s 
surface, so that the arcs Q P and Q P 
will be arcs, not of different circles, but 
of the same circle. 

Any three points on the sphere*s sur- 
face may be assumed for the angles of 
a spherical triangle (see def. 5.), pro- 
vided they are not in the same great 
circle, nor any two of them opposite to 
one another, that is, opposite extremities 
of a diameter of the spnere. 

1 0. Two spherical triangles are said to 
be symmetrtcalt when the sides of the 






one are equal to the sides of the other, 
each to each, but in a reverse order, as 
ABC and DEF. 

11. If ABC is any 
spherical triangle, 
and the points A', B', 
C are those poles of 
the arcs B C, A C, 
A B, respectively, 
which lie upon the ^ 
same sides of them 
with the opposite an- 
gles A, B, C, and the triangle A' B' C 
is completed : this trian^jle A' B' C 
is said to be the polar irxan^le of the 
triangle ABC. 
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iTiere are no fewer Ihin eig:ht differ- 
ent triangles which hare for their angu- 
lar points poles of the sides bf a given 
triangle ABC; but there is oiily one 
triangle in which these poles A', B', C\ 
lie towards the same parts with the dp- 
posite angles A; B, C, and this is the 
triangle A' B' C, which is known under 
the name of the polar triangle* 

12. K spherical polygon A. 
is] any portion of the /^ N^ 
sphere's surface included ^{ J^ 

by more than three arcs of \ / 

different great circles, as e D 
ABODE. 

13. Opposiie points on the surface of 
the sphere are tnose which are opposite 
extremities of a diameter of the sphere. 
It is evident that the arcs which join two 
such points with an;^ third point on the 
sphere's surface, are parts of the same 
great circle, and are together equal to a 
semicircumference (tee Ihe second figure 
ofdef.9.) 

Pro]?. U 

Every plane section of a sphere is a 
circle; the centre of which is either the 
centre of ihe sphere, or thefbot of the 
perpendicular which is drawn to th6 
plane from the centre of ihe sphere. 

The substance of this proposition hafii 
been already 'given in the corollary to 
Book IV. Prop. 8 ; and the following 
demonstration is only a statement at 
greater length of the reasoning ftoxA 
which it was there inferred^ 

If the plane pass through the cen- 
tre O of the sphere, as PAF, the 
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distance OA of any point A in thd 
circumference of the section, from the 
point O, will be the same with a radiut 
of the sphere, and therefore the section 
will be a circle having the centre O; 
And if the plane do not pass through 
the centre, the distances A K, 6 K, of 
any two points A, Bi in the circumfer- 
ence of the section, from K the foot of 
the perpendicular O K, will be equal to 



one another ; befcaiiSe th^ flght-angled 
triangles OKA, 0KB have theff hypo- 
tenuses O A, O B each a raditis of the 
sphere, and the side O K common to 
both (1.13.)' Therefore, in this ease the 
section is a circle having the centre Ki 

Therefore, &c. 

Cor. 1 . The radius of a great circle is 
the same with the radius of the sphere ; 
and the radius-square of a small circle 
is less than the radius-squarfe Of the 
sphere by the square' of the perpendicu- 
lar, which is dniwn to its plane from 
the centre of the sphere (I. 86. Cor. L)j 

Cot. 2; Every diaineter of a great 
circle is l&ewisfe It diameter of the 
sphere. 

PROI*. 2. 

Either pole qfa circle qfthe sphere is 
equdUy distant from all points in the 
drcuntference q/* thai cirde; whether 
the direct or the spherical distance bs 
understood. 

Let ABC (see the figure of prop. 1;) 
be any circle of a sphere which has ihe 
oentre Q, and let K be drawn perpen* 
dicular to the plane ABC^ and pro- 
duced to meet the surface of the sphere 
in P ; then, if A, B be any two points 
in the circumference of the circle A B d 
and. if the straight lines PA, PB, aa 
also the spherical arcs PA, PB be 
drawn, the fine P A shall be equal to the 
line P B, and the arc P A io the are PB. 

Join KA, KB. Then^ because K ia 
the centre of the circle AB C (1.), the 
right-angled triangles P K A and P K B 
have the two sides P K, |C A of the one 
equal to the two sides P K, K B of the 
other, each to each; therefore, (I. 4.) 
the hypotenuse PA is equal to the hyjjo- 
tenuse P B. And because, iii equal cir- 
cles, the arcs which are subtended by 
equal chords are equal to one another 
(111. 12. Cor. 1.), the arc PA is likewisti 
equal to the arc PB. And in like man- 
ner it may be shown that the Other pole 
P' is aisd equidistant from A and B. 

In this demonstration it is l^upposed 
that the point K does not coincide with 
the point O, or that the circle in ques- 
tion is not ft great circle. If, howeveri 
ABC is a great circle, the angles PGA, 
P B are right angles, and therefore 
equal to one another (I. l.)> from which 
the equality of the chords P A, P B and 
of the arcs PA, PB will follow as 
before. 

Therefore, &c. 

Cor. 1. Hence any circle of a sphere 
may be conceived to be described from 
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dlher of its poles as a centre with the 
spherical distance of that pole as a radius. 
For, if this distance be carried round the 
pole, its extremity will lie in the circum- 
ference of the circle. 

Cor. 2. The distances of any circle 
from its two poles are together, equal to 
a semieii'cuttiference. 

Cor. 3. A great circle is equally dis- 
tant froin its two {loles ; but this is not 
the case with a small circle. For if 
A B C be supposed to be a great circle, 
the togles P O A, F O A will be right 
f^igles, and therefore equal to one ano- 
ther, so that the polar distances P A, 
P' A will be likewise equal (III. 12.) ; 
but if ABC be a small circle, the 
ajogles POA, FOAwill be, one of 
them less, and the other greater than a 
right anffle, and therefore the distances 
P A, P' A will be unequal. 

Prop. s. 

Equal circles of the sphere have equal 
polar distances ; and conversely. 

Let A B C and A' B' C (see the figure 
of prop. 1.) be any two equal circles of 
the sphere ; K, K' their centres, and P, 
P' their poles; then, if the radius K A 
is equal to the radius K' A', the polar 
distance PA shall be equal to the polar 
cUstance P' A' ; and conversely. 

For, if O be the centre of the sphere, 
and OK, K P be joined, OK wiU be per- 
pendicular to the plane AB C (].)» and 
therefore (def. 3.) O K, K P will lie in 
the same straight line ; and in like man- 
ner O K' will be perpendicular to the 
plane A' B' C, and K', K' F will lie 
m the same straight line. Join OA, 
PA and OA', P^A'. Then, because 
the right-angled triangles K A, O K' A' 
have the hypotenuse A equal to the 
hypotenuse O A', and the side K A 
equal to the side K' A', the angle K O A 
or P O A is equal to the angle K' O A' 
or P' O A' (1. 13.) ; and therefore, also, 
the arc PA (III. 12.) is equal to the arc 
FA'. And, conversely, if the arc PA 
be equal to the arc P'A^ the angle 
POA will be equal to the angle P' O A' 
(III. 12.) ; and, therefore, because in the 
right-angled triangles OKA, OK' A', 
the hypotenuse A is equal to the hypo- 
tenuse O A', and the angle K A to the 
angle K'OA', the radius K A is equal 
to the radius K' A' (1. 13.). 

In the foreeoing demonstration it is 
supposed that the points K and K' do 
not coincide with the point O, that is, 
that the circles in question are not gteat 



circles ofj the sphere. If, however, 
the circles ate great circles, the angles 
P O A. F O A' are right angles, and 
therefore the arcs PA, FA' quad- 
rants : and it is evident that, conversely, 
circles whose polar distances are quad- 
rants pass through the centre of the 
sphere, that is, are ereat circles of the 
sphere, and are equal to one anoUier. 

Therefore, &c. 

Cor. Circles whose polar distances are 
together equal to a semicircumference 
are equal to one another (2. Cor. 2.) 

Prop, 4. 

Any tiDO great circles qf the sphere 
bisect one another. 

For, since the plane of each passes 
through the centre of the sphere, which 
is also the centre of each of the great 
circles, their common section is a dia- 
meter of each; and circles are bisected 
by their diameters. 

Therefore, &c. 

Cor. 1. Any two spherical arcs may 
be produced to meet one another in two 
points, which are opposite extremities of 
a diameter of the sphere. 

Cor. 2. Any number of spherical ards 
which pass through the same point may 
be proauced to pass likewise tlirough 
the opposite point. 

Prop. 5. 

The spherical arc which is drawn 

from the pole of a great circle to antf 

point in its circumference is a quad' 

rant of a great circle, and is at right 

angles to the circumference. 

Let the point P be the pole of a great 
circle ABC: let any pomt A be taken 
in the circumference A B C» and let 
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PA be joined by the spherical arc 
PDA: the arc PDA is a quadrant, 
and at right angles to the circumference 
ABC. 

Take O the cenh-e of the sphere, and 
join O P, O A. Then, because (def. 3.) 
OP is at right angles to the plane 
ABC, the angle P O A is a right angle 
(IV. def. 1.); and, therefore, the arc 
PDA is a quadrant. Again, because 
OP is at right angles to the plane ABO$ 
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the plane O PD A is at right angles to 
the plane AB C (IV. 18.) ; and. there- 
fore, the arc P D A is at right angles to 
the circumference ABC (def. 7. and 
def. 8.). 

Therefore, &c. 

Cor. I. If two great circles cut one 
another at right angles, the circumfe- 
rence of each shall pass through the 
poles of the other. 

Cor. 2. If the spherical distances of a 
point P in the surtace of the sphere from 
two other points A and C in the same 
surface which are not opposite extremi- 
ties of a diameter be each of them equal 
to a quadrant, P shall be the pole of the 
great circle which passes through the 
points A and C. For, if O be the centre 
of the sphere, the angles POA and 
P O C will be right angles, because the 
arcs P A and P C are quadrants ; and, 
therefore, P O is at right angles to the 
plane O A C (IV. 3.) ; for which reason 
r O must be the axis, and P the pole of 
the great circle which passes through A 
and C (def. 3.). 

Prop. 6. 

Every spherical angle is measured by 
the spnencal arc which isdecribedfrom 
the angtdar point as a pole, and inter- 
cepted between the sides of the angle. 

Let BAC be any spherical angle, 
and from the point 
A, as a pole, let a 
great circle be de- 
scribed cutting the 
sides AB, AC in 
the points M, N re- 
spectively : the sphe- 
rical angle BAC 
shall] be measured 
by the arc M N. 

Take O the centre of the sphere, and 
join O A, O M, O N. Then, because 
A is the pole of the spherical arc M N, 
the plaile M O N is perpendicular to 
O A (def. 3.), and M (J, N O are each 
of them perpendicular to O A. There- 
fore the angle M O N measures the di- 
hedral ancle MOAN (IV. 17.), or 
which is the same thing, (def. 7.) the 
spherical angle MAN or BAC. There- 
fore, the arc M N which measures the 
angle M O N, measures also the spheri- 
cal angle BAC. 

Therefore, &c. 

Cor, The angle contained by two 
spherical arcs is measured by the dis- 
tance of their poles, which lie towards 
the same parts of the arcs. For, if the 
arc N M be produced to R, so that R N 
may be a quadrant, and to Q, so that 




Q M may be a quadrant, Q R will be 
equal to MN (I. ax. 3.). And the points 
Q, R are the poles of A M, A N re- 
spectively, because Q M, Q A, as also 
kN, RA, are quadrants (5. Cor. 2.). 

Prop. 7. 

If one triangle be the polar triangle 
of another, the latter shall likewise be 
the polar triangle of the first; and 
the sides of either triangle shcUl be 
the supplements* of the arcs which 
measure the opposite angles of the other. 

Let A B C be any spherical triangle, 
and let A', B', C be those poles of the 
sides B C, A C, A B, which lie towards 
the same parts of the arcs B C, A C, 
A B, with the opposite angles A, B, C, 
respectively, so that A' and A lie to- 
wards the same parts of B C, B' and B 
towards the same parts of A C, and C ' 
and C towards the same parts of A B : 
that is, (def. 11.) let A' B' C be the 
polar triangle of A B C : the triangle 
ABC shsSl, likewise, be the polar 
triangle 'of A' B' C, and the sides of 
either triangle shall be the supplements 
of the arcs which measure the opposite 
angles of the other. 

For, in the first place, B' bemg the 
pole of A C, A B' is a 

quadrant (5.); andC 
being the pole of A B, 
A C is likewise a 
quadrant : therefore 
(5. Cor. 2.) A is the 
poleofB'C. Also, 
it is upon the same 
side of B' C that A' is : for, because 
A' and A are upon the same side of 
B C, and that A' is the pole of B C, 
A' A is less than a quadrant ; and be- 
cause A is the pole of B' C^ and that 
A A' is less than a quadrant, A and A' 
are upon the same side of B' C. 

And, in the same manner, it may be 
shown that B is the pole of A' C, and 
B, B' upon the same side of A' C ; and 
that C is the ^ole of A' B', and C, C 
upon the same side of A' B'. Therefore, 
the triangle A B C is the polar triangle 
ofA'B'C'(def. 11.). 

Next, let the arc B' C be produced 
both ways, if necessary, to meet the arcs 
AB, AC; (produced likewise if necessary ) 
in the points D,E, (4 Cor.l.). Then, 
because A is the pole of the arc B' C',. 
th^ spherical angle BAC is measured by 
D £ (6.). Again, because B' is the pole 
of A C, B' E is a quadrant ; and for the 

• From this property polar triangles are seme- 
times called supplementary triangles. 
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like reason CD is also' a quadrant: 
therefore, the sum of B' E and C D, 
that is, of D E and B' C',is equal to a 
semicircumference, and the side B' C is 
the supplement of D E which measures 
the spherical angle BAG. And, in the 
same manner, it may be shown that any 
other side of either of the triangles 
ABC, A' B' C is the supplement of 
the arc which measures the opposite 
angle of the other. 
Therefore, &c. 

Scholium. 
If the three sides of a spherical tri- 
angle be each of them eaual to a quad- 
rant, the polar triangle wul coincide with 
it ; for each of the angular points will 
be the pole of the side opposite to it. 
(5.Cor.2.) The surface ofthe sphere may 
be divided into eight such triangles, by 
dividing the circumference of any great 
circle ^nto Quadrants, and joinmg the 
points of division with the poles of the 
great cbrde. 

SscTiON 2. — Of Spherical Triangles. 

Prop. 8. 

The angles which one spherical arc 
makes toim another upon one side of it 
are either two right angles, or are to* 
gether equal to two right angles. 

See the Demonstration of Book I. 
Prop. 2. 

Cor, 1. If two spherical arcs cut one 
another, the vertical or opposite angles 
will be equal to one another. See the 
Demonstration of Book I. Prop. 3. 

Cor, 2. If any number of spherical 
arcs meet in the same point, the sum 
of all the angles about that point will 
be eqiuil to four right angles* 

Prop. 9. 

Any two sides of a spherical triangle 
are together greater than the thtrd 
side; and any side of a spherical tri- 
angle is greater than the difference of 
the other two. 

Let ABC be a spherical triangle; 
the sides B A and A C shall be to- 
gether greater than B C ; and A B alone 
shall be greater than the difference of 
AC and B C. Take O 
the centre of the sphere, 
and join O A, O B, C. 
Then, because the solid 
angle at O is contained 
by three plane angles 
AOB,AOC.andBOC, 
thetwo AOB andAOC 
are together greater than 
the third B C (IV. 19.). d^'^' 



But these angles at« respectively mea- 
sured by the arcs A B, AC, and BC. 
Therefore AB and AC are together 
greater than B C. And hence, taking 
AC from each, AB alone is greater 
than the difference of A C and B C. 

Therefore, &c. 

Cor. 1. The three sides of a spherical 
trianjfle are together less than the cir- 
cumterence of a great circle. For, if 
A B and A C be produced to meet in D, 
the arcs AB D, A C D will be semicir* 
cumferences ; but B C is less than B D 
and D C together ; therefore, A B, A C, 
and B C are together less than A B D 
and A CD, that is, less than the cir- 
cumference of a great circle. 

Cor, 2. In the same manner it may 
be shown that all the sides of any 
spherical polygon are together less than 





the circumference of a great circle. 
This is likewise evident from IV. 20. 

Scholium, 

By help of this proposition, it may be 
shown that tiie shortest distance of two 
points on the surface of a sphere, mea- 
sured over that surface, is the spherical 
arc between them. See Book I. prop. 
10. Scholium. 

Prop. 10. 

The three angles of a spherical tri- 
angle are together greater than two 
right angles, and less than six right 

angles. 

For the arcs which measure the three 
angles together with the three sides of the 
polar triangle are equal to three semi- 
circumferences (7.), or six quadrants : 
therefore, the former alone are less than 
six quadrants, and consequently the 
angles which they measure are less than 
six right angles. Again, the sides of 
the polar triangle are less than a whole 
circumference, or four quadrants (9 Cor. 
1 ) : therefore, the arcs before menUon- 
ed are greater than two quadrants, and 
consequently the angles which they 
measure greater than two nght angles. 

Therefore, &c. 
"^ Cor, 1 . A spherical triangle may have 
two or even three right angles, or two 
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or even three obtuse angles. For, it is 
evident from the demonstration of the 
proposition, that the sum of the angles 
depends upon the magnitude of the 
sides of the polar triangle, and since 
the sum of these last njay be anv what- 
ever less than four qu^drapts, the sum 
of the angles of the origmal triangle 
mav be any whatever greater tha^ two, 
and less than six right angles. 

Cor. 2. If one side of a spherical tri- 
angle be produced, the exterior angle will 
be less than the sum of the two interior 
and opposite angles. ^^-^A 

For the exterior an- 
gle, together with its 
adjacent interior an- B 
gle, is only equal to ^ 

^o right an{;les (8.) ; ^ 

but the two mterior and opposite angles, 
together with the same angle, are greater 
than two right angles. 

Prop. 11. 

Jf two sides of a spherical triangle be 
equal to one another , the opposite angles 
shall be likewise equod ; and conversely. 

Let A B be a spheri- 
cal triangle, having the 
side AB equal to the 
side AC; the ande 
ACB shall likewise oe 
equal to the angle ABC. 

Take O the centre of 
the sphere, and join O A, 
OB, O C. From the 
point C, in the plane 
A O C, draw C S at riffht 
angles to C O (and, therefore (III. 2.), 
touching the arc C A in C) to meet O A 
produced in S : at the points B and C 
draw BT and CT, touching the arc 
B C, and meeting one another i^ T, 
and join B S, S T. Then, because the 
arc AB is equal to AC, the angle AOB 
is equal to the angle A O C (III. 12.) ; 
and, because the triangles S O B, S O C 
have two sides of the one equal to two 
sides of the other, each to each, and 
the angles S B, S C which are in- 
cluded by those sides equal to one 
another (I. 4.), the base SB is equal to 
the base S C, and the angle S B O to the 
angle SCO, that is, to a right angle. 
Therefore, B S touches the arc A B in 
B (III. 2.). And, because the spherical 
angles ABC, ACB are measured by 
the plane angles of the tangents at B 
and C (see def. 7. note) they are mear 
sured by the angles S B T, S C T re- 
spectively. But, because TB and TC 
we tangents drawn from the same 



point B to the arc B C, T B is equal 
to T C (III. 2. Cqt. 3.). Therefore, the 
triangles SBT ^nd SCT have the 
three sides of the one equal to the three 
sides of the other, each to each, and 
consequently the apgle S B T is equal to 
the ansle S C T ( 1. 7.). Therefore, also, 
the spherical angle A B C is equal to 
the spherical ang|e A ^ B« 

r^jText, let the angle A B C be equal to 
the angle ACB: the side 4 B shall be 
equal to the side AC. .For, if the polar 
triangle A' B' C be described, its sides 
A' B' and A' C which are supplements ' 
to the measures of the equal ilng|es (7.) 
^ ill be equal; and, therefore, by. the 
former part of the proposition, the sphe- 
rical angle at C is equal to the spherical 
~e -at B'. But the sides A B and 



an 





A U are supplements to the measures 
of these angles (7.). ' Therefore, also, 
AB is equal to AC. 
Therefore, &c. 

Prop. 12. 

If on0 angh qf a spherical triangle 
be greater than another, the opposite 
side shall likewise be greater than the 
side opposite to that other ^ and con" 
versely. 

See the demonshration of Book I, 
Prop. 11. 

dor. If one side B C of a sphericd 
tri^,ngle ^A B C be produced to D, the 
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exterior angle A C D shall be equal to, 
or less than, or greater than, the interior 
and opposite angle ABC, according as 
the sum of the two sides A B, A C is 
equal to, or greater thaq, pr less thap, 
the seipicircumference of a great circle. 
For, if B A and B C be produce4 to 
meet one another in D, the angles at B 
and D will be equal to one another, 
having for their common measure the 
Pleasure of the same dihedral angle 
(def. 7.) ; and BAD will be a semicir- 
cumference. But, by the proposition, 
the angle A C D is equal to, or less thaii, 
or greater than the angle at D, accord- 
ing as A C is equal to, or greater than, 
or less than AD. Therefore, the angle 
A C D is equal to, or greater than, or 
less than the angle at B, according as 
A B and A C are together equal io, or 
greater than, or less than a semicircum- 
^rence. 
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If two tpheriecJ triangle have two 
sidesofthe one equal to turn sides of the 
other, each to eatM, and likewise the in* 
eluded angles equal ; their other angles 
shall be equal, each to each, vf «. those 
to which the equal sides are opposite, 
and the base, or third side, of the one 
shall be equal to the base, or third side, 
of the other. 

There are here two cases for consi- 
deration ; first, that in which the equal 
sides AB, A C and DE, D P lie in the 
same direction; and, secondly, that in 
which they lie in opposite directions. 
The first case may l)e demonstrated by 
superposition, after the same manner as 
Book I. Prop. 4, to which, for brevity's 
sake, the reader is referred : the second 
case as follows : — 

Let ABO, DBF be two spherical 




triangles, which have the two sides AB, 
AC equal to the tiYO sides DE, DP, 
eacktoeach, viz. AB toDE and AC 
to DF, but DE lying in a direction from 
DF, which is the reverse of that in which 
AB lies from AC, and let them likevnse 
have the an^e B A C equal to the angle 
£ D F : their other angles shall be equal, 
each to each, viz, AB C to DEF; and 
ACBtoDFE, and the base B C shall 
be equal to the base £ F. 

Take O the centre of the sphere : from 
A draw A P perpendicular to the plane 
O B C, and produce it to meet the sur- 
face of the sphere in A'. Join P O, P B, 
PC, and OB ; from P draw PQ per- 
pendicular to OB ; join A Q, AB, A C, 
A' Q,* A' B, A' C ; and draw the spheri- 
cal arcs A' B, A' C, A' A. Then, be- 
cause in the right-angled triangles APO, 
A'P O, the hypotenuse A O is equal to 
the hypotenuse A' O, and the side P O 
common to both, the remaining sides 
A P and A' P are equal to one another 
(1. 13.) : and because in theright-anded 
triangles A P Q, A' P Q, the side A P is 
equal to the side A' P, and the side P Q 
common to both, the hypotenuse A Q is 
equal to the hypotenuse A' Q, and the 



sngleAQP to the fingle A'QP (1. 4.); 
and in the same manner it may be shown 
that A B is equal to A' B, and A C to 
A' C. Now, because A P is perpendi- 
eular to the plane O B C, and that P Q 
is perpendicular to the line O B in that 
plane, A Q is likewise perpendicular to 
O B (IV. 4.) ,* and for the like reason 
A'Q is perpendicular to the same O B. 
Therefore, the angles AQ P, A' Q P mear 
sure the dihedral angles formed by the 

planesOAB, OBC,andOAB,OBG 
(IV. 17.), or, which is the same thing, 
(def. 7.) the spherical angles ABC and 
A' B C ; and because, as has been already 
demonstrated, the angle A Q P is equal 
to the angle A' Q P, the spherical angle 
A B C is equal to the spherical angle 
A' B C. In the same manner, it may be 
shown that the spherical angles A C B 
and A'CB are equal to one another. 
And because the straight line AB is 
equal to the straight line A' B, the arc 
AB is equal to the arc A'B (III. 12. 
Cor. 1.) ; and, for the like reason, the arc 
A C is equal to the arc A' C. There- 
fore, in the isosceles spherical triangle 
B A A', the angle B A' A is equal to Uie 
angle BAA', and in the isosceles sphe- 
rical tria^de C A A' the ande C A' A is 
equal to uie angle CAA^(ll.); and, 
consequently, the whole (or, if the points 
P, C, are on the same side of the arc 
A A', the remaining) angle BA'G is 
equal to the whole or remaining angle 
BAG. Therefore, the triangles A' B C, 
A 8 C have their several sides and angles 
equal to one. another, but lying in a 
reverse order. * 

Now, because A' B and D E are each 
of them equal to A B, they are equal to 
one another ; and, for the like reason, 
A' C is equal to D F, and the angle 
B A' to the angle £ D F. Also, the 
isqual parts lie in the same direction 
from one another in th^6e two triangles, 
A' B C, D E F. Therefore, by the first 
case, the base B C is equal to the base 
£ F, and the angles A' B C, A' C B to 
the angles DEF and DFE respec- 
tively. And, because the angles ABC, 
A C B are equal to the angles A' B C, 
A' C B, each to each, the former angles 
are likewise equal to D £ F and DFE 
respectively. 

Thereforci &c. 

Prop. 14. 

If two spherical triangles have two 
angles of the one equal to two angles of 
the other, each to each, and likewise the 
interjacent sides equcd ; their other sides 
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shall be equai, each to iaeh, viz. those to 
which the equal angles are opposite, and 
the third angle of the one shall be equal 
to the third angle of the other. 

The case in which the equal angles 
lie in the same direction from one ano- 
ther in the two triangles may be demon- 
strated by superposition, in the same 
manner as Book L Prop. 5, to which 
the reader is referred. The other case, 
in which they lie in different directions, 
may be demonstrated as follows :— 

Let AB C, D E F (see the figure of 
Prop. 13.) be two spherical triangles, 
which have the two angles ABC, 
A C B of the one equal to the two 
angles D £ F, D FE of the other, each 
to each, but in a reverse order, and like- 
wise the side B C equal to the side E F : 
their other sides shall be equal each to 
each, and the thu^ angle B A C shall 
be equal to the third angle E D F. 

Let there ^be described, as in the last 
proposition, upon the other side of the 
Dase BC the triangle A' B C, which has 
its sides and angles equal to those of the 
triangle ABC, each to each, but in a 
reverse order. Then, because the an- 
gles A' B C and D E F are equal, each 
of them, to the angle ABC, they are 
equal to one another ; and, for the like 
reason the angle A' C B is equal to the 
angle DFE. Also, BC is eq[ual to £ F ; 
and these equal parts lie in the same 
direction from one another in the two 
triangles A' BCD EF. Therefore, by 
the west case, the angle B A' C is equal 
to the angle E D F, and the sides A' B, 
A' C are equal to the sides D E, D F re- 
spectivdy. And, because the angle 
B A C is equal to the angle B A' C, and 
the sides AB, AC to the sides A'B, 
A' C, each to each, the angle B A C is 
equal to the an^le E D F, and the sides 
AB, AC to the sides DE,DF respectively. 

Therefore, &c. 

Prop. 15. 

If two spherical triangles have two 
sides of trie one equal to two sides of 
the other, each to each, and have like- 
wise their bases equal, the angle con^ 
tained by the two sides of the one shall 
be eqtuu to the angle contained by the 
tvx) sides equal to them of the other. 

The case in which the equal sides lie 
in the same direction from one another, 
may be demonstrated in the same man- 
ner as Book I. Prop. 7 : the other case, 
in which they lie in different directions, 
as follows : — 

Let A B C, D EF (see the figure of 



Prop. 13) be two spherical triangles hav- 
ing the two sides of the one equal to the 
two sides of the other, each to each, and 
likewise the base B C equal to the base 
EF. The angle B A C shall be equal 
to the angle EDF. 

Let there be described, as in Prop. 13, 
upon the other side of the base B C the 
tnangle A' B C, which has its sides and 
angles equal to those of the triangle 
ABC, each to each, but in a reverse 
order. Then, because A' B and D E are 
each of them equal to AB, they are 
equal to one another: and, for the like 
reason. A' C is equal to D F : also B C 
is eqiud to E F ; and these equal parts 
lie in the same direction from one ano- 
ther in the two triangles A' B C, D E F. 
Therefore, by the first case, the angle 
BA'C is equal to the angle EDF. 
Therefore, because the angle B A C is 
equal to the angle BA'C, the angle 
BAC is likewise equal to the angle 
EDF. 

Therefore, &c. 

Prop. 16. 

If two spherical triangles haoe the 
three angles of the one equal to the three 
angles of the other, each to each, they 
shall likewise have the three sides of the 
one equal to the three sides of the other, 
each to each, viz. those which are oppo- 
site to the equal angles.* 

Let the spherical triangles ABC, 
D £ F have the three angles A, B, C of 
the one equal to the three angles D, E, F 




of the other, each to each. Tiie sides AB, 
A C and B C shall likewise be equal to 
the sides D E, D F and E F, each to 
each. 

For, if the polar triangles A'B'C, 
D' E' P be described, they will have the 
three sides of the one equal to the three 
sides of the other, each to each, because 
every two corresponding sides, as A' B' 
and D' £' are (7.) supplements of the 
measures of equal angles C and F (T. 
ax. 3.). Therefore, by the last proposi- 
tion, these polar triangles have likewise 

* See the Bcboliom at the end of this Book, 
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the three ang^s A', B'. C of the one DPB is greater than DC. Affain. 

equal to the three angles D', E', F of because the triangles PCD. FED have 

the other, each to each. And hence the the two sides P C, P D of the one equal 

triangles ABC, D E P have the thi-ee to the two sides P E, P D of the other 

sides of the one equal to the three sides each to each, but the anjfle CPD m-eater 

of the other, each to each, because every than the angle E P D, the base D C is 

two corresponding sides, as AB and greater than the base DE (17.). Again 

D £ are supplements of the measures of because the side E D of the trian<rle 

equal angles C and F (7.) P D E is greater than the difference^of 

Therefore, &c. PD, PE the other two sides (9.), and 

that PA is equal to PE, the arc ED 

Prop. 17. is greater than the difference of PD and 

If two spherical triangles have two fAd^""^ '^ ^Y"" a^' a'^.u''^^^'!' ^^? 

sides o/thfone equal to two sides o/the " *^® ^^^^^^^ *"^P ^ ^^5 1«^ of all 




greater than theangle which is contained , 

I by the two sides which are equal to them more remote, 

o/the other; the baseofthdt whichhas _^\*^» ^^^^J'^ ^%*^'^.u """^y. ^.""^ 

the greater angle shaii be greater than f^"*^ ^?^ D E, D F from the point D 

the%ise of the other: andtonversely. *° *^,® emsumference, aiid these njake 

a XI. J *->*• * T» 1 ▼ equal angles with the shortest arc D A 

See the demonstration of Book I. ^^on eitfo side of it. For, if PF be 

rrop. 11. drawn, making the angle A PF equal 

I. • Prop. 18. *o the angle A P E, and D F be joined ; 

r, '^r ^n .^z. . , then, because the triangles PDF, PDE 

Ifanypotnt be taken wtthtna circle have two sides of the one equal to two 

of the sphere which ts not Its pole; of all sides of the other, each to each, and 

the arcs w^cA can be drawn from that the included angles D P F, D PE equal 

pomttothecircuntferencejheereatesiis to one another, the bases D F and D E 

that m which the pole w, and the other are equal to one another, and the angles 

partofthatarcproducedistheleast; and pDF, PDE which are adjacent to 

of any others, that whichis nearer to the ADF, ADE, likewise equal (13.). 

greatest is always greater than one more But, besides D F, there cannot be drawn 

remote: and from the same point to the any other arc from D to the circumfer- 

arcumference there can be drawn only ence equal to D E ; for if it were pos- 

two arcs thai are equal to one another, gible, and D G were such an arc, then 

whichtwom^e equal angles,uponeith^ DG, which is nearer to (or farther from) 

side, with the shortest arc D p B than D F is, would be equal toD F, 

Let A B C be any c which is contrary to what was shown in 

circle (either a great lo<;^/T"\ the former part of the proposition. 
or a small cu^le) /^As \ Therefore, &c. 

of the sphere, P its Jr^'fy^* — "^hti e'er. 1. From a point to a spherical. 

pole (if a great cir- g\// ) arc* the perpendicular is either the least 

de, either of its two \!/ J or the greatest distance, the least when 

poles; tf a small FX ^ ^ X it is less than a quadrant, the greatest 

circle, the nearer when it is greater than a quadrant. 

pole), and D a point on the surface of For the perpendicular arc either passes, 

the sphere, which is upon the same or may be produced to pass through 

side of the circle A B C D with the pole the pole of the spherical arc (5. Cor. 1 .) : 

P. Of all the arcs DA, DPB, DC, &c. in the former case it is, as DPB, 

which can be drawn from D to the cir- greater than any other arc which can be 

cumference, the arc DPB which passes orawn from the point E to the circum* 

through P shall be the greatest, and ference of which the spherical arc is a 

DA the other part of that arc produced portion, and it is, at the same time, 

the least : and of the others, DC, which greater than (5.) the quadrant PB ; in the 

is nearer to D P B, shaU be greater than latter case it is, as D A, less than any 

DE, which is more remote. other, and it is, at the same time, less 

Join P E, P C. Then, because the two than (5.) the quadrant P A. 
sidesDP,PCofthetriangleDPCare Cor. 2. If ihere l)e taken within a 

together greater than the third D C (9.), circle (that is, anywhere on the surface 

and that PB is equal to PC, the arc of the sphere, if it be a great circle, or 
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on the same ride with the nearer pole, 
if a small circle) a point from which 
there fall more than two equal arcs to 
the circumference, that point shall be 
a pole of the circle. 

Cor, 3. Hence, also, if there betaken 
without a small circle a point from 
which there fall more than two equal 
arcs to the circumference, that point 
shall be the more distant pole of the 
small circle. For if the opposite point 
through which the equal arcs pass 
(4 Cor, 2.) be taken, three distances 
of the latter from the circumference 
(I. ax. 3.) will be equal, and therefore, by 
Cor, 2., it will be the nearer pole. 

Prop. 19. 

In a spherical triangle, which has 
one of its angles a right angle, either 
of the other angles is greater or less 
than a right angle, according as the 
opposite side is greater or less than a 
qitadrant; and if the sides, which con- 
tain the right angle, are both greater or 
both less than quadrants, the third side, 
or hypotenuse, shall be less than a quad- 
rant ; but if one of these sides be greater 
than a quadrant, and the other less, the 
hypotenuse shall be greater than a quad' 
rant. 

Let A B C be a spheri- 
cal triangle, having the 
right angle ABC, and let 
A C B be one of the other 
two angles: the angle 
A C B shall be greater or 
less than a right angle, ^ 
according as the opposite ^ 
side A B is greater pr less than a quad- 
rant. 

For, if from BA, or from BA produced, 
B P be cut off equal to a quadrant, and 
PC joined, the angle P C B will be a right 
angle, because P is the pole of B C (5.) ; 
and it is evident that the angle A C B 
is greater or less than the angle P C B* 
according as AB is greato* or less 
than P B. 

Also, if the sides A B, B C are both 
greater or both )ess than quadrants, the 
hypotenuse A C sbaU be less than a 
qujidrant ; but if one of them be greater 
th^n a quadrant, and the other lessf, 
A C shall be greater than a quadrant 

For, if from B C, or from B C pro- 
cluced, B D be cut off equal to a quad- 
rant, and AD be joined, D will be the 
pole of A B (5.), and, therefore, A P will 
be equal to a quadrant. And. first, if AB 
and 8 C be both less than quadrants, 





then, A B being (1 8, 

Cor, 1.) the least arc 

which can be drawn 

fromAtoBC, AG 

which is nearer to it 

is less than AD, 

which is more re- 
mote (18.) J or, se- 
condly, if ABandBC 

be both greater than 

quadrants, then A B 

being (18.Cor.l.)the 

greatest arc which 

can be drawn from 

A to BO, AC which is further from it is 

less than AD,which is not so remote (18.); 
therefore, in both cases, A C is less than 
a quadrant. But, if either of the sides, 
as AB, be greater than a cmadrant, and 
the other, B C, less, AB being tl^e 
greatest arc which can be drawn from A 
to B C, A C which is nearer to it is 
greater than A D, which is more remote 
(18.) ; therefore, A C is greater than a 
quadrant. 
Therefore, &c. 

Cor. 1. It is evident from the demon- 
stration, that if one of the two sides 
which contain the right angle be equal 
to a quadrant, the opposite angle wiU 
be a right angle, and the hypotenuse 
likewise a quadrant. 

Cor, 3. Hence, in a right-angled 
spherical triangle, either of the two sides 
is of the same affection with the opposite 
angle; and the hypotenuse is, 1°, equal 
to, or, 2°, less than, or, 3° greaterthan, 
a quadrant, according as, 1°, one of the 
adjoining angles is a right angle, or 
these two angles are, 2°, of the same or, 
3°, of different afieptipnis|. See note, 
page 61. 



Section Z. — Of Equal Portions b/ 
Spherical Surface, and the Measure 
of Solid Angles. 

Prop. 20. 

Spherical triangles which have the 
three sides qf the one equal to the three 
sides qf th^ other, each to each, contain 
also equal portions of spherical surface, 
whether the triangles are symmetrical 
qr otherwise, 

tet A B C, D E F be two spherical 
triangles, which have the three sides of 
the one equal to the three sides of the 
other, each to each, via. A B to D E, 
AC to D F, and B C to EF: the sur- 
face of the triangle ABC shall be equal 
to the surface of the triangle D E F. 



VI. { 3.] GEOMETRY. 




195. 

the former three, if the point P foils 
within the triangrle A B C ; or to the dif- 
ference between the sum of two of them 
and the third, if it fall without the 
triangle ; and the triangle D E F is equal 
to the sum of the latter three, in the first 
case, or to the difference between the 
sum of the corresponding two of them 
and the third, in the other*. Therefore, 
the triangle ABC is equal to the triamrle 
D E F (1. ax. 2, 3.). 
Therefore, &c. 

Let a plane be drawn through the Prop. 21. 

points A, B, C, to cut the sphere in a i;, r • r u' • ' > • 

circle passing through those points (1.) : , f}'^ ^f^ncal inmgle u equal to 

from the centre of the sphere, draw a ^/ r^, dtference between the kemu 

perpendicular to the plane ABC, and fheno(d eurface.and the sum of three 

produce it to meet t6e surface of the ^^nee which have ^etr angles equal to the 

sphere in P : then P is the pole of the ^''^^ "^^^^ ^^ triangle respectively. 
curcle ABC (def. 3.) ; and, consequent- Let A B C be any spherical triangle ; 

ly, (2.) if the spherical arcs P A, P B, its surface shall be equal to half the 

P C are drawn. Joining the point P with difference between the hemispherical 
the points A, B, C, respectively, they 
wiU be equal to one another. Make the 
spherical angle DEQ equal to the 
spherical angle ABP: make also the 

arc E Q equal to the are B P, and join j^ [^ / \/ / ^ 5 
Q D, Q F. Then, because the angles 
DEF (15.) and DE Q are equal to the 
angles ABC and ABP, each to each, 
the angle QEF is equsd to ^e angle 
PBC (I. ax. 3.). And, because in the surface, and the sum of three lunes 
triangles Q E F, PB C, two sides of the having their angles respectively equal 
one are equal to two sides of the other, to the angles A, B, C. 
each to each, and the included angles Let the circles be completed, of which 
Q E F, P B C likewise equal to one ano- the sides A B, A C, and B C are parts, 
ther (13.) the arc Q F is equal to tiie and let A a, B 6, and C c be the diameters 
arc PC, and the angle E Q F to the passing through the points A, B, and C. 
angle B P C. In the same manner, it Then, because C Ac and A ca are semi- 
may be shown that the are Q D is circumferences (4.). they are equal to one 
equal to the are PA, and the angle another, and A c being taken from each, 
D Q £ to the angle A P B.' There- the remainders AC, ac are likewise 
fore, because the angles D Q E and equal. In the same manner it may be 
£ Q F are respectively equal to the shown that A B is equal to a 6, and B G 
angles APB and B P C, the angle to be. And, because the triangles 
D Q F is equal to the angle APC: ABC, afcc have the three sides of the 
and because the ares PA, PB, PC one equal to the three sides of the 
are equal to one another, the ares Q D, other, each to each, their surfaces are 
Q £, Q F, which are severally equal to equal to one another (20.) Now, the lune 
them, are likewise equal to one anotho* A c a 6 A has its angle equal to the angle 
(Lax. 1.). Aof the triangle A B C (8. Cor. !.)• and 

Now, it is evident that isosceles tri- the lunes BA^CB, CBcAC have for 

angles, as P B C and Q E F, which have their angles the angles B, C of the same 

equal vertical angles, and equal sides triangle. And these three lunes are 

containinsr them, may be made to coin- ^'' , :r^~;,7r~~"T I ~. I 

•,» P ^ *, *** J "^ "*«** »v • If the arcs B P, E Q, or these arcs produced, out 

cide. and, therefore, are equal to one the arcs a c,D Fin the points r,s. respectively, it 

another. Therefore, the isosceles trian- may be shewn by prop. 14, that B R is equal to K S: 
irlpq PAH P« O anri PAP ora r«- therefore, since BP is equal to EQ, if the potnt P 

gies r Au, r JJ o, ana i-AU are re- j^j,^ ^j^,^.^ ^^^ ^^^^^^ ^BC. the point Qmust 

Spectively equal to the isosceles tnangles likewise fall within the triangle D£ F ; or if P faU 

QD £. O E F and O D F. But the without the triangle ABC. and within the angle 

♦S««^I A ^^' • i*^ lu i* ABC. Q must likewise fall without the triangle 

tnangle ABO U equal to the sum of DEF/udwithla the oorrespondlag angle def. 

02 
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together equal to the surface of the the sum of its angles minus two right 
hemisphere ABC be together with the angles : therefore, the sum of all the hi* 
triangles ABC, abc; that is, to the angles, that is, the polygon, is measured 
surface of the hemisphere, together with by the sum of all their angles minus 
twice the triande ABC. Therefore, twice as many right angles as there are 
twice the trian^e A B C is equal to the triangles. But the sum of all the an- 
difference between the sum of the three gles of the triangles is equal to the sum 
lunes and the surface of the hemisphere ; of all the angles of the polygon, together 
and the triangle A B C is equal to half with the angles of the point P, that is, (8. 
that difference. ;; Cor. 2.) together with four right angles : 
Therefore, &c. and there are as many triangles as the 
Cor. 1. Hence, if the angles of a polygon has sides. Therefore, the sur- 
spherical triangle are ^ven, we may face of the polygon is measured by the 
find the proportion which its surface sum of its angles plus four right angles 
bears to the surface of the sphere, minus twice as many right angles as 
For, since the surface of any lune is to the polygon has sides, 
the surface of the sphere, as the angle of Let 2 be the sum of its angles, and 
the lune to four rignt angles (V. 21.), or n the number of its sides : then the sur- 
as twice its angle to eight right angles; if face of the polygon is measured by 
the surface of the sphere be represented 2 + 4R~2nR. 
by 8 right angles, or 8 R,» the sur- « i i* 
faces of the lunes which have the angles i^choltum. 
A, B, and C will be represented by 2 A, It follows from the last corollary, that 
2B, and 2C; and the hemispherical if S be the number of the solid angles of 
surface will be represented by 4R: a polyhedron, F the number of its faces, 
therefore, the surface of the triangle and K the number of itsec^eSfS+F—K 
A B C will be represented by half 2 A+ mil be equal to 2. For, if a sphere be 
2B + 2 C -4R, that is, byA+B + C— described about any point within the 
2 R. And hence, it is commonljr said, polyhedron as a centre, the lines which 
that the surface of a spherical triangle are drawn from this point throup;h the 
is measured by the excess of the sum of solid angles of the polyhedron will cut 
its angles above tujo right angles ; it the surface of the sphere in S points, 
being understood that the surface of and the ])lanes which are drawn from the 
the sphere is measured by eight right same point through the edges will cut 
angles. the surface in £ spherical arcs ; and thus 
Cor. 2. The surface of a spherical *^e whole surface of the sphere will be 
triangle whose angles are A, B, C is divided into F spherical polygons, cor- 
equal to the surface of a lune whose responding to the F faces of the poly- 
A+ B + C hedron. Now, the surface of each of 
angle is R. For both these spherical polygons is measured by 

surfaces are measurerl hv A 4- B 4- P- ^^^ ,^^™ ?^ '^^ ^^^^ ^^"* four right 

suriaces are measured by A -f iJ + C^ - angles minus twice as many right an- 

V^ « m. . ^ ^ . . g^®* ^ the polygon has sides. There- 

Cor. 3. The surface of a spherical fore, the surfaces of all the polygons 

polygon A B C D E is measured by the taken together are measured by the sum 

excess of the sum of ^ of all their angles taken together plus 

^ its angles, toge- /\~1\ as many times four right angles as there 

ther with four nght / \ / \ are polygons minus twice as many right 



angles, above twice y.L'-'^y—^^ angfes as all the polygons together have 

as manyriffht angles ""^J^ sides. But the sum of all their angles 

as the polygon has c taken together is the sum of all the angles. 

®*"®^' at the S angular points, and, therefore. 

For the polygon may be divided into is equal to S times four right angles 

as many triangles as it has sides, by (8. Cor. 2.) : the number of the polygons 

joining its angles with any point P taken is F ; and the number of the sides of the 

within the polygon ; and the surface of polygons is 2 E, because the number of 

each of these triangles is measur ed by different sides is E, and each of these is 

t, r„ , . . , I ; at once a side of two adjoining polygons. 

.ph.ri°carttX-whL'l'tr''..S.%ri1r.^l;; Therefore, the surfaces of all the poly- 
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sphere is made up of the surfaces of all 
the polygons, and that the surface of 
the sphere is measured by 8 or 2 x 4 
right angles, S + F — E is equal to 2. 

And from the equation S+F— E=2 
it may be further shown that the sum of 
all the plane angles which contain the 
solid angles of any polyhedron isS — 2 
times 4 right angles. For, the plane 
angles of each face are together equal to 
twice as many right angles as the face 
has sides minus four right angles. 
Tlierefore, the plane angles of all the 
faces are together equid to twice as 
many right angles as ail the faces taken 
together have sides, minus as many 
times four right angles as there are 
faces. But the number of sides of the 
faces is 2 E, for the reason before men- 
tioned ; and F is the number of faces. 
Therefore, the sum [in question is equal 
to E — F times 4 right angles ; that is, 
because S — 2 =E — F, toS — 2 times 
4 right angles. 

Prop. 22. 

Through any two given points and a 
third upon the surface of a sphere, 
which do not lie in the circumference of 
the same great circle, there may be 
made to pass two equal and parallel 
small circles; that is, one of them 
through the first two given pfoints, and 
the other through me third given 
point ; and every spherical arc which is 
terminated by these circles shall be 
bisected by tne circumference of the 
great circle to which they are parallel. 




Let A and B be any two points upon 
the surface of a sphere, and C any third 
point, which does not lie in the circum- 
ference of the great circle passing 
through A and B. Through the two 
points A, B, and the point C, there may 
DC made to pass two equal and parallel 
small circles of the sphere. 

Let O be the centre of the sphere, 
and let c be the opposite extremity of 
the diameter COc, Then it is evident 
(IV. i.) that through the three points 
A, B, c there may be made to pass the 
small circle A B c, and through the point 



C the circle C D E parallel to A B 
(IV. 1 1 . Cor, 1 .). Let P be the common 
pole of the two circles, and join P C, P c. 
Then, because C c is a diameter of the 
sphere, P C and P c are arcs of the same 
great circle, and are together equal to a 
semicircumference. And, because the 
polar distances P C and P c of the circles 
ABc and C D E are together eaual to a 
semicircumference, the circles ABc and 
C D E, which have been made to pass 
through the two points A, B, and the 
point C, are equal to one another (3. 
Cor.). 

Next, let D B be any spherical arc 
which is terminated by these circles ; and 
let it be cut by the great circle F G H, 
to which they are parallel, in the point 
6: DG shall be equal to GB. Join 
DP; let the great circle D G B be com- 
pleted, and let its plane cut the plane of 
the great circle F G H in the diameter 
G Of , and the plane of the great circle 
D P m the diameter D O d Then, be- 
cause P D and P c{ are together equal 
to a semicircumference, and that the 
point D is in the circle ODE, the point 
d is in the circle ABc, which is equal 
to C D E, and has the same pole with it 
(3. Cor.). JoinOG, OB, Brf: and, 
because G O, B dare sections of parallel 
planes F G H, ABc by the plane 
D G B d, G O is parallel to B d (IV. 12.); 
therefore the angle D G is equal to 
the angle DdB, and the angled OG 
to the angle OB d (L 15.). But the 
angles OBd and OdB or DdB are 
equal to one another, because Od is 
equal to O B (L 6.) : therefore, also, the 
angle D O G is equal to the angle 
BOG (L ax. i.), and the arc D G to the 
arc GB (III. 12.). 
Therefore, &c. 

Cor. 1. It is shown in the latter part 
of the demonstration, that if there be 
two equal and parallel small circles, and 
if a great circle meets one of them in 
any point, it will meet the other in the 
opposite extremity of the diameter which 
passes through that point. 

Cor. 2. Hence if a great circle cuts 
one of two equal and parallel small cir- 
cles, it will cut the other likewise ; also 
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if it touched one of fhem, it will touch gle A B C shall be equal t© the triangle 
the other likewise. EBG. Let the circumference of the great 

Prop. 23. 

Lunular portions of surface, which 
are contained by equal spherical arcs 
fjoith the arcs of equal small circles of 
the same sphere^ are equal to one 
another; so also are the pyramidal 
solids, which fuwe these portions for 
their bases, and their common vertex 
in the centre of the sphere. 

Let A B C, D E F be equal small cir- 
cles, and let the spherical arcs AB, D£ 
contain with the small arcs A C B, D F E 
the lunular surfaces ACB, DFE ; then, 
if the arcs AB and DE are equal to one 
another, the surfaces A C B, D F E shsdl 
be likewise equal. 





Let P be the nearer pole of the circle 
ABC, and Q the nearer pole of the cir- 
cle D E F, and join PA, P B, Q D, Q E. 
Then, because the circles are equal to 
one another, the polar distances PA, QD 
are likewise equal (3.) : and, because 
the triangles P AB, Q D E have the two 
sides P A, P B equal to the two sides 
Q D, Q E, each to each, and the base 
A B equal to the base D E, the angle 
A P B is equal to the angle D Q E (15.). 
Therefore, if the pole P be applied to 
the pole Q, and the arc PA to the arc 
Q D. the arc P B will coincide with the 
arc Q E, and the points A and B will 
coincide with the points D and E respec- 
tively, and the arc AB with the arc DE, 
and the small arc A C B with the small 
arc DFE; and therefore the lunular 
surface ACB coincides with the lunular 
surface DFE, and is equal to it. And 
because these surfaces may be made to 
coincide, it is evident that the pyramidal 
solids, which have these surfaces for their 
bases, may likewise be made to coin- 
cide, and are equal to one another. 

Therefore, &c. 

Prop. 24. 

Spherical triangles, which stand upon 
the same base and between the same 
equal and parallel smcUl cirdes,are equal 
to one another. 

Let the spherical triangles ABC, 
^r.A u .^**"^ ,"P^° *^« same base B C, 
«moii "^^1° ^^ ^^^ equal and parallel 
Bmall circles AEF,BCG: the^trian- 



circle to which both AE F and B C Gr 
are parallel cut the arc A C in H; join 
BH, and produce it to meet the circumfe- 
rence AEFinD(22.Cor. 2.), and join AD. 
Then, because every spherical arc which 
is terminated by the circles A E F, B C G^ 
is bisected by the circumference of the 
great circle to which ttiey are parallel 
(22.), AH is equal to H C, and D H to 
H B ; and because the triangles HAD, 
HCB have the two sides HA, HD 
equal to the two sides H C, H B, each 
to each, and the included angles equal 
to one ^another (8. Cor. 1.), the base 
A D is equal to the base C B (13,) ; and, 
for the like reason, AB is equal to C D : 
therefore, the triangles ABC, C D A 
have the three sides of the one equal 
to the three sides of the other, each to 
each, and are equ^ to one another (20.) ; 
so that the quadrilateral A B C D is dou- 
ble of the triangle ABC. In the same 
manner, the quadrilateral E B C F may 
be described, which is double of the tri- 
angle E B C, and has its sides E F, F G 
equal to the sides BC, EB, each to each. 
And, because the spherical arcs AD and 
E F are each of them equal to B C, they 
are equal to one another : therefore, 
also, the chord AD is equal to the chord 
E F (III. 12. Cor. 1.) and the small arc 
A D to the small arc E F ; and, if the 
small arc E D is added to, or taken from 
them, the small arc A E is equal to the 
small arc D F ; and hence, again, be- 
cause the chords of these equal small 
arcs are equal, the spherical arc AE 
is equal to the sphericjd arc D F 
(III. 12. Cor. 1.). And, because the 
triangles ABE, D C F have the three 
sides of the one equal to the three sides 
of the other, each to each, they are equal 
to one another (20.) : but the lunular por- 
tions which are contained by the small 
arcs A E, D F with the equal spherical 
arcs AE, DF are likewise equal (23.): 
therefore, the remaining portions of the 
triangles A B E, D C F are equal to one 
another. Let each of these equals be 
taken from the whole surface included 
by the small arc AE F and the spherical 
arcs AB, B 0, C F» and there remains 
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the surface included by the small arc 
B F and the spherical arcs £ B, B 0^ 
GF, equal to the surface included by 
the small arc AD and the spherical arcs 
AB, BC, CD. To each of these equals 
add the equal lunular portions (^3.) which 
are contained by the small arcs fiF, 
A D, with the equal spherical arcs £ F, 
AD ; and the whole quadrilateral £BCF 
is equal to the whole quadrilateral 
A B C D. Therefore, because the haiyes 
of equals are ecjual, the triangle £ B G 
is equal to the triangle A B G. 

Tnereibre, &o. 

Cor. Hencei if equal triangles ABC, 
E B G stand upon the same base B G, 
and the same side of it, the points A, B 
and B, G lie in the circumferences of 
two equal and parallel small circles. 

For, if the arc B £ be produced to 
meet the circumference A D F in some 
point as £' (23. Cor, 2.)* and if £' G be 
joined, the triangle £' B will be ec^ual 
to the triangle A B G, by the proposition, 
and therefore likewise equal to the 
triangle E B 0, which is impossible, 
unless the point £' coincides with the 
point £. In fact, if the point £ were 
supposed td fall between the two circles, 
it is evident that a triangle £' B C might 
be found having its vertex £' in the 
circumference A D F, and including the 
vertex E of the briangle £ B C ; or if 
E were supposed to fall within the circle 
A D F, a triangle £' B G might be 
found haying its vertex £' in the same 
circumference, and included within the 
triangle E B G ; and in neither case 
could the triangle £' B G be equal to 
the triangle EBG, that is, to the triangle 
A B G, whereas^ by the proposition, 
such triangle E' B G must be equal to 
the triangle A B G. 

It may at first appear that the pre- 
ceding proposition does not apply to all 
triangles which stand upon the base 
B G, and have their vertices in the cir- 
cumference AEF; since the arc B A 
(for instance) may be produced to cut 
the circumference A E F a second time 
in a point A' which may be joined with 
the point G, and thus, apparently, a 
second triangle formed, which is greater 
thanABG: but, if the arc B A pro- 
duced cuts the circumference A E F in a 
second point A', the arc A'A B will be 
a semicircumference (22. Vw. 1.), and 
therefore the triangle which is appa- 
rently contained by A' B, BC, and A' G, 
is not a triangle (def. 9.) but a lune. 
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0/ equal spherieai triangles tmon the 
same base, the isosceles has ins least 
perimeter. 

Let A B 0, D B be two equal spheri- 
oal triangles upon the same base B G, 
and upon the same side of it, and there- 
fore also between the seme emial and 
parallel small circles A D E, B C F (24. 
C<ir,) ; and let the triangle A B G be 




isosceles, having the side A B equal to 
the side AG: the triangle ABC shall 
have a less perimeter than the triangle 

DBG. . , 

Let P be the nearer pole of the circle 
ADE; and therefore, also, the more 
distant pole of the circle B G F. Join 
P A, and through the point A draw the 
spherical arc GH at right angles to PA : 
then, because the arc P A, being less 
than a quadrant, is less than any other 
arc which can be drawn from P to G H 
(18. Cor. L) and that PD is equal to PA, 
the arc G H will cut the arc BD in some 
point H which is between D and B. 
Prom B draw the arc B G perpendicular 
to GH, and produce it to meet C A pro- 
duced in the point K ; and join H C, 
HK PB, PC. Then, because the 
spherical ti'iangles PAB, PAG have 
the three sides of the one equal to the 
three sides of the other, each to each, 
the angle P A B is equal to the angle 
PAC (15.) ; but the angle PAG is ectual 
to the angle PAH, because they are right 
angles ; therefore, the remaining angle 
B A G is equal to the remaining angle 
CAH or (8. Cor. 1.) KAG. And, because 
the triangles BGA. KG A have two an- 
gles of the one equal to two angles of the 
other, each to each, and the interjacent 
side GA common to both. G K is equal 
to GB, and AK to AB (14.). There- 
fore, because the triangles H Cx B, 
H G K have two sides of the one equal 
to two sides of the other, each to each^ 
and the included angles H Ct B, H U K 
equal to one another, H K » equal to 
HB (13.). But in the triangle HKG, the 
side KG is less thanH K and H C toge- 
tho" (9.) : therefore, A B and A C are 
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tofi:ether less than H B and H C. And 
HB, HC together are less than DB, DC 
together, because HC is less (9.)than DC 
and D H together. Much more, there- 
fore, are AB and AC together less than 
DB and DC together. Therefore, if 
B C is added to each, the perimeter of 
the triangle A B C is less than the peri- 
meter of the triangle D B C. 

Therefore, &c. 

Cor, Hence, of all triangles which 
are upon the same base, and have equal 
perimeters, the isosceles has the greatest 
area. For triangles, which have the 
same or a greater area than the isosceles, 
have greater perimeters. 

Prop. 26. 

If tv>o spherical triangles have ttoo 
sides of the one equal to two sides of 
the other^ each to each, and the angle 
which is contained by the two sides of 
the first equal to the sum of the other 
two angles of that triangle, but the an- 
gle which is contained by the two sides 
of the other not so ; the first triangle 
shall be greater than the other. 

Let the spherical triangles ABC, 
D E F have the two sides AB, BC equal 
to the two sides D E. E F, each to each, 
and let the angle AB C of the first tri- 




angle be equal to the sum of the other 
two angles B C A, B A C, but the angle 
D E F of the other not equal to the sum 
of the other two angles E F D, E D F • 
the triangle ABC shall be greater than 
the triangle D E F. 

Because the angle A B C is equal to 
the sum of the two angles B C A, B A C, 
let it be divided into the parts GBc| 
GBA, equal to them respectively, by the 
arc B G which meets AC in G. Draw 
the arc G H, bisecting the angle A G B, 
and let it meet AB in H . Then, because 
the angles GB C, GB A are equal to the 
angles G C B, G A B respectively, G C 
and GA are equal, each of them, to 
i^'B (1 1 .), and therefore, also, equal to one 
Gvi^h ^^^ because in the tiiangles 
GHA,G«Bthetwo sides GA, QH 



are equal to the two sides GB, 6H, 
each to each, and the included ansles 
equal to one another, AH is equid to 
H B, and the angle A H G to the angle 
BHG (13.). Now, through the two points 
B, C and the third point A let there be 
made to pass two equal and parallel 
small cirdes B C K and A L M (22.). 
And, because in arcs A B and A C, ter- 
minated by these circles, the points of 
bisection li and G lie in the circumfer- 
ence of the great circle to which they 
are parallel (22.), the arc G H is an arc 
of that great circle. Make the angle 
C B L equal to the angle FED, and let 
the arc B L cut the arc GH in N , and the 
circumference ALM in L (22. Cor. 2.); 
and join L C, N A. Then, because the 
triangles N H A, N H B have two sides 
of the one eaual to two sides of the other, 
each to eacn, and the included angles 
N H A, N H B equal to one another, 
the arc N A is equal ^o N B (13.) ; but 
NB is equal to N L, because the arc GH 
produced bisects every arc A L which 
IS terminated by the circles ALM, 
BCK; therefore N A is equal to N L : 
but N A and N B are together greater 
than AB (9.) j therefore, LB is likewise 
greater than A B. Therefore, if B Q be 
cut o£f from the arc BL produced, equal 
to A B or D E, the point Q will be be- 
tween L and B. Join QC: and, be- 
cause the triandes Q B C, D E F have 
the two sides QB, B C equal to the two 
sides D E, E F, each to each, and the 
included angles equal to one another, 
the third sides QC, DF are equal to one 
another (13.) ; and, consequently (20.), 
the triangle QBC is equal to the triangle 
DEF. But LB C is greater than QBC; 
and A B C is equal to L B C, because 
they are upon the same base BC, and be- 
tween the same equal and parallel small 
circles (24.)* Therefore, the triangle 
ABC is greater than the triangle DEF. 

Therefore, &c. 

Cor. Two given finite spherical arcs 
A B, B C, together with a third indefi- 
nite, inclose the greatest surface possi- 
ble, when placed so that the included 
angle ABC may be equal to the sum of 
the other two angles of the triangle 
ABC. 

This conclusion is analogous to that 
of III. 39. Cor. with regard to the 
greatest possible area which can be 
enclosed by two given finite straight 
lines with a third indefinite ; for, although 
the angle ABC included by the spherical 
arcs is not a right angle, it is equal to 
the sum of the other two angles of the 



VI. } 3.] GEOMETRY. 201 

triangle ABC, ^rhich is the case also the lune BAB' C, and the triangle ABC 

with the right angle of a right-angled has its surface always equal to a fourth 

plane triangle (1. 19. Cor, 3.). part of the surface of the sphere ; for it 

„ . |. IS measured by the difference of 2 B and 

Scholium. 2 B — 2 R, that is. by 2 R, and the 

In a triangle ABC which has one of sphere's surface by 8 R (21. Cor, 1.)- 
its angles AB C equal to the sum of the Itmaybeobservedthatasimilarcourse 
other two, the containing sides A B, B C of reasoning to that which is exhibited in 
are together less than a semicircumfer- Book III. Prop. 40, 41, 42, and 43, 
ence. For G, the middle point of AC, is founded upon this proposition, will lead 
the pole of a small circle passing through to the same conclusions with regard to 
A, B, and C, because G A, G B and G C the surfaces included by spherical poly- 
are equal to one another : and, because gons and circles of the sphere, which 
a spherical arc (9. Schol.) is the shortest are there stated with regard to the areas 
distance between two points along the of rectilineal figures, and circles on a 
surface of the sphere, the great arcs plane surface : viz. 
AB and B C are together less than l.Of all spherical polygons, contained 
the small arcs A B and B C, that is, bjr the same given sides, that one con- 
than the semi-circumference of a small tains the greatest portion of spherical 
circle : much more, therefore, are A B surface, which has all its angles in the 
and B C together less than the semi- circumference of a circle, 
circumference of a great circle. In fact, 2. A circle includes a greater portion 
when the given sides A B and B C are of the spherical surface than any sphe- 
together equal to a semicircumference, rical polygon of the same perimeter. 
B C coincides with BR, the polar diame- 3. The lunular surface, which is in- 
ter of the circle B CK, and because AC eluded by a spherical arc and a small arc, 
is always bisected by the circumference is greater than any other surface which 
of the great circle H G N, AG and is included by the same perimeter, of 
G C are in this case quadrants, and which the same spherical arc is a part 
consequently (19. Cor. 1.) A G C is at We may also infer from Prop. 25., that, 
rifi^ht angles to A B ; so Uiat A B C is of all spherical polygons having the same 
a lune, not a triangle, and equal to a numberof sides and the same perimeter, 
fourth part of the surface of the sphere, the greatest is that which has all its sides 
And wnen the given sides A B and B C equal and all its angles equal. For if a 
are together greater than a semicircum- spherical polygon A B C D £ have not 
ference, it is evident, without reference all its sides equal, and A B, A E be two 
to the figure, that a triangle may be adjoining sides which are unequal, a 
found which shall have AB, B (J for greater A' B C D E may be found with 
two of its sides, and differ by as little the same perimeter by describing upon 
as we please from half the surface of the the base BE the isosceles triangle 
sphere. For, in this case, if A B, B C A' B E, which has the y^ 
are placed in the circumference of the same perimeter with 
same great circle, that is, at an angie ABE. And, as above, ]3 
equal to two right angles, the arc A C if a spherical polygon I 
which completes the circle will be less have not all its an^es (;[ ^j^ 
than a semicircumference ; and if A B, lying in the circuftifer- ^* — y^ 
B C are placed at any angle less than ence of a circle, a greater ^ 
two right angles, the arc AC will be still may be found with the same sides, 
less (18.); therefore, if AB, BC are Therefore, none is greatest, but that 
placed at any angle less than two right which has all its sides equal, and all its 
angles, A C being joined will complete angles lying in the circumference of a cir- 
a spherical triangle (def. 9.), and this cle, that is, which has all its sides ec^mX 
triangle will differ less and less from and all its angles equal; and, since 
the hemispherical surface, as the an- there is evidently some greatest, the 
gle ABC approaches to two right greatest is that which has all its sides 
angles. equal and all its angles equal. 

In a tnangle AB C of this kind, the Prop. 27. 

angle ABC, which is equal to the sum „ . . , V ', . , 

of the other two, is always greater than Spherical pyrarrnds, which stand upon 

a right angle, because the three together equal bases, are equal to one another s 

are greater than two right angles (10). It *o, likewise, are their solid angles. 

isworthy of notice, also, that the triangle First, let the bases of the pyramids 

B' A C, ^hich is the difference between be equal triangles, which have one side 
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of the one equal to one nde of the other, 
and let the equal sides he made to coin- 
cide, so that the triangles A B C, £ B 
(in the figure of Prop. 24.) may repre- 
sent the hases of the pyramids. Then 
the triangles AB C. E B C, being equal 
to one another, lie between the same 
equfld and parallel small circles, and 
may be completed (as in Prop. 24.) into 
the quadrilaterals A B C D, E B C F. 
And it may be shown, as in the same 
proposition, that the triangles EAB, 
FD O have the three sides of the one 
equal to the three sides of the other, 
each to each, and therefore may be 
made to coincide (15.) t wherefore, also, 
the pyramids, which have these triangles 
for their bases, may be made to coincide, 
and are equal to one another. And hence, 
as in Prop. 24., it was demonstrated, 
by the addition and subtraction of the 
lunular portions of surface, that the qusr 
drilateral A B C D is equal to the Quadri- 
lateral EBCF, so, here, it may be demon- 
strated, by the addition and subtraction 
of the pyramidal solids (23.), which have 
these lunular portions for their bases, 
that the pyramidal solids, which have for 
their bases the quadrilaterals A B C D 
and EBCF, are equal to one another. 
But, because the triangles A B C, C D A 
have the three sides of the one equal to 
the three sides of the other, each to each, 
in the same order, they may be made to 
coincide ( 1 5.)» and therefore the pyramids 
which have these triangles for their 
bases may be made to coincide, and are 
equal to one another ; and each of them 
is thfe half of the pyramidal solid which 
has the quadrilateral A B C D for its base. 
And in the same manner it may be 
shown, that each of ti^e pyramids on the 
triangular bases, E B C, C F E is the 
half of the pyramidal solid on the 
quadrilateral base EBCF. Therefore, 
because the halves of equals are equal, 
the pyramid upon the base A B C is 
equal to the pyramid upon the base E B 0. 
Next, let the bases of the pyramids 
be any equal triangles ABC, KLM. 





^ L M M 




From LK or L K produced cut off L K' 
equal to B A, and let the triangle K' t W 



be taken equal to the triangle AB C or 
KLM, and join K' M. Then, by the 
former case, the pyramids upon the 
bases A B C, K' L M' are equal to one 
another. And, because the triangle 
K' L M' is equal to the triangle KLM, 
the triangles K' M M' and K K' M 
which have the common side K' M are 
likewise equal; therefore, by the first 
case, the pyramids, which have these 
triangles for their bases, are equal to one 
another ; and, these being added to, or 
taken from, the pyramid upon the base 
K' L M, the whole or remaining pyra- 
mid upon the base K' L M' is equal to 
the whole or remaining pyramid upon 
the base KLM, that is to the pyramid 
upon the base ABC. 

Lastly, let the bases of the pyramids 
P, P' be equal polygons. Let a triangle 
be found which is equal to one, and 
therefore also to the other of the 
polygons, and let Q be the pyramid 
which has this triangle for its base. 
Then, because this triangle is' equal to 
the base of the pyramid P, it may be 
divided into triangles which are equal 
respectively to the triangles into which 
the base of P is divisible. And it has 
been already shown that pyramids which 
have equal triangles for their bases are 
equal to one another ; and the sums of 
equals are equal ; therefore, the pyra- 
mids P and Q are equal to one another. 
In the same manner it may be shown that 
the pyramids P' and Q are equal to one 
another. Therefore P is equal to P'. And 
it is evident that what has been shown 
with regard to spherical pyramids, being 
derived Irom coincidence, may be shown 
equally of theil* solid angles at the cen- 
tre of the sphere. 

Therefore, &c. 

Pkop. 28. 

Any two spherical pyramids are to 
one another as their bases; and the 
solid angles qf the pyramids are to one 
another in the same ratio. 

Let P, P' be any two spherical pyrib. 
mids, and let B, B' be their bases : the 
pyramid P shall be to the pyramid F 
as the base B to the base B'. 

For if the base B' be divided into any 
number of equal parts, then, because 
pyramids which stand upon equal bases 
are equal to one another, the pyramid F 
will be divided into the same number of 
equal parts by planes passing through 
the arcs of division (27.) ; and if the base 
B contain exactly, or with a remainder, 
a certain number of parts equid to the 
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former, the pyramid P will contain 
exactly, or with a remainder, the same 
number of parts equal to the latter (27.): 
therefore, P is to F as B to B' (II. 
def, 7.) 

And the same may be said of the solid 
ansrles. 

therefore, &c. 

Cor, Every spherical pyramid is equal 
to the third part of the product of its 
base and the radius of the sphere. 

For, if the whole sphere be divided 
into spherical pyramids, these pjrramids 
will be to one another as their bases ; 
and, therefore, any one of them is 
to the sum of all, as the base of that one 
to the sum of all the bases (II. 25; 
Cor. 3.) • that is, any pyramid is to the 
whole sphere as its base to the surface 
of the sphere. Therefore, any pyramid 
is to the whole sphere as the product of 
its base and the radius of the sphere to 
the product of the whole surface and 
radius (IV. 26.) ; and because, in this 
proportion, the second term is equal to 
the third part of the fourth (V. 17.). the 
first term is likewise equal to the third 
part of the third (II. IB. and II. 13.). 

Sckolium, 

Hence it appears that every solid 
angle is measured by the spherical sur^ 
face which is described with a given 
radius about the an fular pointy and in- 
tercepted between its planes* For it is 
shown in the proposition that any two 
solid angles are to one another as these 
surfaces. 

This measure bears an obvious ana- 
log to the measure of a plane ande, as 
stated in the Scholium at Book III. 
Prop. 13. The anfi:ular unit of the latter 
measurenient is the right angle; into 
four of which the whole angular space 
about any point in a plane is divided by 
two straight lines drawn at right angles 
to one another ; and each right angle is 
measured by a quadrant, or fourth part 
of the circumference of a circle described 
about that point with a given radius. 
In like manner, if, through a point in 
apace, three planes be made to pass at 
r^ht angles to one another, they will 
divide the whole angular space about 
that point into e^ht solid right angles^ 
each of which (a solid angular unit) is 
measured by an octant, or eighth part of 
the surface of a sphere described about 
that point with a given radius. 

Thus, then, the plane angles, dihedral 
angles, and magnitude of a solid angle, 
which has three or a greater number of 



feces, are represented, upon the surface 
a sphere described about the angular 
point, by the sides, angles, and surface 
of a spherical triangle or polygon : and 
whatever has been stated with regard to 
the latter may be understood likewise of 
the former. It is shown (for instance) 
in Prop. 13. that if two solid angles, each 
of which is contained by three plane an- 
gles, have two plane angles of the one 
equal to two plane angles of the other, 
each to each, and likewise the dihedral 
angles contained b)r them equal to one 
another, the remaining plane and dihe- 
dral angles of the one shall be equal to 
the remaining plane and dihedral angles 
of the other, each to each. And, gene- 
rally, all c[uestions which relate to solid 
angles will be placed in the clearest 
view before us, when we contemplate 
only their representation and that of 
their parts, upon the surface of the 
sphere. 

Sbction 4. — Problems. 

In the solution of the following pro- 
blems, it is assumed, 

1. That of any two points, which are 
riven upon the surface of a sphere, the 
direct distance may be obtained ; and, 

2. That from any given point as a 
pole, with any given distance less than 
a semicircumference, a circle may be 
described upon the surface of a sphere. 

We may observe, however, thaj the first 
assumption is only used in Prob. 1 to 
obtain the diameter of the sphere ; and, 
therefore, if the diameter is supposed to 
be given, it may be dismissed as unne- 
cessary. Constructions made within 
the sphere are excluded. 

Prop. 29. Prob. 1. 

To find the diameter of a given 
sphere AB CD. 

From any point A, as a pole, with any 
distance AB, describe the circle BCD; 

-A. 





in the circumference BCD take any 
three points B, C, D ; describe the plane 
triangle bed with its sides 6,c, cd^bd 
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equal to the direct distances B C, CD, 
B D respectively ; find e the centre of 
the circumscribing circle (III. 59.)» and 
join e b ; from the point e draw ea per- 
pendiciQar to 6, and from the centre 
0, with a radius equal to the direct dis- 
tance B A describe a circle cutting e a 
in a ; produce a e to /, and from b draw 
i/jirpendicular to ia (1.44.) to meet 
af in /.• a/ shall be equal to the dia- 
meter of the sphere. 

For, if O be the centre of the sphere, 
and the diameter A O F be drawn cut- 
ting the plane B C D in E, and £ B be 
joined, A F will be the axis (def. 3.), 
and therefore (1.) the point E the centre, 
of the circle BCD, and the angle A E B 
will be a right angle. Also, EB is equal 
to e b, because the triangles BCD, bed 
may be made to coincide, and, then, the 
points E, e being, each of them, the 
centre of the same circumscribing circle, 
will likewise coincide. Therefore, be- 
cause in the right-angled triangles AEB, 
aeb, the hypotenuse A B is equal to 
the hypotenuse ab, and the side EB 
to the side e b, the angle B A E is equal 
to the angle ^a 6 (I. 13.). Join AB, 
B F, O B. Then, because O B is equal 
to the half of A F, the angle A B F is 
a right angle (I. 19. Cor. 4.); and, 
because, in the right-angled triangles 
ABF, abf, the side AB and angle 
B A F are equal respectively to the side 
a b and angle b a/, the hypotenuses A F 
and a/ are equal to one another (I. 5.), 
and af^is equal to the diameter of the 
• sphere. 

Therefore, &c. 

Cor, Hence, a sphere being given, 
the quadrant of a great circle may be 
found ; for it is ec^ual to the quadrant 
of the circle which is described upon the 
diameter af. 

Prop. 30. Prob. 2. 

Any point A being given upon the 
surface of a sphere, to find the opposite 
extremity of the diameter which passes 
through that point. 

From the pole A, 
with the distance of 
a quadrant, (29. 
Cor.) describe a 
spherical arc PQ 
(5.) ; and, from any 
two points P, Q of 
this arc, as poles, 
with the same dis- 
tance, describe two 
great circles passing through A, and 
cutting one another again in the point a. 





Then, bedause^the planes of any two 
great circles cut one another in a dia* 
meter of the sphere, the points A, a are 
opposite extremities of a diameter. 

Therefore, &c. 

Prop. 31. Prob. 3. 

To join ttpo given points A, B upon 
the surface of a sphere. 

From the pole A, 
with the distance 
of a quadrant (29. 
Cor.), describe a 
great circle, and 
from the pole B, 
with the same dis- 
tance, describe a 
great circle cut- 
ing the former in the point P. From P 
as a pole, with the same distance, de- 
scribe the arc A B. Then, because AB 
is the arc of a great circle (5.) described 
between the points A, B, it joins those 
two points on the surface of the sphere 
(def. 5.). 

Therefore, &c. 

Cor. In the same manner, any sphe- 
rical arc being given, the great circle 
may be completed of which it is a part. 
Prop. 32. Prob. 4. 

To bisect a given spherical arc A B« 

From the pole A, with 
the distance A B describe 
a circle, and from the pole 
B with the same distance 
AB or BA describe a cir- 
cle cutting the former chr- 
cle in the points C, D. 
Join CD (31.) and let it cut 
A B in E. AB is bisected 
inE. 

See Book I. Prop. 43. 

Therefore, &c. 

It must here be observed that al- 
though the points C, D are determined 
by the intersection of small circles, the 
arcs CA, CB, CD, DA, DB, which are 
the sides of the spherical triangles in the 
demonstration, are portions of great cir- 
cles; and the same remark applies to 
some subsequent problems. 

Cor. In the same manner, a spherical 
arc C D may be drawn which shall bi- 
sect any spherical arc A B at right an- 
gles. 

Prop. 33. Prob. 5. 

To draw an arc, which shall be per' 
pendicular to a given spherical arc AB, 
from a given point C tn the same. 

FromCB, orCB j^^ 

produced, cut off CP 
equal to a quadrant, ^ | ^ 

and from the pole P, A . c D ^ 
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with the distance PC, describe the spheri- 
cal arc CD. Then, because PC is 
drawn from the pole of a great circle 
C D to the point C in that circle, P C 
is at right angles to CD (5.) ; or, which 
is the same thing, C D is at right angles 
toPCor AB. 
Therefore, &c. 

Prop. 34. Prob. 6. 

To draw an arc, tthich ihall be per^ 
pendicular to a given spherical arc AB, 
/hmi a given point C without it, 

fVom the pole C, 
with the distance of 
a quadrant, describe 
a great circle, cut- 
ting AB or AB pro- 
duced in P, and from 
the pole P, with the same distance, de- 
scribe the spherical arc C D. For the 
same reason as in the last problem, C D 
is the perpendicular required. 

Therefore, &c. 

Prop. 35. Prob. 7. 

To bisect a given spherical angle 
BAG. 

In A B take any point 
B: make A C equal to 
A B, and join B C ; from 
the poles B, C, with the 
common distance B C, 
describe two spherical 
arcs cutting one another 
in D, and join A D (31.). 
AD is the bisecting arc 
required. See Book I. Prop. 46. 

Therefore, &c 

Prop. 36. Prob. 8. 

At a given point A, in a given arc 
AB, to make a svherical angle equal to 
a given spherical angle C. 

From the pole C, with the distance of 
a quadrant, describe a circle cutting the 
sides of the given angle in the points 



Prop. 37. Prob. 9. 





D, E ; and from the pole A, with the 
same distance, describe a circle B FG 
cutting A B in B ; from B F G cut off 
BF equal to DE, and join AF (31,). The 
angle B A F is equal to the given angle 
C ; for they are measured by equal arcs 
B F, D E (6.) 
Therefore, &c. 




To describe a circle through three 
given points A, B, C, upon the surface 
qf a sphere. 

Join (31.) AB and 
AC, and bisect them 
at right angles (32. 
Cor.) with the arcs 
DP, EP, which meet 
one another in the 
points P, P'. From 
either of these points, 
P, as a pole, with the 
distance PA.describe 
a circle. It shall pass throusrh the other 
two points B and C. ForPB is equal to 
PA, because the triangles P D B, P D A 
have two sides of the one equal to two 
sides of the other, each to each, and the 
included angles P D A, P D B equal to 
one another (13.); and in the same man- 
ner it may be shown that PC, likewise, 
is equal to P A. 

Therefore, &c. 

Cor. In the same manner, the poles 
P, P' of any given circle ABC may be 
found. 

Prop. 38. Prob. 10. 

Through two given points A, B, and 
a third point C on the surface of a 
sphere^ to describe two equal and paral- 
lel small circles ; the points A, B, C not 
lying in the circumference qf the same 
great circle. 

f Join A B, and draw D E bisecting it 
at right angles in the point D (32. Cor,) ; 
find A' the opposite extremity of the 
diameter which passes through A (30.) ; 
join A' C (31.), and bisect it at right 
angles with the arc FP which meets 
D E in the points P, P' (32. Cor,) ; 
join PA, P C, and from the pole P with 




the distances PA, PC descril)e two 
small circles AGH and CKL: the 
former shall likewise pass through the 
point B, and they shall be the two equal 
and parallel small circles required. 

For, if P A and P B be joined, they 
will be equal to one another, beca use 
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the triangles PDA, PBB have two 
sides of the one equal to two sides of 
the other, each to each, and the included 
angles PD A, PD B equal to one ano- 
ther (13.)* And, for the same reason, if 
PA 'and PC are joined, PA'.wiU be equal 
to PC. But PA and P A' are together 
equal to a semicircumference, because 
A A' is a diameter of the sphere. There- 
fore, P A and P C are together equal to 
a semicircumference ; and, consequently 
(3. Cor.), the parallel circles AGIl, 
C KL are ec[ual to one another. Also, 
because PA is equal to .P B, the cirele 
A 6 H passes through the point B, 
Therefore, Sec. 

Prop. 39. Prob. 11. 

To describe a triangle which shall he 
equal to a given spherical polygon, and 
shall have a side and adjacent angle the 
same with a given side AB and aqjacent 
angle B of the polygon. 

First, let the given 
polygon be a quadri- 
lateral A B C D. 
Through the two 
points A, C, and the 
third point D, describe two equal and 
parallel small circles (38.), and let the 
arc B C, which cuts one of them in C, 
be produced to cut the other in E ("22. 
Con2.), andjoinAE,AC (31.). Then, 
because the triangles A C D, A C E lie 
between the same equal and parallel 
small circles, they are equai to one ano- 
ther ; and, therefore, the triangle ABC 
being added to each, the triangle ABE 
is equal to the quadrilateral A B C D. 

Next, let ABCDEF be the given 
polygon. Join A CAD. Make, as in 
the tormer case, the triangle ADG equal 
to the quadrilateral 
A D E F, the trian- 
gle A C H equal to 
the quadrilateral 
ACDG, and the 
triangle ABK equal 
to the quadrilateral 
ABCH. It is evi- 
dent that the triangle A B K is equal to 
the polygon ABCDEF. 

And, m each case, the triangle de- 
scribed has the same side AB and angle 
B with the given polygon. 

Therefore, &o. 

Prop. 40. Prob. 12. 

€Hven two spherical arcs A B and Q, 
which are together less than a semicir- 
cumference ; to place them so, that, with 
a third not given, they may contain the 
greatest surface possible. 





BiMct AB to a, 

(82.), and produce 

HAtoP, so that 

HP may be equal 

to a quadrant ; 

fimm the pole P, 

with the distance 

PB, describe the 

small circle BCK, 

and from the pole 

B, with the distance Q, describe a circle 

cutting the circle B C K in C. Join 

AC, B C. The triangle ABC shall be 

the triangle required. 

For, if; with the distances P A, PH, 
there are described from the pole P the 
small circle A L M and the great circle 
H G N, the latter cutting the arc AC in 
G, the circles A L M and B C K will be 
equal to one another, because the dis- 
tances PA, PB are together equal to 
twice the quadrant PH (I. ax. 9.), that 
is, to a semicircumference (3. Cor,) ; and 
they are parallel because they have the 
same poles ; and HGN is the great circle 
to which they are parallel; therefore, 
AG is equal to GO (22.). But, because 
P is the pole of the great circle HGN, 
PH is at right angles to H G (5.) ; and, 
because the triangles GHA, GHB 
have two sides of the one equal to two 
sides of the other, each to each, and the 
included angles G H A, G H B equal to 
one another, G B is equal to GA or G C 
(13.). Therefore, because in the isosceles 
triangles GAB, GBC, the angles GBA, 
GBC are equal to the angles GAB, 
GCB respectively (11.), the whole angle 
A B C of the triangle A B C is equal to 
the sum of the two angles CAB, ACB ; 
wherefore the triangle ABC is the 
greatest that can be formed with the 
two sides A B, B Q, or the greatest that 
can be formed with the given 8i4es A$ 
and Q (26. Cor,). 

Therefore, &c. 

Prop. 41. Prob. 18. 

Through a given point A to describe 
a great circle, which shall touch two 
given equal and parallel small circles 
BCD, EFG, 

Find the point P which is the com- 
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mon pole of the circles B C D, E F G 
(37. dor,)t and join PA(3l.): from the 
pole P. with the distance P A, describe 
a circle, and from the point H, in which 
P A cuts the circle BCD, draw H K at 
right angles to PA (33.), and let it cut the 
circle, which was described through A, 
in K : join PK (31.), and let it cut the 
circle B C D in L : the great circle A L / 
which passes through the points A and 
L shall be the great circle required. 

For, because in the triangles P H K, 
PL A, the two sides PH, PK are 
equal to the two sides P L, P A, ana 
the included angle LPH common to 
both triangles, the angle P L A is equal 
to the angle P H K, (13.) that is, to a 
right angle ; and the arc P L is less than 
a quadrant ; therefore, P L is the least 
arc which can be drawn from the point 
P to the circle A L/ (18. Cor, 1.), and if 
L P be produced to meet the circle in /, 
P / is the greatest. But every point of 
the circle B C D is at the distance P L: 
and every point in the equal circle £ F G 
at the distance P /, because P / and P L 
are together equal to a semicircum- 
ference (3. Cor.), Therefore, the circle 
ALM, which has been described through 
the given point A, touches the given 
circles BCD and £ F G in the points L 
and /. 

Therefore, &o. 

Prop. 42. Prop. 14. 

7b inscribe a circle in a given ^^heri- 
cal triangle ABC. 

Bisect the angle ABC with the arc BP, 
and the angle A C B with the arc C P 
which meets the former arc in P (35.); 
from P draw P a pe^^ 
pendicular to B C 
(34.) ; make B c equal 
to B a, and C b equal 
to C a, and join P c, 
P6. Then, because the 
triangles P B a, P B c 
have two sides of the 
one equal to two sides 
of the other, each to each, and the in- 
cluded angles PBa, PB c equal to one 
another, P c is equal to P a (13.), and the 
angle PcB to the angle Pa B, that is, 
to a right angle: therefore, the circle 
which is described from the pole P, with 
the di8tance P a, will touch A B in the 
point c (18. Cor. 1.). And, in the same 
manner, it may be shown that the same 
circle will touch A C in b. Therefore, 
from the pole P, with the distance P a, 
describe the circle abc; and it will be 
the circle required, Therefore, 8(c, 
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The constructions in this section have 
little or no practical utility, and have, 
accordingly, l)een added rather with a 
view to illustrate the analogies of Plane 
and Spherical Geometry, than to furnish 
vulei for practice. Some of these we 
have alread3r had occasion to notice, 
and others will have offered themselves 
to the reader ; who will readily perceive 
that these striking ooints of resemblance 
(or, as he may be aisposed to call them, 
of identity) are to he ascribed to the cir- 
cumstance, that spherical triangles, 
when their sides are but small portions 
of great circles, and consequently their 
surfaces small in comparison with the 
surface of the sphere, become more and 
more nearly plane, their sides more and 
more nearly straight lines, and the sum 
of their angles (the excess of which 
above two right angles bears the same 
ratio to eight right angles (21 Cor, 1.) 
as the surface of the triangle to the 
surface of the sphere) more and more 
nearly equal to two right angles. Thus 
every plane triangle may be regarded 
as a spherical triangle upon the sur- 
face of a sphere, the radius of which 
is indefinitely great ; and in this way 
of viewing the subject, the properties of 
plane triangles resemble those of sphe- 
rical triangles, only as a particular case 
the gener^ one in which it is included. 

But it may be asked, has the term 
similar, which introduces us to so wide 
a field in Plane Geometry, any place 
in Spherics? Not in propositions 
which have reference only to the sur- 
face of one and the same sphere. 
Similar figures upon the surface of the 
same sphere are likewise equal to one 
another, and may be made to coincide. 
But, when we consider the surfaces of 
different spheres, and compare the fi- 
gures which are formed upon them, 
here again we shall find room for the 
application of the term in its full and 
peculiar sense. Thus, similar spherical 
triangles are such as are contained b^ 
similar arcs upon the surfaces of dit- 
ferent spheres. It is easy to perceive 
that such triangles are equiangular, and 
have their sides about the e(^ual angles 
proportionals; and that their surfaces 
bear the same ratio to one another as 
the surfaces of their respective spheres, 
and, therefore, are to one another as the 
squares of the radii of the spheres, or 
as the squares of the arcs which are 
homologous sides of the triangles. 
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Part I. — Of Projection by Lines diverging and by Lines parallel. 
Part II. — Of the Plane Sections of the Right Cone, or Conic Sections. 
Part III. — ^Plane Sections of the Oblique Cone, of the Right Cylinder, and of the 
Oblique Cylinder. 



Part I. — Of Prqfection by Lines di- 
verging and by Lines parallel. 

It is not here intended to enter at large 
upon the subject of perspective, or to 
anticipate in any manner the rules by 
which it affords such material assistance 
to the draughtsman and artist. We 
propose, on the contrary, no more than 
the explanation of a few terms, and the 
statement of a^ few theorems, occasion- 
ally serving to simplify the consideration 
of lines in different planes, and which 
will be of immediate service in the ac- 
count which will be subsequently given 
of the general properties of the conic 
sections. 

Def. 1. Let AB 
be a plane given 
in position, and V 
a given point with- 
out it; then, if 
through any point 
P a straight line 
is drawn from V 
to meet the plane 
AB in p, the point 
pis called the p^- 
spective prqjec' 
Hon of the point P upon the plane A B. 

The plane A B is called the plane of 
prqfection, the point V the vertex, and 
the plane £ F, which is drawn through 
the point V parallel to A B, the vertical 
plane, 

2, Let AB be a plane given in posi- 
tion, and C D a straight line given in 
position, not parallel to the plane A B : 
then, if through 
any point P a 
straight line is 
drawn parallel to 
CD to meet the 
plane AB in p, 
thepointpiscalled 
the orthographic 
projection of the 
point P upon the 
plane AB. 

The straight line C D is called the 
direction^ and the plane A B, as before, 
the plane of projection. 

3. A line P Q is said to be projected, 
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either perspecttvely or orthographicallyy 
upon a given plane A B, when all its 
points are so projected; and the line 
p q which contains the projections of the 
latter is called the perspective (fig. of 
def. 1,) or orthographic (fig. of def. 2.) 
prqfection of the line P Q. 

4. A figure P Q R is said to be pro- 
jected, either perspectively or orthogra- 
phically, upon a given plane A B, when 
all its containing lines are so projected ; 
and the figure pqr, which is contained 
by the projections of the latter is called 
the perspective (fig. of def. 1.) or ortho- 
graphic (fiff. of def. 2,) prqfection of the 
figure P Q R. 

5, Any point, line, or figure is called 
an original point, line, or figure with 
reference to its perspective or orthogra^ 
phic projection. 

Thus, in the figures of def. 1. and 
def. 2,, the point P is called the original 
of the point p, the line P Q the original 
of the hne p q, and the figure P Q R the 
original of the figure pqr. 

It is almost needless to observe that 
in these definitions the planes £ F and 
A B, ^although they necessarily appear 
circumscribS in the figures, are consi- 
dered to be of unlimited 'extent; and 
the same is to be understood in the fol- 
lowing propositions. 

Prop. 1. 

In perspective prqfection, no point in 
the vertical plane E F can be projected 
from the vertex V upon the plane of 
prqfection A B ; but, of every point 
which is not in that plane, the prqfection 
may be found upon the plane A B. 

For, the straight 
line which is drawn 
from the point V 
through any point 
in the plane £ F, 
can never meet the 
plane A B ; be- 
cause it lies en- 
tirely in the plane 
EF, which isparal- 
leltoAB. There- 
fore, no point in the plane E F can be 
projected from V upOn the plane A B. 
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But, if P be a point which is not in 
the plane E F, draw V O perpendicular 
to the plane A B (IV. 36.)> and let the 
plane PV O cut the parallel planes £ F 
and A B in the strais^ht lines V M and 
ON respectively. Then, because the 
sections of parallel i)lanes by the same 
plane are parallel straight lines (IV. 12.)> 
VM is pandlel to ON ; and, because VIVE 
is parallel to O N, and that V P cuts 

V M in V, V P may be produced to cut 
ON in some point/; (1. 14. Cor, 3.) ; but 
if it cuts N in any point, it must cut 
the plane AB in the same point, because 
O N lies in that plane : therefore/?, the 
projection of the point P (det !•)> may be 
found. 

Therefore, &c. 

Cor. It is shewn in this proposition, 
that if a straight line cuts one of two 
parallel planes, it may be produced to 
cut the other likewise. 

Prop. 2. 

The perspective prof eciion of a straight 
line is a straight line; and if any point 
of the origitud straight line be tn the 
vertical plane, the straight line which 
is its projection shall be of unlimited 
extent. 

Let AB be the 
plane of projec- 
tion, V the veiv 
tex, P Q any 

straight line, and 
pq its projec- 
tion : p q shall 
likewise be a 
straight line. 

Because the 
points of pq lie 
in straight lines 
drawn through 

V and the cor- 
resDpnding points of P Q, and that 
P Q is a straight line, the points of p q 
lie in the plane VPQ. But they lie 
also in the plane A B. Therefore they 
lie in the common section of the planes 
VPQ and A B, that is (IV. 2.), m a 
straight line. 

Also, if any point M of the original 
straight line Q P M lie in the vertical 
plane E F ; the straight line qp, which 
is its projection, shall be of unlimited 
extent towards p. For the projection 
of the point M cannot be found upon 
the plane AB (1.) ; and every point in 
qp produced is the perspective projec- 
tion of some point of Q PM, because the 
straight line which is drawn from it to 




209 

the vertex V cuts Q P M in some point 
between Q and M. 

Therefore, &c. 

Cor. 1 . It is supposed in the propo- 
sition that the original straight line P Q 
does not pass through the vertex V ; 
for, in this case, it is evident that all its 
points have for their projections the sin- 
gle point in which it cuts the plane of 
pr(»ection. 

Cor. [2. The perspective projection 
of any given straight hne is a part of the 
common section of two planes, viz. the 
plane which passes through the vertex 
and given straight line, and the plane of 
prpjection. 

Cor. 3. The perspective projection of 
a straight line which is parallel j to the 
plane of projection, is parallel to its ori- 
ginal (IV. 10.) 

Cor. 4. The perspective projection of 
a straight line whicn is not parallel to 
the plane of projection, shall pass, if 
procfuced, through the point in which a 
parallel to the original drawn through the 
vertex cuts the plane of projection. For 
such parallel is m the plane which passes 
through the vertex and the original 
straight line, and consequently the point 
in which it cuts the plane of projection 
is in the common section of the two 
planes. 

Cor, 5. If the original straight lino 
cuts the vertical plane, in the point M, 
so that one part, as K M, lies upon 
one side of that plane, and the otner 
part, as M P Q, upon the other side of 
it, the projections of the two parts shall 
together make up the whole of a straight 
line infinitely produced both ways, ex- 
cept only the nnite interval k q between 
the projections of its extreme points K 
and Q. 

Cor. 6. And if such original finite 
straight line K M P Q be infinitely pro- 
duced both ways, the projections of the 
produced parts shall together make up 
the finite interval k q between the pro- 
jections of its extreme points K and Q. 
For, if V t be drawn parallel to K Q 
to meet the plane A B in t, the projec- 
tion of every point in the part produced 
beyond K will be found between k and 
t, and the projection of every point in 
the part produced beyond Q between 
q and t. 

Prop. 3. 

7%!? perspective project ions of parallel 
straight lines, which are likewise paral^ 
lei to the plane of projection, are parallel 
straight lines. 

Let A B be the plane of projection^ 
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V the veriiex, P Q and P Q' any two 

parallel straight lines, which are like- 
wise parallel to the pl^e AB, and p q 
and p'q' their pro- ^ 

iections : p q snail 
be paralld U>f/g[. 
Because P Q is 
parallel to the /r/ 

plane A B, the pro- ^J 
jection p a is pa- 
rallel to P Q (2. 




Car, 3.) andi for 
the like reason, 

p'q^ is parallel to P'Q'. Again, be- 
<sause p q and P' Q' are each of them 
paraUd to FQ, pq is parallel to FQ' 
(IV* 6.) ; and, because p q and p' g' are 
each of them parallel to P' Q% p9 is 
parallel to f/ q'. 

And in the same manner it may be 
ahewn that if there are any number of 
parallel straight lines which are likewise 
{parallel to the plane A B, their perspec- 
tive projections shall be parallel to one 
another. 

Therefore, &c. 

Prop. 4* 

T%e perspective projections ofparaUel 
straight lines, which cut the plane of 
projection, are straight lines, tvhich are 
not parallels, but which pass, whenprO' 
duced, all of them, through one ana the 
same point, the point, namely, in which 
a straight line araton through the vertex 
parallel to the original straight lines, 
cuts the plane of projection. 

Let A B be the 
I)lane of projec- 
tion, V the vertex, 
t>Q and F Q' 
any two paral- 
liel straight lines 
which are not pa- 
yaJlel to the plane 
AB, and|7g and 
p/ q' their projec- 
tions ; also let VC be drawn through the 
point V parallel toP Q to meet the plane 
A B in C ; the straight lines pq, p'cf 
produced, shall, each of them, pass 
through tiie point C. 

Because straight lines which are pa- 
rallel to the same straight line are pa- 
rallel to one another (Iv.6.) VC, which 
is parallel to PQ,isparallelalso toFQ'. 
But it has been already shown (2 Cor, 
4.) that the perspective projection of a 
straight line which is not parallel to the 
plane of projection, passes through the 
point in which a parallel to it drawn 
through the vertex cuts the planer of 



projection. Therefore, because V is 
parallel both to P Q and F Q', the pro- 
jections p q and pf £p pass both of thein 
through the point C. And in the same 
manner, it may be shown that the pro- 
jection of any other straight line which 
u parallel to P Q, passes through the 
same point C; for such straight line 
is likewise parallel to V C (IV. q.). 
Therefore, &c. 

Prop. 5. 

Tht perspective prqfectionef a curved 
Hne* is a curved line ; a$id, if any point 
of the original curve be in the vertical 
plane, the curve which is its projection 
shall haioe an arc of unlimited extent 
corresponding to the arc of the original 
curve which is terminated in that 
point. 

Let A B be the plane of projection, 
Vthe vertex, PQk any curved line, 
and p g r its projection : pqr shall like- 
wise be a curved line. 





For, if any part of pqr, as pq, be 
a straight line, then, since P Q is the 
perspective projection of p 9 upon the 
plane P Q R (def. 1.), PQ must likewise 
be a straight line (2.), which is contrary 
to the supposition. Therefore, no part 
of p g r is a straight line, that is, p g r is 
a curved line (I. def. 6.). 

Also, if any point M of the curve 
P Q R lies in the vertical plane E F, the 
projection pqr shall have an arc of un- 
limited extent corresponding to the arc 
M P, which is terminated in M. 

Let N be any point in the arc M P, 
and let V N be joined and produced to 
meet the plane AB in n, which is there- 
fore (def. 1.) the projection of the point 
N : from V draw V O perpendicular to 
the plane AB (IV. 36.), and from N 
draw N T perpendicular to the plane 

• The whole of which (it is also understood) lies in 
one plane. For, if the parts of a carve lie in different 
planes, of which one or more pass through the vertex 
of projection, the projections of the corresponding 
parts will be straight lines» (see Cor. 1 of this pro)^ 
sition). The demonstration given in the text applies 
QnljtQft plane ctirve. _ 
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E F, and join O «, V T. Then, because This definition will be best iUusf rated 

V O is perpendicular to the plane A B, by the example contained in the foUow- 

which is parallel to the plane £ F, V O ing proposition. 

Is also perpendicular to the plane £ F _^ 

(IV. 11.) ; but N T is perpendicular to ^*Q'« ^* 

the same plane i therefore N T is pa- '^^ perspective prqfection of a 

rallel to VO (IV. 6.). And, because straight line which touehet any curve is 

the plane of the parallels T N, V O (I. o straight line which touches the pro- 

def. 12.) cuts the planes £ F, AB in the jection of thai curve, if the point of 

lines TV, O n respectively, TV is parallel contact ts without the vertical plane ; 

to On (IV. 12,). Therefore, because *«'» if Ihe point of contact is m thai 

the triangles VOn, TNV have the P^ne, the projection of the tangent is an 

sides V O, O n of the first parallel to the aeymptote to the projection of the curve. 

sides NT, TV of the other, each to each, Let A B be the plane of projection, V 

and their sides Vn, N V in the same <he vertex, and PQK any curve; and, 

straight line, they are equiangular (I. first, let P be a point of the curve PQR 

15.), and, consequently (U. 31.), O n is s^ 
toOVasTVtoTN. Therefore (II. 9.), 
if TV contains TN any number of times 
exactly or with a remainder. On will 

contdn O V the same number of times ^"p^-S^-J^ 
exactly or with a remainder. But, if 
the point N be made to approach to the 
point M, T V will approach in magni- 
tude, as well as position, to M V, and 
T N, which is the distance of the point 
N fix>m the plane EF, will be diminished 

without limit : consequently, there is no lyii^ without the vertical plane S F, and 

limit to the number of times T V may P iTa straight line whicn touches the 

be made to contam TN. Therefore, curve PQR in the point P; then,if the 

also, there is no limit to the number of point p be the projection of the point P 

times n may be made to contain O V, (def. 1.), because P is a point both in the 

that is, the hue O n may be increased curve P Q R and the tangent P H, jp will 

without limit, and the point n will de- be a point in the projection of each ; let, 

scribe an arc of unlimited extent cox^ therefore, the curve p 9 r be the projeo- 

responding to the arc P N M or M P, tion of the curve PQR, and the straight 

which is terminated in M. linepA theprojectionof the tangent PR: 

Theiefore, &o, ^^^ straight line p h shall likewise touch 

^ , t'au'j 4_a' **u* thecurve por m thepointp. 

Cor. 1. In tiie demonsttution of this Because PH touches the curve PQR, 

proposition it is supposed that the plane ^^^ p^jnt, of the curve PQR upon both 

of the pngm^ curve does not pass ^jdes of P lie towards the same part of 

through the vertex V ; for, m this cs^, pn, and therefore also the straight lines 

It IS evident that its proiection upon the jrawn fk'om V through those points lie 

planeABisa8tr8jghtline(lV.20. towards the same part of t>ie plsne 

Cor. 2. If the ongmal curve cuts the y PH or Vp A. But these straight lines 

verbcal plane in the pomt M, so that ^^ ^hg ^^^ ^y^^ ^ drawn from V 

^?®.P . ' as K L M, lies upon one side ^^ ^^^ p^jnta of the curve p g r on both 

of that plane, and the other part. ^ sides of p (def. I.). Therefore, the lat- 

M P Q. upon the other side of it, the ter also lie towards the same part of the 

projection shall have two arcs which ^i^^ Yph; and, consequently, the 

are extended without limit m opposite ^^int, ofthe curve pg r 011 both sides 

direcUons. corresnonding to the two of p lie towards the sime part of the 

arcs K L M M pQ which are termi- .j^ght linep A, that is, pA Whes the 

mmated m the point M, curve p 9 r in the point p. 

Def, 6. If a curve has an arc of unli* But, in the next place, let M be a 

mited extent, and if a straight line is point of the curve PQR lying in the 

drawn which never meets that are, but vertical plane £ F, and let M G H be a 

which, being produced, may be made to straight line touching the curve PQR 

approach nearer to it than by any given in the point M ; then, if the curve p or 

distance, such straight line is called be the projection of the curve M P Q R, 

tm asymptote to the arc, ^ and the straight line ir^ of the tangrnt 

ir 2 
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M G H, the straight line g h shall be an 
asymptote to the curve p q r. 

Secause the point M lies in the plane 
E F, and therefore (1.) cannot be 
projected upon the plane A B, and be- 
cause the tangent M G H does not meet 
the curve M P Q R in any other point, 
no point can be found in which the pro- 
jection ^ A of the tangent meets the pro- 
jection pqr of the curve, to whatever 
extent both of them may be produced. 
Again, let D be any given distance : 
produce the tangent M H to meet the 
plane A B in T, and therefore also to meet 
its projection^ A in the same point T, and 
let the plane of the curve M P Q R be 
produced to meet the plane A B in the 
straight line T Z (IV, 2.) ; from T, in the 
plane AB, draw T Y perpendicular to 
g T, and let TY be taken of any length, 
so' that it be less than the given distance 
D ; through Y draw Y Z parallel to g T, 
and let it cut T Z in Z, and join M Z. 
Then, because M Z falls within the tan- 

fent M H T, and that no straight line can 
e drawn through the point of contact 
between the curve and its tangent so as 
not to cut the curve, M Z must cut the 
curve P Q R in some point N. And, 
because YM and g-T are sections of the 
parallel planes EF and AB by the plane 
V M T, V M is parallel to ff T (IV. 1 2.) ; 
but gT is parallel to Y Z ; therefore 
(IV. 6.), VM is likewise parallel to Y Z. 
But the point N is in the plane V M Z, 
that is, in the plane of V M and Y Z. 
Therefore, if V N be joined, and pro- 
duced, it will cut the straight line Y Z in 
some point n ; and, because the point n 
is also in the plane A B, it is the pro- 
jection of N, and therefore a point in the 
curve pqr, which is the projection of 
M P Q R. Also, because Y Z is parallel 
to ^ A T, n is at the same distance from 
gh T (I. 16.) that Y is, that is, at a less 
distance than the given distance D. 
Therefore, g- AT being produced may be 
made to approach nearer to the curve 
pqr than by any given distance. And 



it has been shown that it never meets 
the curve, to whatever extent it is pro- 
duced. Therefore, it is an asymptote to 
the curve pqr (def. 6.). 

Therefore, &c. 

Cor. 1. In that part of the proposi- 
tion which relates to the tangent at a 
point M in the vertical plane ; it is sup- 
posed that the tangent M H does not he 
m the vertical plane* ; for in this case it 
is evident that no point of the tangent 
can be projected upon plane AB, and 
consequently there is no asymptote. 

Cor. 2. The perspective projection of 
a straight line which cuts a curve is a 
straight line which cuts the projection 
of the curve, if the first point of inter- 
section is without the veitical plane. 

Scholium. 
The assumption made in the demon- 
stration of the foregoing proposition, 
viz. that " no straight line can be drawn 
through the point of contact between a 
curve and its tangent so as not to cut 
the curve," or, in other words, that a 
curve admits of only one tangent at the 
same point of it, maybe regarded as an 
axiom. That such is the case in the 
circle has been shown in Book iii. 
Prop. 2.; and hence, with regard to 
other curves, generally, it may be illus- 
trated as follows: — Conceive a circle 
having the same tangent with the curve 
at the point M, and suffi- 
ciently small to fall within 
the curve, as in the adjoined 
figure. Then, since no 
straight line can be drawn 
through the point M so near 
to the tangent as not to cut 
the circumference of this 
circle, and since the curve 
lies between the circumfer- 
ence of this circle and the 
tangent; much less can any straight 
line be drawn so near to the tangent as 
not to intercept a part of the curve t)e- 
,tween itself and the tangent, and, con- 
sequently, being produced, to cut the 
curve. 

Prop. 7. 

The direction C D and the plane of 
projection A B being given ; the ortho- 
graphic projection ^ any point P tcAa/- 
ever may he found upon the plane A B. 

* It may, perhaps, appear at first, that if the tan- 
gent lies in the vertical plane, the carve must ]ike- 
Avise lie in that plane ; this, however, is not a neces- 
sary consequence ; the tangent MH may be the com* 
mon section of the plane of the cnrye with the vertical 
plane, and this is the case which is supposed in the 
corollary. « 
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• For,' the direc- 
tion CD not being 
parallel to the 
plane AB (def* 2.), 
the straight line 
^'hich is drawn 
through P parallel 
to C D is not pa- 
rallel to that plane; 
since, otherwise, 
the line thus drawn would be parallel 
to the common section of a plane pass- 
ing through it with the plane A B 
(IV. 10.), and therefore, also (IV. 6.), 
C D would be parallel to the same com- 
mon section, tnat is, to a straight line 
in the plane A B, for which reason C D 
would be parallel also to the plane A B 
(IV. 10.), which is contrary to the sup- 
position. Therefore, the straight line 
which is drawn through P parallel to CD 
mav be produced to meet the plane 
AB in some point p; and the pointy 
thus found (def. 2.) is the orthographic 
projection of the point P. 

Therefore, &c. 

Prop. 8. 

The orthographic prcjecHon of a 
straight line is a straight line. 

Let C D be the 
direction, A B the 
I)lane of projec- 
tion, P Q any 
straight line, and 
p qr its orthogra- 
phic projection : 
p q shall likewise 
be a straight line. 

Because P Q is a straight line, and 
that the parallels to CD, which are 
drawn through the several points ofPQ, 
areparall^ to one another (IV. 6.), these 
parallels lie in one and the same plane 
P Q g (IV. 1. Cor, 2.) : but (def. 2.) the 
points of jo 9 lie in these parallels respec- 
tively ; therefore, the points oipq he in 
the plane P Q y. But they lie also in 
Ihe plane AB. Therefore they lie in the 
common section of the planes VQq and 
A B, that is, in a straight line (IV. 2.). 

Therefore, &c. 

Cor. 1 . It is supposed in the proposi- 
tion that the original straight line P Q 
is not parallel to C D ; for, then, it is 
evident that all its points have for their 
projections the single point in which it 
cuts the plane of projection. 

Cor, 2. The orthographic projection 
of any given straight line is a part of the 
common section of two planes, viz. a 
plane which passes through the given 
straight line parallel to the direction CD 
and the plane of projection A B. 
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Cor. 3. The orthomphic projection 
of a straight line,' which is parallel to 
the plane of projection, is parallel to its 
original (IV. 10.). 

Prop. 9. 

The orthographic projections of fa* 
rallel straight lines are parallel straight 
lines, and have the same ratio to their 
respective originals. 

Let CD be the 
direction, AB the 
plane of projection, 
P Q and F Q' any 
twoparallel straight 
lines, andpq'. /7g' 
their respective pro- 
jections: pq snail 
be parallel to j^ q'. 

Because Qoand 
Q! q' are eadi of 

them parallel to C D (def. 2.), they are 
parallel to one another (IV. 6.);- also 
P Q is parallel to F Q' ; therefore, the 
plane P Q g is parallel to the plane 
FQ'g' (IV. 15.). Butpg andj^qf' are 
the respective sections of these parallel 
planes made by the plane of projection 
AB (8. Cor. 2.). Therefore, pqi^ pa- 
rallel to p' g' (IV. 12.). 

Also, the projections p q and pf q' have 
the same ratio to the original straight 
hnes P Q and F Q' respectively. 

For, if P Q is parallel to pq, then, 
because P' Q' and p g are each of them 
parallel to P Q, P^Q' is parallel io pq 
(IV. 6.); and because p q' is likewise 
parallel to p q by the former part of the 
proposition, P' Q' is parallel to pf g'. 
Also, because Pp and Q 9 are each of 
them parallel to C D (def. 2.), Pp is 
parallel to Q g ; and, for the like reason, 
P'p' is parallel to Q' q'. Therefore, the 
figures Pp 9 Q, P'p'g'Q' are, in this case, 
parallelograms : and, because (I. 22.) 
the opposite sides of parallelograms are 
equal to one another, pq and p'g' are 
equal to P Q and F Q' respectively ; 
that is, the projections have the same 
ratio to their respective originals, viz. 
the ratio of equality. But, if P Q is not 
parallel to p q, draw P R parallel to p g 
to meet Q g in K, and F R' parallel to 
pfq' to meet Q' q' in R'. Then, because 



and F R' are parallel to p g and p q' 
spectively, and that p q is parallel to p' q\ 
PR is parallel to F R' (iV. 6.). There- 
fore, the triangles P Q R, F.Q'.R' have 
the three sides of the one parallel to the 
three sides of the other^ each to each. 
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and (IV« 15.) ire aguiangular. Conse- 
quentir, P R is to PQ m PR' to F Q' 
(IL 31.), that is, since p a is equal to 
PRandp'g' toFR', pgistoPQas 
|/£toP'Q'. 

Therefore, &c. 

Cor. If the original straight lines are 
J>arallel to the plane of projection, the 
orthographic projections are equal to 
their respective originals. 

Prop. 10. 

7%eorthogr€^hicprqieetiono/a curved 
line^ is a curved line ; and, if a eiraighi 
line touches the original curve, the pro^ 
jecHon of thai straight line shall like^ 
wise touch ih€ projection of the curve. 

Let CD be the 
direction, AB the 
plane of projec- 
tion; PQR any 
curved line, and 
pqr its projec-* 
tion: pqr shall 
likewise lie a 
curved line. 

For, if any part of /i 9 r, as p o , be 
a shraight hne, then, because P Q is 
the orthographic projection of p q (def. 2.) 
upon the plane PQR, P Q must like- 
wise be a straight line (8.), which is 
(xmtraiy to the supposition. There* 
fore, no part of p 9 r is a str^ght ]ine» 
that is, (I. def. 6.) p g r is a curved line. 

Next, l«t the straight line PH touch 
the oui^e P Q R in the point P, and let 
ph be the orthographic projeotioB of 
P H : p A shall touch the curve p 9 r in p. 

For, CD being parallel to Pp (def. 2.), 
straight lines which are parallel to C D 
ftrtf pai^llel to Pp (IV. 6.), and there- 
Jbre (IV. 1 0.) parallel to the plane H Pp. 
Also, the points of the curve P Q R on 
both sides of P fall, all of them, without 
and to the same part of the tangent PH. 
Therefore, the parallels to C D or Pp, 
ivhich pass through these points likewise 
i^ without and to the same part of the 
plane H Pp. But these parallels pass 
thf ough the correspondingpoints of the 
fnrojectionpgr (def. 2.)- Tnereforethe 
IHlints ofp gr, on both sides of p, lie with- 
out and to the same part of the plane 
H Pp, and consequently also without and 
to the same part of thie straight line p h 
yhich is in that plane (8. Cor. 2). There- 
fore, p h meets the curve p g r in p, but 
doen not cut it, that is, p h touches the 
Onrvepgr. 

Therefore, &c. 

Cor. I. It is supposed in the proposJ- 
jyn that the plane of the original curve 



is not parallel to the direction C D ; for, 
then, it is evident that the projection of 
the curve is a straight line, and that the 
projection of the tangent is confounded 
with (or, if parallel to the direction D 
(8. Cot. 1.) is only a point in) the pro* 
jection of the curve. 

Cor. 2. The orthographic projection of 
a straight line which cuts any curve is a 
straight line which cuts the projeotioii 
of that curve. 

Part U.^Ofthe Plane Sections qftha 
Right Cone, or Conic Sections. 

It is easy to perceive that every section 
of a right cone which is made uy a plane 
passing through the vertex is rectilineal, 
and, again, that every section which is 
made by a plane parallel to the base is a 
circle. The former follows from the 
definition (V. def. 4.) of a cone ; the 
latter will be demonstrated at large 
hereafter (in prop. 11.). But, if a right 
cone be cut by a plane which neither 
passes through the vertex nor is parallel 
to the base, the section will be neither 
rectilineal nor circular; but will, ac- 
cording to the position of the cutting 
l)lane, take one of the three forms men- 
tioned in the following definitions. 

Def 7. If the slant 
sides of a right cone 
are produced up- 
wards through the 
vertex, the produced 
parts will, it is evi- 
dent, lie in the sur- 
face of another right 
cone which has the 
same vertex, and its 
axis lying in the 
same straight line 
with the axis of the 
first. This cone, with 
reference to the first, is called the opposite 
cone, and its surface the opposite surface. 

The two opposite surfaces, infinitely 
produced, are to be considered as con- 
stituting one complete conical surface; 
which mav be conceived to be gene- 
rated by the revolution of a slant side 
infinitely produced both ways about the 
axis of the cone. 

8. If a complete conical surface is cut 
by a plane which neither passes through 
the vertex nor is parallel to the base, 
the curved line in which such plane cuts 
the surface is called a conic section*, 

* — — I ^ 

* The plane sections which are here excepted, vis. 
ifte »traifbt line and circle, are likewise lometinieB 
ealled conio sections, inasmuch as thej likewise are 
plane sections of a cone : the term is, however, dsnall jr 
^riated to the other plane sectioiii« via. the ellipse 
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9. The vertkat pUme of a conic sec- 
tion is a plane which passes through the 
vertex of the cone parallel to the plane 
of the conic section. 

10. If the Yer- 
iical plane of 
a conic section 
falls entffelywith- 
out the surface, 
the conic section 
surrounds the 
lower cone, and is 
csalled an ellipse. 

The reason why 
the section in this 
oase surrounds 
the lower cone is« A 
that the lower surface only is intetcepted 
between the planes ; and because every 
slant side of this suiface cuts the vertical 
plane in V> it will, if produced, cut also 
the plane of the conic section which is 
pawdlel to the vertical plane (1. Cor.). 

11. If the verti- 
cal plane touches 
the conical surface 
in a slant side, the 
conic section has 
two infinite arcs, 
and is called a pa- 
Tobola, 

The section has 
in this case two in- 
finite arcs, because 
one slant side of 
die cone lies in the vertical plane, and 
therefore can never be produced to meet 
the plane of the conic section ; it is still, 
however, only the lower surface which is 
intercepted between 
the planes, and be- 
cause every other 
slant side of this 
surface cuts the ver- 
tical plane in V, it 
may be produced to 
cut the plane of the 
conic section (I. 
Cor.). 

12. If the vertical 
plane cuts the coni- 
cal surface in two 
slant sides, the conic 
section has four in- 
finite arcs, two lying 
in one and two in 
the other of the op- 
posite surfaces, and 
IS called an hyper^ 
hola. 

The section in this 
case outs both of the opposite iurfiices, 





because apart of each is intercepted be- 
tween the vertical plane and the plane of 
the conic section ; and because there are 
two slant sides in each suKace which lie in 
the vertical plane, and therefore cannot 
be produced to meet the plane of the co- 
nic section, the section has two infinite 
arcs in each surface corresponding to 
them. 

These curves, or the conic sections 
properly so called, different as they are 
m form, the first a complete figure in- 
closing an area, the second having two 
infinite arcs, the third four, are never- 
theless very nearly related to one ano- 
ther in their properties, many of which 
bear a striking analoev to the proper- 
ties of the circle. Thus, "if, in any 
conic section two chords are drawn 
which cut (or are produced to cut) one 
another, and other two chords parallel 
to the former respectively which like-, 
wise cut one another, tne rectangles 
contained under the segments of the 
former two shsdl have Qie same ratio 
to one another as the rectangles which 
are contained under the seetnents of the 
latter two ;" a projjerty which we ha.ve 
seen (III. 20.) obtains in the circle, the 
ratio in this case being always that of 
equality. It is proposed in the present 
part of the Appendix to demonstrate a 
few of these properties, among them the 
one just stated; and it will be found 
that the demonstrations ai^ consider- 
ably aided and abridged by help of the 
principles laid down in the preceding 
part. 

Prop. 11. 

Every section of a right cone tohich 
is made by a plane parallel to its base^ 
is a circle having its centre in the axis 
of the cone. 

Let V be the vertex 
of a right cone, VO its 
axis, and ABC its 
base ; and let a 6 c be 
a section which is 
made by any plane 
parallel to the base 
ABC: the section 
a be shall be a circle 
having its centre in _ 

the axis V O. 

Let the plane a b c cut the axis of the 
cone in the point o: in the curve, or 
circumference, abc, take any two points 
o, b ; join V a, V 6, and produce them to 
meet the circumference of the circle 
A B C in the points A, B respectively* 
and join a, 0^ Oi^OB. Thenibe*' 
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cause a and Q A are sections of pa- 
rallel planes, by the plane V O A, oais 
parallel to O A (IV. 12.), and conse- 
quently (11.30. Cor. 2.), a is to O A as 
V to V O. And, in the same manner, it 
may be shown that o 6 is to O B as V o 
to VO. Therefore (II. 12.) o o is to OA 
as 6 to O B ; and, because OA is equal 
to O B, oa is equal to o 6 (II. 18. Cor.), 
In like manner, if c be any other point 
in the circumference a be, and if o c be 
joined, it may be shown that o cis equal 
to a or 6. Therefore, every point in 
the circumference a 6c is at the same 
distance from the point o ; that is (I. def. 
24.), abc ia a. circle of which o b the 
centre. 
Therefore, &c. 

Prop. 12. 

Every conic section Q PR i> the per" 
spective projection of a circular section 
q p r, upon the plane of the conic section, 
by straight lines dravm from the ver- 
tex y ; and the vertical plane of such 
perspective projection is the vertical 
plane of the conic section, 

For,ever)r straight 
line which is drawn 
from V through a 
point of the circum- 
ference pqr to meet 
the plane of the 
conic section, meets 
that plane in some 
point of the conic 
section ; and there is 
no point of Q PR 
which is not in a 
straight line withV 
and some point of 
q p r ; tnerefore 
(def. 1.), QPR is 
the perspective pro- 
jection of qpr by straight lines drawn 
from V. And, because the vertical plane 
of the conic section Q PR is parallel to 
the plane QPR (def. 9.), that verlical 
plane is also the vertical plane of pro- 
jection (def. 1 .>. 

Therefore, &c. 

Cor. 1. In like manner, also, every 
circular section qprm2Ly be considered 
as the perspective projection of the conic 
section QPR by straight lines drawi\ 
from the vertex V. 

Cor. 2. The projection of every point 
in the conic section may be found in the 
circular section, whether it be an ellipse, 
or a parabola, or an hyperbola (1.) : for 
th^ plane which passes through V pa- 




rallel to the circular section, falls entirely 
without the cone, so that no point of 
the conic section is found in that plane. 
Cor. 3. And so,, the projection of 
every point in the circular section may 
be found in the conic section ; except, in 
the case of the parabola, the proiection 
of the point in which the vertical plane 
touches the circular section, and except, 
in the case of the hyperbola, the projec- 
tions of the two points in which tne ver- 
tical plane cuts the circular section. 

Prop. 13. 

Every conic section is symmetrically 
divided by a straight line, which is the 
common section of the cutting plane, 
and a plane whim passes through the 
axis of the cone perpendicular to the 
cutting plane. 

Let V be the 
vertex, and VO 
the axis of the 
cone, and let PQR 
be the conic sec- 
tion; from V draw 
VU, perpendicu- 
lar to the plane 
PQR, and let the 
plane UVO, which 
passes through 
VO, and (IV. 18.) 
is perpendicular 
to the plane 
PQR, cut the lat- 
ter plane in the straight line AM : the 
conic section PQR shall be divided 
symmetrically by the straight line A M. 

Through the point A let there be 
drawn a plane perpendicular to the axis 
V O, and let it cut the cone in the cir- 
cular section pqr, having the centre O 
(11 .), and the plane Q P K in the straight 
line A F (IV. 2.) ; through V draw VD 
parallel to AF (1. 48.)- Take any point P 
m the conic section, join V P, and let the 
plane D V P cut the planes of the conic 
section and circle in the straight lines 
P Q, and p q respectively (IV. 2.) ; also, 
let these straight lines cut A M, A O in 
the points M, m respectively. Then, be- 
cause VD is parallel to AF, it is parsdlel 
(IV. 1 0. Cor. 1.) to PQ and to p q, which 
are the common sections of planes pass- 
ing through A F with the plane D V P 
which passes through D V: therefore, 
also, P Q and p g are parallel to one 
another (IV. 6.). Now, because the 
plane pqr of the circle is perpendicular 
to the axis V O, it is perpendicular to 
the plane UVO, which passes through' 
VO (IV. 18.); and the plane PQRi?^ 
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> pUneUVO: therefore A F, bola, and the straight line A A', 

the common section of the planes pgr, is intercepted between Ihem, is cfdled 

P Q R, is perpendicular to the same the principal tiiamtter or tratuverta 

pirae (IV. IS. Cor. 2), and, conse- axi> of the eUipxe or hjpertxtU. 

quently (IV. def. 1.), perpendicular to In the parabola, the axis cuts the 

ea^ of the straight hues AM, AO curve in one point. A, only; and this 

vrluch meet it in tliat plane. Th»«(ore, point is csUed the principai vertex of 

because P Q is parallel to A F. P Q is the parabola. 

perpendicular to AM (L 14.); and, 19. Thecenfr^uf an ellipse orhyper- 

for the like reason, ft 9 is perpendicular bola, is the middle point C of the trans- 

to A 0. And, because the chord p g of verse bjisk A A'. 

the urde p g r is perpendicular to the A parabola has no centre, 

radius A 0, it is bisected by A O in the Seethe figures of defs. 10,11, 12. 
point m (III. 3.); but P Q is parallel to 

vq; therefore CII. 30.) P Q is bisected Prop- 14. 

ty A M in M. And in the same man- yAa hyperbola hat two atmnptoUe. 

rer it may be shown, that all other ^a.-^a pati through the centre, and 

atraight lines which are drawn m the „^e g,^ angle, with the axU upm 

conic section parallel to A F, or (which opposite tide* of it, 
is the same thmg) perpendicular to AM, 

are bisected by A M. Therefore, the Let V be the vertex of the cone. V O 

straight line AM divides the conic its axis, V A and V A' the slant sides in 
section P Q R symmetrically. 

"nierefore, &c. 

Cor. 1. The straight line AP, to 
wtuch the bisected chords are pandlel, 
touches both the circular section and the 
conic section at the point A. 



Cor. 2. 



The 




straight line A__, 
which divides a pa- 
nbola sy mmetrical- 
]j, is parallel to the 
slant side VL, in 
which the vertical 
plane of the para- 
bola touches the 
surface of the cone. 
For if the vertical 
plane.cuts the plane 
of the circle pqr 

K L, K L touches the circle, and is 
therefore (III. 3.) perpendicular to the 
radius O L ; and A F was shewn in the 
proposition to be perpendicular to A ; 
also, K L is parallel to A F, because 
they are sections of parallel planes by 
theplaneof the circle (IV. 12.); there- which the conical surface is cut by a 
fore (I. 14.) L and O A are in the plane perpendicular to the plane of Ihe 
same straight line, and V L is in the hyperbola, A and A' the principal ver- 
plane V A 0, that is, in the same plane tices of the hyperbola, A e/the circular 
And, because VL and section passmg through the point A, 



with A K 



sections of parallel planes by O its 1 
plane, they are parallel to one E A F 



A M are sections of 
the same 

another. 

De/.U. The straight line AM, which 
divides a conic section symmetrically, 
b caUed the axit of the conic section. 
' 14. In the ellipse and hyperbola, the 
axis A M cuts the curve in two points, 
A, A' ; these points are called the vrin- 



centre, A Oo' ils diameter, and 
section of the planes 
of thecircleandbyperbolawhich.BS has 
been already seen (13. Cor. I.), touches 
both the circle and Ihe hyperbola in the 
point A; also, let the vertical plane of 
the hyperbola cut the circular section 
A ef in the chord ef, and at the pointa 
e,f, let the. straight lines c£, cFb« 
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drawn ((mehiiig the cirde; let <;£ and the like reason^ CF k paraHertoY/s 

d F meet one another in c and the and it has been already snoWn that A A' 

straight line E F in the points £ and F or C A is parallel to V L ; thei^fore the 

respeotively, and let the chord e/cut angles EGA and FCA are equid ta 

the diameter A O a' in L« Then, because the angles eYL and /V L respectively 

if and E F are sections of parallel planes (TV* 15.) ; but,' because the slant sides 

by the plane of the circle Ac/, e/is Vtf,V/, art equalto one another (IV. 8*), 

part^el to £ F ( I V« 1 2.) ; but £ F is per- and that ef is bisected in L^ the triangles 

pendicular to the diameter A O of, be- Ye L, V/L, have the three sides of the 

cause it touches the circle in A (III. 2.) ; one equal to the three sides of the other, 

tiierefore efis perpendicular to the same each to each, and, consequently, the angle 

diameter(I.l4.),andconsequently(IIL3.) tfVL equal to the angle/V L (I. ^.); 

is bisected by it in the point L ; also, be- therefore^ also, the i^igle £ C A is equal 

cause ce, c/, are tangents drawn from c to the angle FCA, that is, the angles 

to the circle A ef, they are equal to one which C £ and F make with the axisl 

another (III. 2. Cor, 3.), and the triangle A A' upon either side of it, are equal to 

c e/ is an isosceles triangle : therefoi^ the one another, 

straight Ime A O a', which bisects ef at Therefore, ho* 

right angles, passes through the point Cor. 1. The asymptotes of the hyper* 

(1. 6. Cor. 3.). Join c V, and produce it bola are parallel respectively to the slant 

to cut A A' in C (I. 14. Cor. 3.), and sides in which the vertical plane of the 

from C, through the points E and F, draw hyperbola cuts the surface of the cone, 

die straight lines C E, C F : the point C Cor. 2. And as the existence of 

shall be the centre of the hyperbola, and asymptotes to the hyperbola has been 

the straight lines C E, C F produced, inferred from Proposition 0, so from 

shall he asymptotes, making equal C'or. I., of the samepfoposition, it fol- 

angles with the axis A A' upon either lows that the infinite arcs of the para- 

sioe of it. bola do not admit of asymptotes ; be- 

Join O e and V L. Then, because cause the tangent of the circle at the 
ce touches the circle in e, the triangle point a! (see me fi^tire of 13. Cor. 2.) 
Oecia right-angled at e (III. 2.) ; and lies in the vertical plane Of the parabola, 
it has been shown that L is perpendi- 
cular to the opposite sideOc; therefore. Prop. 15. 
O c or O a' is a mean proportional be- . • ^ • a l j m. 
tween O L and O c (II. 34. Cor.). But /. "^'f. *^?^*^« "^J^* ^ '^ .^ * 
O A is equal to O a'. Therefore, the ^tringhUim %n n^e %h^ two fmnU i 
straight l?ne A c is harmonically divided "^'. */ % ^^rajeht hne touches a cor^o 
in the points L and a' (11. 46.), and. section, tt sfudlmeetUtn one point only ^ 
consequentiy (IL def. 20. page 68.), the ^*^- Me point of contact. 
four straight lines V A, V L, V a', and For, the circular section being consi- 
Vc, are harmonicals. But, because dered(12. (7or. l.)astheprbjectionofthei 
VL and A A' are sections of parallel conic section, the projection of any point* 
planes by the plane V A A', A A* is pa- P, of the conic section, may be found in 
rallel to VL(IV. 12.). Therefore (II. 49. the circular section (12. Cor.2.); andthe 
Cor. 1.), A A' is bisected by Vc pro- projection of a straight line which cuts 
duced, and the point C is the centre of any curve in a point that may be pro« 
the hyperbola (def. 15.). jected, is a straight line whicn cuts the 

Again, because the hyperbolic arcs projecttonof the curve in the prcyection 

A P, A' P', are the projections of the of that point (6. Cor. 2.) ; therefore, if 

eircular arcs Apf, dp^f by straight it were possible that a straight line 

lines drawn from V (12.), and that the could cut a conic section in more points 

point / of the arcs Ap/, dpff lies in than two, the straight line which is its 

the vertical plane V ef; the projection projection (2.) would cut the circular 

of the tangent cf that is, the straight section in more points than two, which 

line C F produced, is an asymptote to is impossible (III. 1 .). 

the hyperbolic arcs A P, A'P' (6.). And, in the same manner, we may 

And, for the like reason, CJ E.produced reason with regard to the tangent. If 

is an asymptote to the hyperbolic arcs it were possible that a straight line which 

A Q, A' Q'. touches a conic section should meet it 

^ Lastly, because C E and V« are sec- in any other point besides the point of 

hons of parallel planes by the plane C V^, contact ; then, because the projections 

C B IS parallel to V # (iV. 12.>, and^ for of the point of contact and any such 
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otherpmntmafi both of Ihent, be found pointL. But.becausePN'cufitheparii' 

in the circular Motion (19. Ctir. a.), ud boUinP, pn' likenise cuts the circle in 

lieeau«e the projection of a itru^ht lina p(6.Cor.2.), Therefore.pn'.ifproduced, 

which touohes a onr»e in ftpou)t..thBt will cut the circle in a second point g 

may be projected is a itnisht line vrhioh different from (he pointL. And, be- 

touches the [frojection of that curve cause the projeclion of every point, ex- 

(fl.), the projeotioa of luch tangent cept L.niayberoundintheparabola(12. 

would be a straight line touching the Cor. 3.), Q the projection of q may be 

dnsular section, and meeting it alio in found, and consequently P N' produced 

another point beNdei the point of oon- will meet (he par^la iu the poiut Q. 



Prop. : 



And the same rea- 
■oning, in every re- 
spect, applies to the 
case of the hyjjerbola. 
For, if a straight line 



A ttraighl line tehieh it parallel to , .. 

the axis of a parabola eamiol cut the p N be parallel to 

parabola in more than one point; and one of the asymp- 

attraighl line which is parallel to either totes CE, it will also 

of the atymptoiea of an hyperbola can- be parallel to the 

not cut the hyperbala in more than one slant side V e, to 

point; but, with these excepliong, if a which(14.Cur.I.)the 

tlraight line cuts a conic section in any asymptote is parallel. 



point, it may beproduced 
secondpoint. 

Let PAQ be a pa- ^ 

rabola, AM its axis, \ 

andPN any straight /, \ 

linenhicb is parallel / ; \ 

to the axis AM, and ' j 

cuts the parabola in S 

P: PNshaflnotcut [,/ ... 
the parabola in any -i'-- 

other point, to what- ( ' 

ever mstanoe tt may ' ■ ' 
be produced. ' ' /, 

Let Vbe the vertex o^^W^ 

of the cone, V L / f\' 
the slant side in » 

which the vertical I 

plane of the parabola touches the 
nee. of the cone, and ApL: 
cular section passing through 



therefore, 
proj ecllontinpassing 
through the point e, 
every point of PN 
prodticed will fall 

within the surface of the cone. 

a straight line PN' be not parallel to 
either of the asymptotes, its projection 
pn' will not pass through either of the 
points e, f, but, because P N' cuts the 
hypertxila, p ri cuts the circle in p, and 
will cut it if produced in some other 

Eoint q, the projection Q of which may 
e found in the hyperbola, and, conse- 
quently, P N produced will meet the hy- 
perbola in a second point Q. 
In the c 



;eVL(I3. Cor. 2.) andPN 
each of them parallel to AM, VL is pa- 
rallel to PN (IV. 6.). And, because 
V L is parallel to P N, Ihe projection^ n 
of the straight line PN on the plf 



the ellipse. 



of any straight 
hne PN which 
cuts the ellipse 
most cut the nr- 
cie (6. Cor. a.), 
may 1)« pro- 



ApLq will, if produced, pass through '""^y "« Pyj" 

the point L (2. Cor. 4), Snd the pro- duced tomeetthe 

iection of every point in PN produced <arcumference in 

will, it is evident, be found betweenp * ''^0"<' P""' 

and L, that is, within the surface of Ihe «. " H, °'* ' ■ 

cone. Therefore, every point ot P N wnce tlw prcyec- 

produced falls within Ihe surface of the tionofeyerypoint 

cone, and oonsequentJy. since the curve « ''^S '"'^^1? ^ ^'?"'!^ '" T f* 

of the parabola fs always in the surface t »3- Cor. 3.) Q the projectiOTi of g may be 




found, and, consequently, PN produced 
will meet the ellipse in a seoond point Q. 
Therefore, &c. 



of the cone, P N cannot be produced to 
meet the parabola in a second point. 

But, if PN' be not parallel to t ^ 
axis of the parabola, then neither is it Def.iG. In the ellipse and h^rbola, 
parallel to V L, and consequently the any strught line P P' which is drawn 
projection ^n' does not pass through the through the centre C, and terminated 
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straight lines are drawn totduch the 
circle, every straight line which is drawn 
through that point to cut the circle shall 
be harmonically divided by the circum- 
ference and the chord joining the points 
of contact ; and the tangents at the 
points in which every such sh^aight line 
cuts the circumference shall meet one 
another in the chord produced. 

Let A B C be a circle, and D any 
point without it, from which the straight 



both ways by the curve, is called a dia- 
meter ; and the points P, P' in which it 
meets the curve are called the vertices 
of that diameter. 

In the parabola, any straight line PN, 
which is drawn parallel to the axis AM, 
is called a diameterf and the point P in 





which it cuts the parabola is called the 
vertex of that diameter. 

17. If at the vertex P of any diameter 
of a conic section, there be drawn a tan- 
gent P H, any straight line Q R which 
IS parallel to the tangent PH and is 
terminated both ways by the conic sec- 
tion, is called an ordinate of that dia- 
meter. 

18. In the ellipse and hyperbola, the 
segments P N, N F, into which a dia- 
meter or a diameter produced is divided 
by any of its ordinates, are called the 
aiscisscB corresponding to that ordinate. 

In the parabola, the part of the diameter 
P N, which is intercepted between the 
vertex P and the ordinate Q R is called 
the abscissa of that ordinate. 

Lemma, 
, Jf from any point without a circle twp 



lines D A, D B are drawn to touch' the 
circle in the points A, B respectivdy : 
then, if DEFG be any straight line 
passing through D, and cutting the cir- 
cumference in the points E, G and the 
chord A B in the point F, D G shall be 
divided harmonically in E and F, and 
the tangents at the points E, G shaU 
meet one another in some point of A B 
produced. 

Take O the centre of the circle, and 
draw the straight line D cutting the 
circumference in the points K, C, and 
the chord A B in the point L ; and join 
O A. Then, because D A touches the 
circle, the angle D A O is a right angle 
(III. 2.) ; also, because (III. 2. Cor. 3.) 
the tangents D A, I) B are equal to one 
another, D is the centre of a circle pass- 
ing through the points A, B, and, con- 
sequently, D O bisects A B at right 
angles (III. 3. Cor. 3.) ; therefore, be- 
cause from the right angle A of the tri- 
angle DAO, AL is drawn at right angles 
to the hypotenuse D O, OA or O K is a 
mean proportional between OL and OD 
(II. 34. Cor.) But O C is equal to O K. 
Therefore (II. 46.), D C is harmonically 
divided in the points K and L. ' And 
because D C, the diameter produced of 
the circle ABC, is harmonicedly divided, 
every straight line DG which passes 
through D is harmonically divided by 
the circumference and the perpendicular 
A B which passes through L (III. 52. 
Cor.) ; and the tangents at the points 
E, G in which every such straight line 
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cuts the circle meet one another in A B 
produced ( II r. 53. Cor,). 
Therefore, &c. 

Prop. 17. 

Every diameter of a conic section bt- 
sects its ordincUes ; and, if the conic 
section is an ellipse or an hyperbola, the 
ditmieter is itself bisected by the centre. 

Let A P Q be any conic section, A M* 
its axis, P N any diameter, P H a tan- 
gent at P, Q R a parallel to P H, and 
therefore an ordinate to the diameter 
PN (def. 1 7.), and let QR cut PN in N : 
QR shall be bisected in N. 

Let the vertex V of the cone, the cir- 
cle A c 9, its centre O, and diameter 
Aoa', as also the line AF*, which is the 
common section of the planes APQ, 
Ap g, remain as in the foregoing pro- 
positions ; let the lines qr and on 
m the circle be the projections of Q R 
and P N in the conic section, and 
the tangent ph* (6.) the projection of 
the tangent PH; and let the vertical 
plaiie of the conic section cut the plane 
Ap q of the cffcle in the line KG, which 
cuts A a' or A a' produced in L, and 
joinVL. Then, because V L and A M 
are sections of parallel planes by the 
same plane, V L is parallel to A M 
<IV. 12.) ; and, for the like reason. K G 
is parallel to AF, and therefore (IIL 2.) 
perpendicular to A a'. 

And first, in the ellipse or hyperbola, 
let A' be the other principal vertex and 
C the cenh«, join V C*, and let V C 
or V C produced cut AcK or A a' pro- 
duced in c. Then, because A A' is 
parallel to V L, and bisected by V C 
m C. the four straight lines V L, V A'. 

V C, V A are harmonicals (IL 49. Cor. 
2.). Therefore, A L or A L produced 
is divided by these straight lines harmo- 
nically (II. 49.) ; and, because the mean 
A a' is bisected in O, O L, O a' and O c 
are proportionals (II. 46.). Let the 
planes VPF, VPH cut the vertical 
plane in the lines VK, V G, which meet 
the line K G in the points K, G respec- 
tively. Then, because VK and PF are 
sections of parallel planes by the plane 

V P F, VK is parallel to P F (IV. 12.), 
and.- for the like reason, V G is parallel 
to P H : therefore, because the straight 
lines V K, V G are parallel to the origi- 
nal straight lines PP', P H respectively, 
and meet the plane of the circle pkq 

♦ the line VC is wantiog in the upper figure, and 
VN, VP, VP*, VQ, VR, and VT, are wantine in each 
of Iht fiffurei) of thi« proposition. It has been at- 
tempted, however, to supply the assistance which 
jnijrht have been derived to the conception from the 
fisSble presence of these lines by placiujf the corre. 




in the points K. G respectively, the pro- 
jections pp', ph will, if produced, pass 
through the points K, G respectively 
(2. Cor. 4.), and, for the like reason, the 
projection qroi the ordinate QR, which 
IS parallel to P H or V G, will also pass 
through the point G. 

Join G »'*. Then, because pp' is a 
chord of the circle pKq passing through 
the point c, and that L G is drawn per- 
pendicular to the diameter c produced 
from a point L so taken that the dia- 
meter produced is divided harmonically, 



r, and (, in the straight 



8T)ondinff letters «, p, s', o, r, ana r, in me siraigns 
lines VN, VP, VI^ VQ, VR, and VT respectively. 
The line AF and the letter F ; in the two first figures, 
the letters M and A ; in the seoond the line Qp*t and 
in the third the line GAp, have likewise been omitted. 
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the tangents at the extremities of the 
chord p,jy will meet one another in some 
point of the line LG (III. 53. Cor,) ; but 
the straight line GAp is the tangent at 
p : therefore G// is the tangent at j^. 
And, because from the point G, in which 
the tangents Gp, G//meet one ano- 
ther, the line G o is drawn to cut the 
cireumference in the points g, r and the 
chord p // in ft, Gr q is harmonically 
divided in these points (Lem.). There- 
fore (II. def. 20.) the four straight lines 
y G, V rR. V fiN, V 7 Q are harmo- 
nicals ; and, consecjuently, because Q R 
is parallel to V G, it is bisected by V N 
mN(II. 49. Cor. 1.). 

In the parabola, 
the point L coin- 
cides with a', and 
t)ecause the dia- 
meter F N is pa- 
rallel to AM, that 
is (13. Cor. 2.) to 
V L, its projection 
pn passes through 
L. Therefore, h&- 
cause G 9 is drawn 
from the intersec- 
tion G of the tan- 
gents G L and 
GA^*,G 9 is har- 
monically divided 
by the circumfer- 
ence and the chord 
Lp (Lem.), and Q R is bisected in the 
point N, as before. 

But, further, in the ellipse and hyper- 
bola,the diameter P F is bisected by the 
centre G. For, since K p passes through 
the point c, and is cut by the straight 
line X L, which is drawn perpendicular 
to the diameter Oc from a point L so 
taken that O c produced is harmonical- 
ly divided, Kjd is harmonically divided 
% K L and the circumference (III. 52, 
Cor.). Therefore, the four straight lines 
y K V p'F. YoCYp P, are harmo- 
mcaJs (II. def. 20.) ; and, because P P' 
is parallel to V K, it is bisected by V G 
inC(H.49. Cor. 1.). 

Therefore, &c. 

Cor, 1. In the ellipse and hyperbola, 
the tangents at the extremities P, F of 
any diameter are parallel to one another. 
For they are the originals of Gp and 
Gp' in the plane of the circular section ; 
and ^ straight lines, the projections of 
which pass through G, are parallel to 
y G and to one another (IV. 10.). 

•ectian w ^l ^"y fiiameter of a conic 
f^tion bisects a straight line which is 
iiot a diameter, the Wcted straight 




line shall be an ordinate of the diame* 
ter by which it is bisected* 

Prop. 18. 

In every conic section the tangents 
at the ecctremitiee of any ordinate, Q R, 
meet the diameter, PN, in the same 
point, T ; and that in such a numner^ 
that, in the ellipse and hyperbola, C N, 
C P, and C T are proportionals, and, 
in the parabola, N r is equal to P T. 

Let the construction remain as in the 
last proposition. Then, in the ellipse 
and nyperbpla, because qr, the pro- 
jection of Q R, passes through G, 
and that Gp, Qpf are tangents drawn 
from G to the circle, the tangents 
at q and r meet one another in some 
point of pj/ produced (L^m.). But these 
tangents are the projections of the tan* 
gents at the points Q and R of the ellipat 
or hyperbola (6.), andpp^ produced is 
the projection of P F produced. Tliere- 
fore, the tangents at Q and R meet one 
another in some point, T, of P F pro* 
duced. Again, because tq uid tr^are 
tangents drawn from t to the circle, th^ 
line tp which passes through t is haiv 
monically divided by ^ r and the cir* 
cumference {Lem,). Therefore, the four 
straight hnes V^F, VnN, V pP, 
V ^ T*, are harmonicals (II. def. 200, 
and divide P P' produced harmonically 
(II. 49.); and, because the mean PF 
is bisected in C, G N, C P, and C T arc 
proportionals (II. 46.), 

In the parabola, because the prqjec* 
tion g r of the ordinate Q R passes 
through G, and that G L, Gp are tan- 
gents drawn from G to the circle, the 
tangents at q and r meet one another in 
some point t of Lp produced (Lem.), 
and consequently, as before, the tangents 
at Q and R meet one another in some 
point, T, of N P produced. Again, bo- 
cause tq and /r are tangents drawn 
from t to the circle, the line tp is har- 
monically divided by g r and the circum- 
ference iLemX Therefore, the four 
straight lines V L, V «N, V p P, V / T, 
are harmonicals (II. def. 20.) ; and be* 
cause N T is parallel to V L (IV. 6.), it 
is bisected by V P in P (II. 49. Cor. !>., 
that is, N P is equal to P T, 

When the diameter in question is the 
axis of the conic section, these demon- 
strations will be modified, and appear 
under a more simple form, to which they 
are easily reduced by substituting A lit 
forPN,AFforPH,&c. 

Therefore, &c. 
.. ^^_^__ 

f Se« note, pag^e 221. 
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Prop. 18. 
In Ihe Mip*» 



the base of the oone, 'and, therafbra. 



wd hyperbola, the «"*«"«: the cone in a circuit section 
of <ky two »JI^na^e» of P.g-rOlO.andletpw.grbetheprojeo. 



a» the reelangtet under ihe eorrespond- 
ing abiciM<B ; in the parabola, the 
aquaree of any tteo eemwrdinatet of the 
tame diameter, art to one another a» 
Ihe abtnesee. 

Let P Q R be an ellipse or hyperbola, 
PU any diameter, and Q R, Q' R' ar 
two ordinates, cutline the diameter P 
in the poinls N,N' respectively ; tl._ 
square of Q N shall be to the square of 
Q' N' as the rectangle P N x N U to the 
rectangle PN'xN'^U. 



drawn from the 
._ , 1hen,beoauBe»aur 

is a circle, the rectangle under 5 N, N r 
't» equal to the rectan^e underpN, N h 
(111.20.). ThroughVdrawVK parallel to 
P U to meet the plane of the circle in K, 
and VG parallel to QR to meet the sama 
X plane in 6; then, because puis the pri)< 
■ jecljonof PU, it will, if produced, pasi 
through the point K, and, for the like 
reason, q r produced will pais through 
the point G (2. Cor. 4.). 
jiT"" L «\. " " 1 111. Then, because V K is paraUel to P U, 

Through N draw a plane parallel to ^^^^ triangles V Kp and V K « are simi. 
lar to the triangles PNp and UNm 
respectively (I. IS.); therefore (U. 31.) 
PN -pNiiVK :KpandNU :Nw:: 
VK ; Kb, and, consequently (II. 37. 
Cfer.3.),PNxNU:pNxNa:!VK» 
[KpxKu. And,in the same manner, 
because the triangles Q N 5, R N r are 
similar to the triangles V G g, V G r re- 

Seetively*, it may be shown that Q N x 
Ror(l7.)QN" iqNxNrorpNx 
N«::VG':GgxGr. But, from the 
former proporlion, inverlendo (II. 15.) 
pNxNw;PNxNU::KpxKM 
- V K'. Therefore (11. def. 12.), the 
ratio of QN' to PN X NU is compound- 
ed ofthe ratios of VG' loGq X Grand 
Kp X Kb to V K*. 

Now, if through N' there be likewise 
drawn a plane parallel to the base of the 
cone, antJ which, therefore, likewise cuts 
the cone in a circle (1 1 .), p' q' u' r', and 
if VK and VG are produced to meet this 
new plane in the points K' and G' re- 
spectively, the projections p' u' and q' r' 
of Ihediameter PU and the ordinate Q'R' 
upon this plane will pass through th« 
points K' and G" respeclively (2, Cor. 4.), 
because PU is parallel to VK' as before, 
andQ'R'toQB,thati8(IV.6.),toVG'. 
Therefore, as before, it may be shown, 
Ihat the ratio of Q'N'MoPN' x N'U' 
ia compounded of the ratios of V G* ■ to 
G' <i' X G' r- and K' p' X K' «' to V K' ■. 
But, if a: y is the projection of QR 
upon the plane p' q' i*V, xy produced 
will pass through the point G', because 
Q R is paraUel to VG' (2. Cor. 4.) : and. 
because p" q" b' r' ia a circle, G' 9' x C W ig 
equaltoG'a;xG'y(in.20.). Also, be- 
cause the triangles V Kp, V K u are suut- 
larto the triangles VK'p',VK'w'respeo. 
lively, VK ; Kp :: VK' : K'p'(11.31.). 

• Ttn.lniiglH lioi V5Q1, VR.y, Vo 
an tnoitltil ia ueb of Uia Sgum of Uu 
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and VK : K«:: VK': K'«'. Bnd.con- to meet the plane of ttie circle pgr in 
•equently (11.37. C(W.3.).VK' : Kpx G; then, bMause 9 r is the projectioti 
K a ; : V K'' : K' p' X K' k", or, inver- of Q R. it wiU, if produced, paas through 
(eBAi(n.l5.),KpxKB:VK':;K'p' the point G (2. Cw. 4.). 
xK'w" ; VK''; and, in like manner, Now, as in the fonner part of the 
because the triangles YGq.VGr are proposition, it may be shown that Q N' 
iimUar to the triangles V G' *. V G'y :gNxNrorpNxNL;:VG': 
respectively, VG* ; Go x Gf :: GgxGr; also, because the trianfrles 
VG" : G'l X G'y or G'g' X GV. \tp.PNp are similar, pN :PN;; 
Therefore the ratio of V G ' toGjx Lp : VL (II, 31.), and consequently, 
GristhesHme with the ratio of VG'" since pNxN L isto PNxNLaspN 
(oG'g'xG'r',andtheratioofKpxKM to PN(II. 35.), pNxNL; PNx 
to VK' is the Bame with the ratio of NL::Lp ; VL(!1. 12,); therefore the 
K'p" X K'u'toVK''. Therefore, be- ratio of Q N ' to PN x N L is com- 
cajise ratios which are compounded of pounded of the ratios of VG* to G9 x 
ttie same ratios are the same with one G r and Lp to VL. And in the same 
another (11. 27.), the ratio of Q N' to manner, if through N' there be drawn a 
FN xNUis the same with the ratio planeparaUel tothebaseofthecone.and 
of Q'N" to PN'xN'Uj nnd, alter- ifVLandVGbe produced to meet it in 
nando (11, 13,), Q N' ; Q'N" ;: PN the points L' and G' respectively, it may 
xNU :PN'xN'U., be shown that the projections p' N' and 

Inthenextplace,letQPRbe apara- qV of the diameter PNorPN' and 
b(da, PN any diameter, and QH,Q'R' Vtie ordinate QRupon this plane pass 
V through the points L' and G' respective- 

ly, and accordingly that the ratio of 
Q'N" to PN'xN'L'is compounded 
of the ratios otVG" to G'g'xG'r', 
and L'p' toVL'. But it xy is the 
projection of Q R upon the plane of the 
circle p' g* u' r*, it maybe s now n, as in 
the former part of the proposition, that 
ary produced will pass through G', and 
that Gg'xG'r' is equal to GxxGy. 
Also, because the trixngle V Lp is sirai< 
)ar to the triangle V L'p', the ratio of 
Lp to V L is the same vrilh the ratio of 
L'p' to V,L' (11. 31,); and, because the 
triangles V G g, V G r are similar to the 
triangles V G x, V G y respectively, the 
ratio of V G ■ to G 5 x G r is the same 
any two ordinates cutting the diameter with the ratio of V C' to G' a: x G'v 
P N in the points N, N' respectively: orG'q'xGr'. Therefore(II.27.) QN« 
the square of QN shall be to the square : PN x N L ; : Q' N" : P N'.x N' L', 
ofQN'asPN toP'N'. and allemaiuio ill. 19,). QN- : Q'N" 

Through N draw a plane parallel to : : P N x N L : P N' x N' L'. But N L 
the base of the cone, and therefore is equal to N'L' (I. 22.}, and conse- 
cullingit inacircularBCction gpr(ll.), quently (II. 35,), PNxNL : PN' x 
andletpN.grbetheprojecHonsofPN, N'L'.::PN : P N'. ThereforeQN" 
Q R respectively upon this plane, by : Q'N" :: PN 1 PN'. 
straight lines drawn from V ; also, let The foregoing demonstrations are not 
V L be the slant side of the cone, which applicable, in the above form, to the 
is parallel to the axis of the parabola case in which the diameter P N is also 
(13. Cor. 2,). and therefore (IV. 6.) the axis of the conic section. They 
likewise parallel to the diameter PN, become, however, much more simple 
and let it meet the plane qp r in the when they are adapted to this particular 
point L of tlie circumference qpr: then, case, and the manner in which this is to 
because VL is parallel to PN, pN be done is obvious. 

!'«**?-'i°,1.P^Th?''"'^'' "'^' ^'^\'^ Therefore. &c. 
(2. Cor.4.), and. because qpr IS acircle, ' 

the rectangle under 9 N, N r, is equal to Cor. I , In the ellipse and hyperbola, 
iho,».,.„„i=..„,i„.^« K,, ,.,.„„, "-- -quare of the semiordinate varies as 
cctangle under the abscissse; in the 
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parabola, the square ef the semiordinate being understood instead of the reetan« 

varies as the abscissa (II. 33. SchoL), gle under its segments, when it touches 

Cor, 2. If, in the ellipse, a diameter the conic section instead of cutting it. 

DZ is drawn parallel to the ordinal es of For, let P U and QR cut one another 

the diameter PU, (see the first figure in N, and FU' and Q'R' in N'; also, 

cf tlie Scholium which follows this pro- because Q'R' is parallel to QR, let it 

position,) the square of the semiordinate cut P U in M (1. 14. Cor* 3.). Then, by 

QN is to the rectangle PN x NU under the last corollary, 

the abscissoe, as the square of the semi- QNxNR:Q'MxMR'::PNxNU 

diameter C P to the square of the semi- : P M x M U, and 

diameter CD. Q'MxMR' : Q'N'xN'R' :: PMx 

Cor. 3. It is not necessary, in the MU : FN'xN'U'; 

demonstration of the first part of the therefore, ej?<^QMa/i (11.24. )f QNxNR 

proposition, that the conic section should : Q' N' x N ' R' : : P N x N U ; P' N' x 

be an ellipse or an hyperbola, or N'U'. 

P U a diameter having the ordinates And the same may be directly inferred 

Q R, Q' R' ; but only that P U should from the demonstration of the proposi- 

be a straight line cutting the conic tion : for the projection of P' U' will pass 

section P Q R in two points, and Q R, through the point K' in the same man- 

Q' R' two parallel straight lines like- ner as the projection of Q' R' passes 

wise cutting the conic section, each in through G. 

two points, (in which case the part Cor. 5. It is indifferent, also, in the 

shewing that Q N x N R and Q'N' x second part of the demonstration, whe- 

N' II' ai-e equal^to Q N« and Q' N'«, will ther P Q R be a parabola and PN a 

have to be omitted,) or even one or both diameter, or P Q R be an hyperbola, 

touching the conic section in a single and PN a straight line parallel to one of 

point, the only difference being that in the asymptotes, for in this case also PN 

this case the points Q and Q' coincide will be parallel to a slant side of the 

with the points 11 and 11' respectively. cone (14. Cor. 1. and IV. 6.) ; and in 

Therefore, generally, if a straight line either case, Q R and Q' R' may be any 

P U cuts a conic section in two points, two parallel straight lines cutting the 

and is cut by any two parallel straight conic section each in two points, or one 

lines which likewise cut the conic sec- or both of them touching it in a single 

tion each in two points, or one or both point. 

of them touch the conic section, the Therefore, generally, if a straight line 

rectangle under the segments of one PN, which is a diameter of a parabola 

parallel, or its square, if it be a tangent, or parallel to one of the asymptotes of 

shall be to the rectangle under the seg- an nyperbola, be cut by any two parallel 

ments of the other, or to its square if it straia:ht lines which likewise cut the 

be a tangent, in the same ratio as the parabola or hyj^erbola each in two 

rectangles under the corresponding seg- points, or one (or both of them, as is 

ments of the straight line which is cut possible in the case of the hyperbola) 

by them. touch it in a single point ; the rectangle 

Cor, 4. And hence, in any conic sec- under the segments of one parallel, or 

tion, if two straight lines, P U, Q R cut its square if it be a tangent, shall be to 

one another, and likewise other tw^o the rectangle under the segments of the 

F U', Q' R', which are parallel to the other, or to its square if it be a tangent, 

two first respectively, and if each of in the same ratio as the parts P N, P N' 

them cuts the conic ]>j of the line PN, which are cut off by the 

section in two points, / ^'^ parallels respectively, 
or one or more touch it 

in a single point, the J^/%' Scholium. 

rectangle under the seg- // /// 

ments of either of the // /// The diameter D Z, which is supposed 




first shall be to the (/ M in Cor. 2. to be drawn in the ellipse 

rectangle under the i\^// / parallel to the ordinates of the diameter 

segments of its parallel J^X^ P U, is said to be conjugate to P U. It 

as the rectangle under ^ u^ is easy to perceive that the diameter 

the segments of the P U is in this case likewise parallel to 

remaining one of the first to the rectan- the ordinates of D Z : for, let Q R be 

§le under the segments of its parallel ; any ordinate of the diameter PU, and let 

le square of any of the straight lines QC be joined^ and produced to meet, the 
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ellipse in X, and let RX be joined, and 
let it cut DZ in Y ; then RX will be par 




rallel to PU (II. 29.), because Q R and 
QX are bisected in N and C respectively 
(17.); and RX is an ordinate to the 
diameter D Z, (17. Cor, 2.) because R Y 
is to Y X as (^C to CX, that is, in a ratio 
of equality. From this reciprocal rela- 
tion such diameters PU and DZ are 
called conjugate diameters ; and the dia- 
meter wluch is conjugate to the trans- 
Terse axis (and tiierefore (13. Cor, 1.) 
perpendicular to that axis) is called the 
eof^gaie axis* of the ellipse, for, being 
perpendicular to its ordinates, it divides 
the figure symmetrically, and therefore 
is a second axis of the figure 1*. 

In the hyperbola, which, as we have 
aeen, although so different in form, is 
Tcry like the ellipse in its properties, 
there are no diameters, properly speak- 
ing, except such as lie in the angle made 
by the asymptotes. Let us, however, 
define the conjusaie diameter of any 
diameter P U to be a straight line D Z, 
which is drawn through the centre C 
parallel to the ordinates of P U, is 
bisected in the centre, and is such that 
CD* is to CP« as the square of the 
ordinate QN to the rectangle under the 
ab8ciss8B P N, N U. Such a straight 
line D Z will, it is evident, as in the 
ellipse, bisect all straight lines which are 
drawn parallel to the diameter P U, and 
jterminated by the hyperbola. But there 

* The Gonja^te axis of the ellipse beinr alvrays 
Tb&n than the principal or trans7erse axis, the former 
is freqventljT called the minor axis, and the latter 
thd maior axis of the ellipse. 

f There is, however, no other straight line which 
divides the fig:are symmetrically, that is, no third 
axis. For, if C Q be joined in the first figure of prop. 
17* and if P C F be supposed to represent the tmns* 
Terse axis, then if it were possible toat C Q could di* 
Tide the figare symroetxioaUy, or (^whioh is the same 
tiung} bisect its ordinates at right aoffles, C Q T 
wonlabearight angle, and, eonseqaently, beoanse 
Q N is perpendieulu to C T, C Q would be a mean 
yjBQportaonal (.between C N and G T, (II. 81 Cor.) 
and therefore equal to C P (ISA so thatQ N« would 
be to C P«— C N«or P N X N Fin a ratio of equa- 
Utgr* and c<mseq«eittly<lQ.) the. square of every other 
•enii-ordinate.of the axis would be equal to theC<4Ct- 
angle. under its abscissae, and the figure would be a 
.pue% not-aa eUipeVi - " 



is yet a more striking analogy, to which 
we are led by 'observing that, in the 
ellipse, the curve in which the extremity 
of a conjugate diameter so defined lies, is 
a part of the ellipse itself, or, as we may 
consider it, an elJipse having the same 
centre and axes with the given ellipse. 

It might be expected that the same, or 
something similar, would obtain in the 
hyperbola ; and such, we are about to 
demonstrate, is the case ; viz. that " the 
locus of the extremities of all the conju- 
gate diameters of a given hyperbola is 
an hyperbola which has the same centre 
and the same axes as the first." 

To demonstrate this : 

Let C B be drawn parallel to the tan- 
gent at the principal vertex A, and there- 
fore perpendicular to the transverse axi» 




A' C A (13. Cor. 1.) : let P be any point 
in the hyperbola, and draw PM likewise 
parallel to the tangent at A, to meet C A 
produced in M, so that P M is a semi- 
ordinate to the transverse axis A' C A 
<17. and def. 17.); take CB such that 
C B^ shall be to C A« as PM^ to AM 
X MA', and make CB' equal to CB, so 
that, according to the above definition^ 
B B' is the conjugate axis of the hyper- 
bola. Let P T be drawn touching the 
hyperbola in P to meet C A in T ; 
through A draw A Q parallel to P T, 
and therefore (def. 17.) an ordinate to 
the diameter P U, by which it is con- 
sequently bisected (17.) in the point 
of intersection N ; through C draw C I> 
parallel to P T, imd take C D such that 
C D» shall be to C P« as Q N« to PN 
X N U, and make C Z equal to C D, so 
that D Z is the diameter which is conju- 

Sate to the diameter C P. The points 
^ Z shall lie in an hyperbola which 
has B B' for its transverse axis and A A^ 
for its conjugate axis. 

From D (hraw D E perpendicular to 
C B j^oduced. Then, because the sides 
of the triangles C D E, P T M are paral- 
lel, each to each, those triangles are 
similar (1. 18.) : therefore, GE : PM :; 
CD ; FT (II. 31.), and, consequently 
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(II. 37. Cnr. 4.), C £<■ : P M' :: C D" aratualljr eonjugatt, each to th« other, 

: FT*. Now, CD' is to PT' in a and each of tnem is the loeas of the 

ratio which is compounded of the ratios vertices of all the conjogate diameters of 

of CD> toQN», andQN* or NA* to the other. 

PT«. And because, by supposition, 

CD* : C P» :: Q N» : PN xN U or Prop. 20. 

(1. 34 ) C N' - C p. a/<er«an«to C D« if through any point taken tnthin or 

: Q N • : : C P' : C N « - c P. ; dso. ^.^-^^^^ J« „ .^ »^f; .^„^ ^^^ ^^ ^^^ 

and II., 37. Cor. 4.),- therefore, the ^^ ^^ ^^ .^'j;; tangmtt ar* 
ratio which IS compounded of the ratios ^^„ iniersecUtK one anther in a 

*? *^ ^ *LS1 "^ ^ ^- *,? -^^ " 'At>d point P. Melo«« of the pomU P 
thesamewiththe ratio whKh 18 com- ^hall be a straight line; and every 
pounded of UierafaM of CP» to CN»- ,,^. ^, line which i* dram, through 

with the raho of C N" to C N- - C P' ^a^iomcaUv divided by that straight 
that IS. «««n. since (II. 29.) C N . OP ^. ^ the curve. 

;i P A^. „ r A . C*T.^n 37 C^ 4 For thepoint taken. D. may be trans- 
°^ Pt^ o« ^ ^^ Ti,i:J;i P w; ^ 'erred by I straight line drawn from the 

PM";:cf^'CA« -CTMa) ' '*'*** "^ *^ *'°"' *" * <=°"«^°''*°8 

Again, because P M is a semiordinate 
of the diameter A A' to which B B' is 
conjugate, PM» : BC« :: AM x MA' 
or C M« - C A» : C A». Therefore, 
combimng this with the proportion (a), 
ex aquo perturbato, C E» : B C« :: 
C M« - C A» : C A> - C T«: and, 
eonsequentlj, because CM, C A, C T 
are proportionals (18.), C E« : B C« :: 
C M« : C A* (11. 22.). And hence, 
dividendo, C E« - C B« : C B> :: 
CM»- CA» : CA»(A). 

But, because the triangles C D £, 
PTM are similar, DE» : M T« : : C E« 
: PM« (11.31. and II. 37. Cor. 4.); 
therefore, by the proportion (a), DE« 
» to M T« as CA» to C A> - C Ts that 
is, since -CM, QA, CT are propor- 
tionals (18.), as C M to C M - C T or pomt d withm or without the circle which 
MT (II. 37. Cor. 2. and II. 20. Cor. !.)• is the projection of the conic section 
OK as CM X MT to MT«(1I. 35.); (12.): >lso any straight line passmg 
therefore, D E« is equal to C M x M T, through the former may, in like manner, 
or. since MA, M T, M C, M A' are pro- be transferred to a corresponduig straight 
portionals (II. 47.), to AM x MA' line passing through the latter, and the 
(II. 38.x that is (1. 34.) to CM« - CA«. tanj^ents at the points m which the coniit 
. Therefore, by the proportion (6), DE« section is cut by the former straight 
• CA«:: CE»-CB» : CB«;anda^<«^ line to tangents of the circle (6.) at 
naneh (II. 19.) D E« : C E« - C B« or the points in which it is cut by the latter, 
(L 34.) BE X EB' : i C A» : CB », which and the point P in which the tangenU U 





because Cz is equal to CD, and that the ther. But the points jp he m a sb|Uight 

ammeters of an hyperbola are bisected line (III. 53.) because they are the in- 

by the centre, the point Z is in the same tersections of tangents to a circle at the 

hyperbola. extremities of chords gaasmff throufi^ 

' This hyperbola, which has for its «he same point. Therefore, *«? Pfx^ 

teansverse axis the conjugate axis of the tions of the pomta P are such tJi^ ttiev 

mven hyperbola, is called the oo9^ate projections fie in a straight Ime, thai tf » 

hyperbola. Thus the two hyperbolas are they also liein astraight hne (a^X , 
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A^n, in the circle, any straight line 
which passes through the projection of 
the point taken, is divided harmonically 
by the circumference and the straight 
line which is the locus of jo (III. 53. Cor.); 
and lines harmonically divided are the 
projections of other lines which are 
likewise harmonically divided (II. 49.) ; 
therefore, also, in the conic section, any 
straight line which passes through the 
point taken is divided harmonically by 
the conic section and the straight line, 
Hvhich is the locus of P. 

Therefore, &c. 

Prop. 21. 

In every co7iic section APQ, if in 
the right cone of which it is a section 
there be inscribed a sphere which touches 
the plane of the conic section in a point 
S, and the conical surface in a circle, 
the plane of which is produced to cut the 
plane of the conic section in a straight 
line RX; the distances SP and rR 
of any point P in the conic section from 
the point S, and the straight line RX, 
sJiatl be to one another in a constant 
ratio* 

Let V be the axis of the cone, and 
A M the axis of the conic section, so 




that the plane V A M A' passes through 

V O, and is perpendicular to the plane 
of the conic section APQ (13. and def. 
13.): then, because the axis VO makes 
equal angles with the slant sides VA, 

V A', if the angle VAM be bisected by a 
straight line cutting VO in O, the point O 
will be the centre of a circle touching tlie 
three straight lines V A, V A', and A M 
(III. 59.) ; and, if OB, OS be drawn per- 
pendicular to V A', A M respectively, it 
will touch VA' in the point B, and AM in 
the point S. Therefore, if the half of this 
circle, which is upon the same side of VO 
with the tangent V B, be made to revolve 
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together with VB about the axis VO of 
the cone, it will generate a sphere (IV. 
def. 21.) which touches the conical sur- 
face (in which V B always lies) in the 
circle BDE (IV. 3. Cor. 2.), generated by 
the point B. And the same sphere will 
touch the plane A P Q in the point S 
(IV. 8.) ; for OS, being drawn in the plane 
V A M perpendicular to A M, which is 
the common section of the planeVAJVf 
with the plane A P Q to which it is per- 
pendicular, is perpendicular to the plane 
APQ (IV. 18.). It is supposed, there- 
fore, that the plane of the cnrcle BDE is 
produced to meet the plane A P Q in the 
line RX ; and it is required to show that, 
if from any point P of the conic section, 
PR is drawn perpendicular to RX, and 
SP is joined, SP shall be tq PR in 
a constant ratio. 

Through V draw V L parallel to AM 
(I. 48.), and, since V L so drawn is in 
the plane V A M (I. def. 12. and 
IV. 1.) let it meet the straight line 
E B, in which the plane of the circle 
is cut by the plane V A M, or E B pro- 
duced, in L ; join V P, and let it cut 
the circumference B D £ in D, and join 
L D, DR. Then, because the plane 
BDE of the circle is perpendicular to the 
axis V O (ll.)f and consequently to the 
plane V A M which passes through V O 
(IV. 18.), and that the plane APQ of 
the conic section is perpendicular to the 
same plane V A M, the common section 
R X is perpendicular to the same plane 
(IV. 18. Cor. 2.), and therefore, also, to 
the line X A M which meets it in that 
plane (IV. def. 1.). But RX is also 
perpendicular to R P. Therefore RP is 
parallel toXAM (1. 14.), that is (IV. 6.), 
to V L. Therefore the points L, D, R 
are in the plane of the parallels V L, 
R P ; but they are, also, in the plane of 
the circle BDE; therefore they are in 
the common section of these two planes, 
that is, in a straight line (IV. 2.), and LD, 
DR are in one and the same straight line. 
Again, because the plane VPS cuts the 
sphere in a circle (VI. 1.), and that the 
straight lines P D, P S meet this circle 
and do not cut it, they touch it in the 
points D, S respectively, and con- 
sequently, PD is equal to PS (III. 2. 
Cor, 3.). But, because V L is parallel 
to R P, the triangles VD L, PD R fire 
similar (I. 15.). Therefore, PD is to 
P R as V D to V L (II. 3 1 .). Therefore, 
since S P is equal to P D, and V B to 
VD. SP is to PR as VB to VL, that 
is, in a constant ratio. 

Therefore, &c. 
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Cor, 1. If the conic section be an 
ellipse or an hyperbola, a second circle 
may be described in the angle A V B or 
in tne angle vertical to it, touching the 
straight fines VA, VA', and A A', and 
accordingly, a second sphere inscribed 
in the cone touching the plane of the 
ellipse or hyperbola in a second point 
S' of the axis, and the surface of the 
cone in a second circle B' D' E'. And 
if the plane of this circle be produced 
to cut the plane of the ellipse or 
hyperbola in a line R' X', it may be 
sliown, as in the proposition, that the 
distances S' P and PR' of any point 
P, from the point S' and the line R' X'. 
are to one another in the constant 
ratio of V B' to V L', that is, in the 
same constant ratio as before, of V B 
to VL (II. 29.). 



also C S', C A', C X', are proportionals. 
For, since (by the proposition) S A is 
to AX as S A' to A'X, the straight 
lines A'X, A' A, and A'S, are in har- 
monical progression (II. 45. Cor,) ; and 
consequently, the mean A«A' being bi«r 
sected in C, (^ S, C A, and C X are pro- 
portionals (11. 46.) ; and the like demon-* 
stration applies to C S', C A' and C X'. 
Cor, 3. The constant ratio of S P to 
P R is the same with that of C S to C A, 
or (which is the same) of C S' to C A'. 
For A being a point of the ellipse or hy- 
perbohi, S A is to AX in the constant 
ratio ; and because C S, C A, C X are 
proportionals, C S is to C A as S A to 
A X (II. 22.) And for the like reason 
C S' is to C A' as S' A' to A'X', that is, 
likewise in the constant ratio. 

Cor, 4. In the ellipse SP+ PS'= 
A A' ; and in the hyperbola S P - P S' 
= A A'. For, since S P is to P R in the 
constant ratio of CS to CA, or of 
C A to C X, or again (II. 23.). of A A' 
to XX', and that S' P Is to PR' in the 
same ratio, S P ± S' P is to P R + PR' 
in the same ratio of AA' to XX' (II. 
23. and II. 22.). But in the ellipse P R 
+ PR' is equal to RR', and RR' ir 
equal to X X' (I. 22.) ; therefore (II. 
18. Cor,), igP + S'Pis equal to A A'. 
And, in the hyperbola, P R - P R' is 
equal to R R', and R R' is equal to X X' 
(I. 22.); therefore (II. 18. Cor,) SP- 
S'P is equal to A A'. 

Cor, 5. In the ellipse S P is less than 
PR; in the hyperbola SP is greater 
than P R ; and m the parabola S P is 
equal to P R. 

Scholium. 

The points S and S' are called the/oct, 
and the straight lines R X, IV X' the 
directrix-es, of the conic section: the 
ellipse and hyperbola haying two foci 
at equal distances from the centre upon 
either side of it, and two directrix-es ; 
the parabola one focus and one directrix 
only. From the simple properties which 
have just been demonstrated with re- . 
gai'd to these remarkable points, viz.^ 
that 

1 . In the ellipse S P+ S' P = A A'. 

2. In the hyperbola S P - S' P= A A', 

3. In the parabola S P=PR, 
others of very considerable impor* 

In the case of the parabola no such tance are denved. The three conic 

second cuxjle can be described, because sections are, indeed, commonly defined 

V B is parallel to A M. by these properties, and from these, by 

Cor. 2. If C is the centre of the help of the theorems of Plane Geometry, 

ellipse or the hyperbola, CS, CA,*CX, as all other properties are derived in order. 
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lique cone, of the right cylinder, and i^ 
tM oblique cylinder. 

Fsop. 22. 



Fart III.— PAwe Secliont qf the ob- straijfht line Q R, which is drawn per- 

_. «,-. ^fii.. _'~i( -./.-^J™ ™.,j „<■ pendicular to it from a point Q of the 

section P Q R, and that the si^uare Q N» 

of the half of such straight line is equal 

to the rectangle PN X N F, under the 

M mat£, by a pl^ paraOel to »(. bate, ^egnienls of P F, the section P Q K is a 

M a eireie honing ill centre in the axit ^"■^''^' Ijjy'nB ? P' ^r its diameter (III. 

»/thecone. ^■^''",^- 2«-)- 

_ See the demonstration of Prop. 1 1 . Therefore, &c. 

Prop. 23. Prop. 24. 

/n on oblique cone, if V A,y A.' are 

the ilant ndei in which the twfaee of 

the cone it cut by a plane patting 

through the axit V perpendicular to 

the bate, and \f the cone be cut by a 

plane P Q R which it perpendicular to 

the plane V A. A', and it inclined to 

either of the tlant tides V A. at the tame 

angle at which the base it iiidined to the 

other tlant tide V A', the tection made 

by the plane P Q R thall be a circle 



I oblique 

tEi poiaci cnrough the 
, urallel to the base, nor 
it tubconirary, it a conic tection, that 
it, either an ellipte or a parabola or art 
hyperbola. 

Let V be the vertex, and VO the axis 
of an oblique cone, and let it be cut by 
any plane P Q R : through V dtaw the 
straight line VD parallel both to the base 



S 1^'^°^^^'^ K ''«°«''"^- Of tfie cone and to the plane PQR 
pother wordt. every subcontrary uc- (ly. 40. Cor.): through My point in 
Um ^an Mtque cone u a arcle. J^e base of the cone draw a Wht 




LetthepluiePQR 

cut the plane V A A' 
in the straight line 
PF; take any point 
Q in the curve PQR, 
and through Q draw 
-the plane A Q A' R 
paraUel to the base of 
the cone, and let this 
plane out the plane . _ 

VAA' in the straight line A'A' and the 
plane PQR m the straight line QR 
(IV, 3.); then A Q A' is a circle having 
its centre in the axis of the cone (22.). 
-And, because the planes A Q A', P Q R 
are each of them perpendicular to the 
plane VAA', their common section QR 
IB perpendicular to the same plane {IV. 
18.Cor.2.),and consequently (iV.def.l.) 
to the straight lines AA', PF which meet 
it in that plane. Now, because, by the 
supposition, the planes PQR, A Q A' 
■re equally inclined to the straight lines 
VA, VA' respectively, (he angles of 
inclination VP'P and V A'A are equal 
to one another, and (I. 3.) the vertical 
angles P N A' and A N P' are likewise 
«qual; therefore the triangles PNA'. 
ANF are simUar. and (IT. 31.) PN 
is to N A' as AN to N F. and con- 
sequently (11- 38.). P N x N F is equal 
to AN X N A'. But, because A A' is 
the diameter of the circle A Q A', and is 
I>erpendicular to the chord (j H at the 
point N. Q R is bisected in N (111. 3.). 
^dQN'isequaltoANxNA'dll.ao.). 
ITweforeQN" is equal toPNxNF. 
therefore, because PFbisecIa eveiy 



straight 
line parallel to VD, and (III. 57.) a 
straight line touching the base parallel 
to this siraight line or (lV.6.)toVD; 
and let V P be the slant side of the cone 
which passes through the point of con- 
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lad, so that the plane DVP touches the n P as V N' to V n«, that is, since the 
conical surface in the slant side VP. triangles YN Q, Vnq aiv limilar, as 
Letthe plane PVO cut the planePQR Q N' to 9 n« (11,37. Cor. 4,): butp'n 
in the atraight line PN, and the conical x n P is equal to on* (III. 20.) : there- 
surface in the second slant side V p'. fore, also, K N x N L is equal to Q N* 
Hien. if PN cuts V|/ in a point P, (II. 18 Cor.'). In the same manner, it 
the section P Q R shall be an ellipse ; if may be shown that K' N' x N' 1/ is 
PN is parallel to Vp', the section shall equal to Q'N'". Bnf, because the tri- 
be a parabola ; and if P N cuts Yfi' angles P' K N. PN L are similar to the 
produced beyond the vertex in a pomt triangles P'K'N', PN'L' respectivelj 
F the section shall be an hyperbola. (I. 15.) KN : NP'::K'N: N'P*. and 
First, let us suppose that PN isnot N L : N P ;; N'L' : N' P (II. 31.), 
parallel to VF, and therefore, if pro- and consequently, KNxN Lor QN« is 
duced, cuts it in a point P below or to PN xNP' as K'N'xN' 1/ orQ'N* 
above the vertex V. Take any two points is to PN' x N' P' (II, 37. Cor. 3.). 
Q, Q' in the curve P Q B, and through Therefore, altemando, Q N ■ is to Q' N™ 
these points draw the planes D VQ, as PN x NF to P N' x N'F i and 
DVQ'(lV.1.)cuttingthep1anePQH consequently, PQ R is an ellipse or an 
in the strugfat lines Q R, Q' R' and the hyperbola having the diameter P P' and 
plane VPFinthe straight lines VN, tangent PH (19.); an eUipse, if PN 
VN' respeclively(IV.2.); also through cuts VP' below the vertex ; an hyper- 
the point P draw a plane parallel to the bola, if above. 

base of the cone, and therefore cutting And, by a similar construction, if 

the cone in a circular section P(fr (22.), PN be parallel to Vj)', it may be shown, 

and let the same plane cut the plane in the same manner, thatKN x NLia 

PQRinIhe straight line PH. Then, eqaal to Q N'. andK' N' x N' L' to 
because the plane DVP touches the 
conical surface, the straight line P H 
tonches both the circular section P 5 r 
and the curve P Q R, and consequently 
tlM diameter P Op' of the cdrole u 
perpendicular to P H. Let 9 n r be the 
projection of QNR on the plane Pgr 
Of straight lines drawn from V, or, wliich 
is the same thing, the common section 
of the plane pqr with the plane D V Q ; 
then, because VD is parallel to the plane 
of the circle, and likewise to the plane 
P Q R, it is parallel to P H. which is the 
I section of these two jjlanes 

~ .„' " ." ~e'qulato'k'N'(r. 

and, because N L is parallel to N' L', 

---r- . "t.-Ki/T^- „„„u=t NL istoN'L'asPNloPN' (11.30. 

plane p q '■- to "hich V D is paralld ^ therefore. K N x N L ■- - 

(IV. 10.): therefore qr is parallel to ''- - -'-- -- 




(IV. w.tJor.); out qr is paniuei to lalnin-am 
YD, because it is the common section ?• . ' 
of a plane passing through YD with the '"°- ""■' 



K'N' xN'L' asPN toPN' (IL 35.). 



P H (IV 6.) ;. and, for the like reasons, therefore, Q N ■ is io Q' N" aa PN tb 
^^r/?r„":!Pf^^^r"'''t' PN'., and,''consequen>. PQR is a 



F^r in P, it is perpendicular I 
meter P 0* (III. 3. and I. 14.), and is 
therefore (111.3.) bisected in the point n ; 
wherefore, also, since QR is parallel to 
qr, it is bisected in the point N (II. 30,). 
Through N and N' draw KL and K' L', 
each of them, pai'alleltoPOp'. Then, 
because the Inan^lea Y K N , V N L are 
similar to the triangles Yp'n, VnP 
respectively (1. 15.) KN : p'fi :: YN 
: Vn (II. 31. and II. 19.). and NL : 
B P : : Y N : Y «, and consequently 
{n.37. Cor.3.), KNxNListop'nx 



Paop. 25. 

Every section of a cylinder which it 
made by a plane parallel to it* base, 
is a circle having ilt centre in the 
axis oj the cylinder, whether the cylin- 
der be right or oblique. 

Let AB C, a6 c be the bases of a. 
cylinder, and Oo its axis, and let 
PQR be a section made by any plane 



232 



GEOMETRY, 



[Appendix. 




vhich is parallel to 
ABC or a be, and cuts 
the axis O o in E. The 
section P Q R shall be 
a circle having the cen- 
tre E. 

Let P be any point 
in the curve P Q R ; 
join PE; through P 
draw P A parallel to E 
O, and, cpnsequentlv 
(V. def. 1.), lying in the convex surface 
of the cylinder, to meet the circumfer- 
ence A B C in A, and join O A. Then, 
bec£(use the parallels P A, E O are in- 
tercepted between parallel planes, they 
are equal. to one another (IV. 13.); 
and, because P A and E are both 
equal and parallel, E P is equal to O A 
(I. 2 1.)) that is, to the radius of the circle 
ABC. And, in the same manner, it 
may be shown that the straight line 
drawn from E to any other point Q of 
P Q R is equal to the same radius. 
Therefore, the point E is at the same 
distance from every point of PQR ; and, 
consequently, P Q R is a circle having 
the centre E. 

Therefore, &c. 

Cor, The radius of every circular 
section of a cylinder, which is made by a 
plane parallel to its base, is equal to the 
radius of the base. 

Prop. 26. 

In an oblique cuitndery t/ Aa and 
A' a' are the parallel straight lines in 
which the surface of the cylinder is cut by 
aplane passing through the axis O o per^ 
pendicular to the base, and if the cylin- 
der be cut by a plane PQR which is per- 
pendicular to the plane A a a' A', and is 
inclined to either of the parallel straight 
lines, A a, at the same angle at which the 
base is inclined to the other A' a', the 
section made by the plane PQR shall be 
a circle having its centre in the axis of 
the cylinder ; or, in other words, every 
subcontrary section of an oblique cylin- 
der is a circle having its centre in the 
OQcis of the cylinder, 

- Let the plane PQR cut the plane 




A aa' A' in the sh-aight line P F (IV.2.), 
take any point Q in the curve PQR* 
and through Q draw the plane D Q D' R 
parallel to the base of the cyHnder (IV. 
43.), and let this plane cut the plane 
A a a' A in the sh-aight line D E D' and 
the plane PQR in the straight line 
Q R ; then D Q D' is a circle having 
the centre E (25.). And, because .the 
planes D Q D', P (J R are each of them 
perpendicular to the plane AadA'^ 
their common section Q R is perpendicu- 
lar to the same plane (IV. 18.)f and con- 
sequently to the straight lines DD', PP, 
which meet it in that plane (IV. def. 1.). 
Now, because, by the supposition, the 
planes P Q R, D Q D' are equally inclined 
to the straight lines A a. A' a' respec- 
tively, the angles of inclination N P D, 
N D'' P' are equal to one another ; but 
N D' P' is equal to N D P, because Aa^ 
is parallel to A a (1. 15.) ; therefore, the 
angle N P D is likewise eaual to N D P, 
and consequently (I. 6) the side N P is 
equal to the side ND. And., for the like 
reasons, N P' is equal to N D'. There- 
fore, the rectangle P N x N P' is equal 
to the rectangle D N x N D'. But, be- 
cause D E D' is the diameter of the cir* 
cle D Q D', and is perpendicular to the 
chord QR at the point N, QR is bisected 
in N (in. 3.), and Q N» is equal to DN 
X N D' (III. 20.). Therefore, Q N« is 
equal to PN x N P'. Therefore, because 
PP' bisects every straight line QR which 
is drawn perpendicular to it from a point 
Q of the section PQR, and tliat the 
square QN* of the half of such straight 
line is equal to the rectangle P N x N P' 
under the segments of P P, the sectioa 
P Q R is a circle having P P' for its dia- 
meter (III. 3. and III. 20.). Also, the 
middle point of P P' is the centre of the 
circle. But, because O o, Aa and A' a' 
are parallel, and that A' O is equal to 
O A, FF is equal to FP (II. 29.), that 
is, F is the middle point of P F. There- 
fore, F is the centre of the circle PQR* 

Therefore, &c. 

Cor. The radius of every subcontrary 
section of an oblique cylinder is equal ta 
the radius of the base of the cylinder. 

Prop. 27. 

Every plane section of a cylinder 
which is neither parallel to the axis* nor 
parallel to the base, nor subcontrary^ 
is an ellipse having its centre in the 

* A plane which is parallel to the axis of a eylin* 
der, cuts the convex surface in two straight unes 
which are parallel to the axis. 
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Otis of the cylinder, whether the cylinder 
he right or oblique. 

Let ABA', aba' be the bases, and 
O o the axis of a cylinder, and let P Q R 
be any plane section which is neither 
parallel to the axis O o nor to the base 




A B A', nor subcontrary : P Q R shall 
be an ellipse having for its centre the 
point C in which its plane cuts the axis 
of the cylinder. ^, 

Through O draw a plane parallel to 
the plane P Q R (IV. 43.), and let it cut 
the plane ABA' in the straight line OB ; 
draw the diameter AA' perpendicular to 
OB, and let the plane AOo cut the 
convex surface of the cylinder in the pa- 
rallel straight lines Aa, A'a', and the 
plane P Q R in the straight line POP': 
m the curve P Q R take any two points 
Q, Q', and through these points draw 
the planes K Q L R, K' Q' L' R' parallel 
to the base ABA' (IV. 43.) and cutting 
the plane PQR in the straight lines 
Q N R, Q' N' R' and the plane A a a' A' 
in the straight lines K N L, K' N' V 
irespectively (IV. 2.). Then, because 



Q R is the common section of two plane*? 
which are parallel respectively to the two 
passing through OB, Q R is parallel to 
OB (IV. 12. Cor.); and, for the like 
reason, Q' R' is parallel to O B or Q R. 
Also, laecause K L and A' A are the 
common sections of parallel planes by 
the same plane AaafA\ K L is parallel 
to A' A (IV. 12.) ; and, for the like rea- 
son, K' L' is parallel to A' A or K I*. 
But A' O A is at right angles to O B. 
Therefore, QR is at right angles to KL. 
and Q'R' is at right angles to K'L' 
(IV. 15.). And, because the diameter 
K L of the circle K Q L R is at right 
angles to the chord Q R, it bisects Q R 
in the point N (III. 3.) ; and, for the like 
reason, Q' R' is bisected in N'. There- 
fore (III. 20.) Q N^ is equal to K N x 
N L, and Q' N' « to K' N ' x N' V. But, 
because the triangles P' K N, PN L are 
similar to the triangles F K'N', P N' U 
respectively (1.1 5.) KN : NF::K'N' : 
N'F, and N L : P N :: N' U : P N' 
(II. 31.), and, consequently, K N x N L 
orQN« :PNxNF::K'N'xN'L'or 
Q'N'VrPN'x N'F (11.37. Cor. 3.). 
Therefore, alternando, QN« : Q' N'» 
PN X N F : PN' X N'F: and 






consequently (19.), P Q R is an ellipse 
having the diameter P P', and the tan- 
gent at P parallel to O B. Also, be- 
cause A A' is ])isected in O, and that 
A a, O and A' a' are parallel to one 
another, P F is bisected in C (II. 29,). 
Therefore, C is the centre of the ellipse 
PQR. 
Therefore, &c. 
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Those marked wUh an asteriak are of importance. 
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28 
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••46 
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64 
£6 
€2 

«4 
«4 
68 

70 
76 

78 
78 

82 
S3 

92 
05 
96 
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109 
IIU 
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*111 
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♦111 

117 
J 20 

*122 



1 
2 
1 



1 
1 
1 
2 

1 
1 
1 
1 
2 
2 
1 

1 



Coi. Line 

2 47 for greater read greater or leas 
20 ~ side D E read Aides D E 
27 — same line read same side 

12 for to the same straif^t line read to 
the same str^gfat line, and in the 
same plane 

29—22. Cor. read 22. Cor. 1 

3 and 4/or A D, and read A D. And 
Id /or 32 read 31 
42 — and hence read therefore, adding 

twice the square of A E or A C 
23—39. Cor. 2 read 29. Cor. 2 
26 — equal to read is equal to 
52 — the points D E read the points D, E 
33 — triangle ABC read triangle abe 
8 from bottom,/or H C read A C 
16 for r 10]. Cor. read [U]. Cor. 2 
6 and 2 from bottom, /or A' : B' : : A : B 
r8«iA':B:: A:B' 

4 and 3 from bottom, for A read A', and 
for A' read A 

1 tram bottom, far B reads', and for 

B'readB 
1 for B' readB, omUHng because It is 

supposed to be greater than B, which 

is greater than Q 

13 of note, /or and d read e and d 
45 for def. 7 read def. [7] 

12 — A, B, A', B read A. B, A', B' 
48 — 10. Cor. read II. Cor. 2 

6 — homologous, and read homolo* 
gous; and 

29 — Euc. 1. 17 read Enc. VI. 17 

33 — 1. 38 read 1. 34 

13 — AC read Ac 
39 — I.5rearfl. 6 
19 — D. (I. 46 read D. (I. 48) 

2—66 read 56. Cor. 
in the figure of the Scholium, for C 
read G' 

7 for I read 1. Cor. 1 
in the figure of the Scholium, /or the C 

nearest to A read c 
7 for ABCVEF read A,B,C,D, E, F 
89 — 31 rcarf31.Cor. 1 
17 — is greater reatf is, greater 

1 from bottom, for impracticable read 
impracticable in the way of calcu- 
lation 

2 from bottom,/or II. 17 read II. 13 
41 for as mayeasily be shown reeuf (11.23) 
26 /or PC Drcod BCD 
31 — P A« X A G read P AS x E G 
16 and 17 for (produced if necessary) 

rea<f produced I 
5 /or B C D read BCD and the point A 
read line 19 immediately before line 18 
56 for of given read of the giyen 
31 — 12. Cor. 1 read 11. Cor. 
- 41 — 12. Cor. 1 read 11. Cor. 
2 in the figure the letter C is wanting be- 
tween N and B 
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1 
1 
2 
1 
1 

1 
2 
2 
2 
1 
1 
2 

1 
1 



2 
2 
1 
2 
1 

2 

2 

1 

1 



Pagt Col. Litu. 

*124 2 in the Scholium case 6, /or^r^ 4.vS=ft2 
read jfi-^ Sid* 
1 of note from bottom, for said read 
made 

26 for 17 read 17, Cor. 

1 1 — pass read passes 
47 —wiU be rcoiJ will lie 

5 — this read that one 

1 from bottom, /or 20 read 21 

3 fk'om bottom, for theo^selrea r0«f 
likewise 

38 for altitude GH read altitade CH 

38 ^21 read 22 

16 ABCDreorfABCDE 

27 omit the reference (II. 12) 

1 in the figurethe line AE is dotted br mistake 

2 30/or 1. 12r«MlI. 12.Cor. 1. 
16 — G H, being read G H being 

4 — AB, A C 9<eiuf OB, OC 
1 — ABCDreoiiABCDE 

4 from bottom, /or VLreadE L 

1 in the lower figure, /or « read V 

2 1 9 for right angle read right-angled 

21 — 1 Cor. 2 read 2 Cor. 2 

22 — IV. 82 read IV. 32. Oor. J 

12 from bottom, /or pynmidfeod COM 

13 for 6. Cor. I read 7. Cor. 1 
26 — pyramid read cone 

1 in the figure, the letter C la wmtlng at the 
centre of ABD 
9 from bottom,/i>r 6 read 8 
8 and 4 for Props. 2 and 6 read Props. 

Sandd 
29 for 13 read 13 and 16 

12 — C H read C D 

5 from bottom, for III. 36 read 1. 86 

13 from bottom, /or | tr +0 Ks rmi 

i «• X G K^ 
20 for 15 read 18 

5 from bottom, /or greater read less 
4 from bottom, /or less read greater 

ADDENDUM. 
Page 93, col. 2, after Book III. prop. 28, add. 

Cor. In an isosceles triangle, which has each of 
the equal angles double of the vertical angle, the 
sides and base are in extreme and mean propor- 
tion; and conversely. 

In such a triangle, each of the equal angles Is 
four-fifths of a right angle (1. 19.) As we afe ena- 
bled, therefore, to describe such a triangle by II. 
69, we can thus divide a right angle into five equal 
parts, as was observed in the scholium of p. 26. 
And generally, if a regular polygon of n sides can 
be inscribed in a circle, (as, in the present instance, 
the regular polygon of five sides,) a right angle 
may be divided into n equal parts, by taking for 
one of those parts (I. 46. Cor.) a fourth of the 
angle which the side of the polygon subtends at the 
centre of the circle. (1. 3. Cor.) 
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The theorems and problems of Plane Geometry win be fonnd nnder the heads Straight Linet Angle, 
^Priatigle, Square^ JUkitmhUt Reetangltt Parallelogram, QumdrUttteralt RecHHneal Figure , Circle ; those 
4>f Solid Geometry under Plane, Dihedral Angle, Solid Angle, Tetrahedron, Cube, Rectangular Parai* 
ielopiped, ParaUelopiped, Priam, Pyramid, Poljfhedron, Regular Poljfhedron, Cylinder, Cone, Sphere, 
Solid of Reitolution ; of Spherical Geometry under that heaid; of Ratios and Proportion under those 
respecUye heads ; and so of Projection and the Conic Sections. 

The parts indaded in nncise are additions } having been made* either with the view of supplying Buch 
connecting links as seemed wanting in the present digest of the whole worlCt as In "Circle " (E) and 
(G) ; or of completing what had been left imperfect, as in the notes on '* Proportion ** and " Rectangle;*' 
or of extending and generalising where only partial views had been given, as under the heads " similar/' 
■*' symmetrical,*' *' touch ;" or of adding whatever of use or interest had been inadvertently omitted, as 
in ** Annulna," *< Lanes," and the note on *' Centrolinead.** 



ABSCISSA (Lai., a part cut ofiT) of a 
conic section . . . def. 220 

Acute, (Lat^ pointedi) a term applied to an- 
gles, whether plane, dihedral, or spherical, 
which are less than right angles. 
A^acent angles are those which one straight 
Une, or plane, or spherical arc makes with 
another upon one side of it. 
Affection, angles said to be of the same, or 
of di&rent afiections . • note 62 
Algebra, its ugna +, — , Xj &c, borrowed 
with advantage by geomefaiy • 20 

Aitemando^ a rule in Proportion. See ^^ Pro- 
portion." 
AiiernatCy certain angles said to be, which 
are made by two straight lines (or planes), 
with a third straight hne (or plane) 13 
Altitude, of any ^ure, is a perpendicular 
drawn to the base from the vertex, line, or 
plane, opposite to it. 
Anaitfsis, (6r., undoing, or taking to pieces,) 
in geometry, is that mode of demon- 
strating a theorem, or solving a problem, 
which searches into tlie thing proposed, 
and takes it (as it were) to pieces, in order 
to discover the more simple truths and 
coi»tructions upon which it is huilt : the 
reverse process is called Synthesis, (Gr, 
putting together,) and proceeds in a didactic 
form, by ue putting together of truths and 
consloructions already established, to do, or 
establish the certainty of the thing pro- 
posed . . • 107 
Anffie, dihedral. See " Dihedral Angle." 
Angle, rectilineal . . def. 1 
When said to be right, oblique, acute, 
obtuse . .' . de/.2 
Supplementary . • note 5 
Exptementary, reverse • . 85 
More complete definition of angular 
magnitude . . .85 
(a) The magnitude of an angle is in- 
dependent of the extent of its legs 

def. I 

(6) £<^ual angles may he made to 

coincide . • cur. 4 

(e) All right angles are equal to one 

another ... 4 

(d) Every angle is measured by the cir- 



cular arc, which is described aboot 
the angular point with a given radius^ 
and is included between the legs, 

«cA, 85 
(e) By continued bisections, a given 
angle mav he divided into 2, 4, 8, 16, 
&c. equal parts ; but the division of 
an angle (in general) into any other 
number of equal parts is impracticable 
bv a plane construction, i. e. with the 
right line and circle only «cA. 26 

(/) To bisect a given angle • 25 
(^) At a given point in a given straight 
line to make an angle equal to a given 
angle . . 26 

Si?e « Straight Line." 
Angle, solid, {See « Solid Angle.'') def, 125 
Angle ^ spherical, (^See *' Sjiherical Geome- 
try.") . , . def. IS5 
Angle m a segment, (See '* Cirde.") def 79 
[^Annulus (Lat, a ring,) a name given to the 
space which is the ^fierence of two con- 
centric circles — ^two amiuU are said to be 
similar, when the radii of the interior and 
exterior circumferences are to one another 
in the same ratio. See " Circle."] 
Antecedent, of a ratio, is the leading term : 
the antecedents of a proportion are the first 
and third terms . • def, 32, 33 
Apothem of a regular polygon • def, 91 
Approximation to the area of a circle, when 
the radius is given ; or, to the radius when 
the circumference is given; or, to the radiut 
when the area is given. {See " Circle.") 

sch. 97, 98 
Arc (Lat., a bow) of a circle. {See " Circle.") 

def, 78 
Arc, spherical. {See " Spherical Geometry.") 

def, 184 
Area (Lat, a floor) means, sometimes, the 
same as siuface; but is more properly 
applied to signify the number of times any 
surface contuns the superficial unit sch, 18 
Area of a triangle. See " Triangle." 
Area of the circle. See " Circle." 
Arithmetical mean, between two magnitudes^ 
is a magnitude which exceeds the lesser of 
the two by as much as it falls riiort of the 
greater. 
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(a) Is equal to half the sum of the two 
magnitudes • • ax, 4 

(hi) Is greater than the geometrical 
mean • • cor, 42 

(c) Arithmetical means being continually 
taken between two ma^itudes, be- 
tween the new mean and the last, and 
80 on ; to arrive at the appro xmiate 
result immediately, after a certain 
number have been taken note 98 

^rilAmefica/ progression. Magnitudes A, B, 
G, D, &c. are said to be in arithmetical 
prog^essioui when their succescive diffe- 
rences are equal, i. e, when A is as much 
greater or less than B, as B is than C, as 
C is than D, and so on. 
ArithmeticcU theory of proportion, {See "Pro- 
portion.") 

In what respects inadequate to the pur- 
poses of geometry . note 57 
Arris of a solid. (5w « Polyhedron.") def, 126 
As, Peculiar use of the word, in expressing 
certain proportions . • sch, 62 
Asymptote of a curve. {See " Conic Sec- 
tions," and " Projection.") . def, 211 
Axiom (Gr.), a self-evident truth • 4 
Axioms of equality and inequality . 4 
Axis of a circle of the sphere def. 184 
Of a cone or C3rlinder def. 166, 167 
Of a regular prism or pyramid def 127 
Axis of a figure of revolution (and in this 
sense of a sphere) is the straight line about 
which the revolution is supposed to take 
place. 
Axis of a conic section . , def. 217 
Principal or transverse def 217 
Conjugate • , def,22& 

Base of a triangle, def 2 — of a pyramid, 127 
— of a cone, 167 — of a spherical segment^ 
179 — of a spherical sector, 179. 

Bases of a parallelepiped, def 126 — of a 
prism, 127— of a cylinder, 166. 

Centre of a circle, def 3 — of a regular poly- 
gon, 91 — of a sphere, 127— of a regular 
polyhedron, 161 — of an ellipse, or hyper- 
bola 217 

Centroiineadf an instrument for drawing con- 
verging lines . . . , 75 
For a description of Mr. Nicholson's 
instrument, * see the " Transactions 
of the Society of Arts," vol. xxxii. 
Circie, (also ceutre, circumference, radius or 
semidiameter, diameter) . def 3 

ft. 

* A more simple instniment, for the same purpose, 
cofitisting of three ralera, which are stiffly moveable 
about a common joint in the same, or in parallel 
planes, is likewise of frequent nse among dranghts* 
men. Its form is not ro convenient, neither from the 
want of the additional rulers is its adjustment sus- 
ceptible of the same accuracy as Mr. Nicholson's. 
It derives its use, however, from the same principle, 
and the manner of applying it may be e]q)Iainea as 
follows: — 

^. ^'. A B and CD be two given lines, converging to 
the distant point O, and let it be required to draw 
2!3??i«lt ^""'^ r'"* ^ * Htraight line, which 
any point A. and in C D any point C, and join A C ; 



Arc, chord, segment, sector, tan<rent 

def 78° 79 
Similar arcs, similar segments, similar 
sectors . . . def 91 

(A.) First Properties, III. § 1. 

(a) If a straight line meets a circle in 
two points, it cuts the circle in those 
points, and the part between them fallg 
within the circle , , 79 

(6) A straight line cannot meet a circle 
in more than two points cor. 79 

(c) A circle is every where concave to- 
wards its centre , cor. 79 

(d) The straight line which is drawn at 
right angles 'to the radius of a circle 
from its extremity touches the circle ; 
and no other straight line can touch 
it in the same point . . 79 

(js) If a straight hne touches a circle, the 
straight line drawn from the centre to 
the point of contact shall be perpendi- 
cular to the line touching the circle 

; cor. 80 

(/) If a straight line touches a circle, 
and if from the point of contact a 
straight line be drawn at right angles 
to the touching^ line, the centre of the 
circle shall be m that line cor, 80 

(jg) Tangents which are drawn to a circle 
from any the same point without it; 
are equal to one another cor. 80 

(Ji) Tang:ents at the extremities of the 
same diameter are parallel cor. 80 

(B). OftheDiameterandoiher C/ion/*, III. §1. 

(a) The diameters of the same circle 
are equal to one another def. 3 

(b) Every diameter divides the circle 
and its circumference into two equal 
parts . . noieJS 

(c) The diameter is the greatest straight 
line in a circle ; and, of others, that 
which is nearer to the centre is greater 
than the more remote ; also, the gre iter 
is nearer to the centre than the less 80 



let QA, QP, QC, represent the three rulers, haring 
the common joint Q, and let the angles PQA, PQC 
be set (or made equal) to the angles A C D and B A C 
respectivelv ; fix two pins, one at A, the other at C, 
and move the rulers AQ, C Q, along these pins, nnril 
Q P passes through the point P ; let the ruler Q P be 
then steadily fixed, and the line Q P drawn ; Q P is the 
line required. For, if a circle be described through 
the points A, C, O, the point Q will always lie in its 
circumference, because AQC is equal to the sum 
(fig. n or the difference (fig. 2) of PQA and PQC, 
I.e. of BAG and AC D, 1. e. to the supplement of 
the anj^le O (fig. 1), or to the angle O (fig. 2); there- 
fore, since the angle PQC is equal to BAG, QP 
produced passes through O. 
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(d) Equal straight lines in a circle are 
equally distant from the centre ; and 
those which are equally distant from 
the centre are equal to one another 

cor. 81 

(ff) If a diameter cuts any other chord 
at right angles, it bisects it; and 
conversely, if a diameter bisects any 
other chord, it cuts it at right angles 80 

(/) Two chords of a circle cannot bisect 
one another, except they both pass 
through the centre • cor. 80 

(jff) The straight line which bisects any 
chord at right angles, passes through 
the centre of the circle . cor. 80 

{h) If two circles have^ common chord, 
it shall be bisected at right angles by 
the straight line joining their centres 

cor. 80 

(t) A diameter bisects all chords which 
are parallel to the tangent at either of 
its extremities . . cor. 80 

[(A) Every diameter divides the circle 
symmetrically. See " Symmetrically 
divided."] 

(/) If a point be taken, from which to 
the circumference of a circle there 
fall more than two equal straight lines, 
that point is the centre of the circle 81 

(m) From any other point than the centre 
there cannot be drawn to the circum- 
ference of a circle more than two 
straight lines that are equal to one 
another, whether the point be within 
or without tlie circle . cor. 81 

(n) If a point be taken within a circle 
which is not the centre, of all the 
straight lines which can be drawn 
from that point to the circumference, 
tlie greatest is that which passes 
through the centre, and the other part 
of that diameter is the least ; also, of 
any others, that which is nearer to 
the greatest is greater than the more 
remote, and any two, which are equally 
distant from tne greatest upon either 
side of it, are equal to one another 

sch. 83 

(o) If a point be taken without a circle, 
and straight lines be drawn from it 
to the circumference, of those which 
fall upon the concave circumference, 
the greatest is that which passes 
through the centre, and of the rest 
that which is neai-cr to the greatest is 
greater than the more remote, and 
any two which are equally distant 
from the greatest upon either side of 
it are equsd to one another ; also, of 
those which fall upon the convex cir- 
cumference, the least is that between 
the point without the circle and the 
diameter, and of the rest, that which 
is nearer to the least is less than the 
more remote, and any two which are 
equally distant from the least upon 
either side of it are equal to one 
another • • * • fch, 83 
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Circles which cut or touch 

another f III. J 1. 

(a) Circles which are concentric either 

do not meet one another, or coincide 

altogether , , . 81 

(6) Circles which cut or touch ona 

another cannot have the same centre 

cor, 81 

(e) Circles cannot cut one another in 

more than two points . . 82 

{d) If two circles meet one another in a 

point which is not in the straight Una 

Coining their centres, or in that straight 
ine produced, they shall meet one 
another in a second point upon the 
other side of that straight line, and 
shall cut one another • . 82 

(e) If two circles meet one another in a 
point which is in the straight line 
loining their centres, or in that straight 
line produced, they meet in no other 
point; the circumference of the circle 
which has the greater radius falls 
wholly without the circumference of 
the oth&r, and the circles touch one 
another .... 83 

(/) Circles which cut one another meet 
in two points, [and the distance be- 
tween the two is bisected at right 
angles by the straight line which 
joins their centres] . cor. 83 

(g) If two circles cut one anotlier, the 
straight line which joins their centres 
is less than the sum, and greater than 
the difiference of their radii cor. 83 

(A) Circles which touch one another meet 
in one point only ; and the straight 
line which joins their centres, or Uiat 
straight line produced, passes through 
the point of contact . cor. 82 

(i) If two circles touch one another, the 
distance of their centres is equal to 
the sum or to the difference of their 
radii ; the sum, if they touch exter- 
nally; the difference, if tliey touch 
internally . . , cor. 82 

{k) If the circumferences of two circles 
do not meet one another in any point, 
the distance between their centres 
shall be greater than the sum, or less 
than the difference of their radii, ac- 
cording as each of the circles is with- 
out the other, or one of them within 
the other ; [and the circles approach 
nearest to one anotlier in the straight 
line joining their centres, or in mat 
straight line produced] . 83 

(/) If the distance between the centres 
of two circles be at once less than the 
sum, and greater than the difference 
of their radii, the circles will cut one 
another ; if that distance be equal to 
the sum, or to the difference of the 
radii, the circles will touch one 
another ; and, if that distance be 

greater than the sum, or less than the 
ifference of the radii, the circles will 
not meet one another . cor. 84 



t38 



GEOMETRY. 



[Index. 



(D) Of Arc9 ami AnglcM in. a drdtj III. 
$2, 

(a) In the same^ or in equal circles, 
equal chords subtend equal angles at 
the centre, and conTers^y ; and the 
greater chord subtends me greater 
angle at the centre, and conversely 34 

{b) In the same, or in equal circles, equal 
angles at the centre stand upon equal 
^cs, and conversely . • 84 

(c) In the same, or in equal circles, equal 
chords subtend eqoal arcs ; and con- 
versely • . • cor. 85 

(d) In the same, or in equal circles, any 
angle.^ at the centre at the arcs upon 
which they stand ; •'. e., any angle at 
the centre is measured by the arc upon 
which it stands • . 85 

{/) The an^le at the circumference is 
equal to half the angle at the centre 
upon the same base ; •'. e., any angle 
at the circumference is measured by 
half the arc upon which it stands 86 

(/) In the same, or in equal circles, 
equal angles at the circumference stand 
upon equal arcs, and convoraely ; also, 
any angles at the circumference are 
as the arcs iq)on which th^ stand 

cor. 86 

(y) Angles in the same segment of a 
circle are equal to one another 86 

(A) The angle in a semicircle is a ri^ht 
angle ; the angle in a segment, which 
is greater tlum a semicircle, is less 
than a right angle ; and the angle in 
a segment, which is less than a semi- 
circle, is greater than a right angle 

cor. 86 

(i*) If a triangle and a circular segment 
stand, iif on the same base and upon 
the same side of it, the vertex of the 
triangle will fall without, or within, 
or upon the arc of the segment, ac- 
cording as the vertical angle is less 
tlian, or greater than, or equal to, the 
angle in the segment . cor. 87 

(k) If any choid be drawn in a circle, 
the angles contained in the two oppo- 
site segments shall be, together, equal 
to two riglit angles . • 87 

(/) The opposite angles of a quadrila- 
teral in a circle are, together, equal to 
two right angles . cor. 87 

{m) If at oue extremity of a chord a 
tangent be drawn, the angles which it 
makes with the diord shall be equal 
to the angles' in the alternate seg- 
ments ; and conversely) if at one ex- 
tremity of a chord a straight line be 
drawn such that the angles it makes 
with the chord are equal to the angles 
in the alternate segments, such straight 
line is a tangent . . 87 

(») Parallel chords intercept equal arcs, 
and conversely . • 88 

(o) If a tangent and a chord be parallel, 
the arc between them is bisected by 
^e pqiut of contact ^ and, osnversely, 



if the arc between a chord and tan- 
gent be bisected by the point of con- 
tact, the chord and tangent shall be 
parallel . . . cor. 88 

(p5 If any two chords meet one another, 
the angle contained by them is mea- 
sured by half the sum, or by half the 
difference of the intercepted arcs, ac- 
cording as the point in which they 
meet is within or without the circle 88 

(;) If a chord meet a tangent, the angle 
contained by them is measured by 
half the diffisrence of the intercepted 
arcs [imd the same measure obtains 
when two tangents meet one another.] 

cor, 83- 

(E) Of Bectanglea under the Segnunta of 
ChordSy III. § 3. 

[(a) If a diameter bisects any chord, 
the square of half the bisected chord 
is equal to the rectangle under the 
segments of the diameter (I^ 36, and 
I. 34.)] 

[(&) The tangents at the extremities of & 
chord meet one another in the same 
point T of the bisecting diameter, and 
that in such a manner, that if C is the 
centre of the circle, N the point of 
bisection, and C A the radius, CN, G A, 
and GT, are proportionals (II. 34.)] 

(c) If any two chords cut one anoth^, 
the rectan^es under their segments 
shall be equal, whether they cut one 
another within or without the circle 88 

(d) If two straight lines AB, GD, cut 
one another m a point £, and if the 
points A, B, and C, D, are taken, (the 
two first upon the same side of £, and 
the two last likewise upon the same 
side ; or the two first upon opposite 
sides of £, and the two last hkewise 
upon opposite sides,) so that the rectan- 
gle imder A E, £ B, shall be equal to 
the rectangle under G£, ED, the points 
A, B, C, D, £^all lie in the circum- 
ference of the same circle cor. 89 

(e) If a chord meet a tangent, the 
square of the tangent shall be eqnal to 
the rectangle under the segments of 
the chord ... 89 

(/) If two straight lines, AB and C E, 
meet one another in a point E, and if 
the points A, B, and G, are so taken, 
that, A and B being upon the same 
side of £, the square of E G is equal to 
the rectangle under AE, EB, the 
straight line EG shall iouch. the circle 
which passes through the points A, 
B,G . . cor. 89 

Of) If a triangle be inscribed in a cude, 
and if a perpendicular be drawn from 
the vertex to the base, the rectangle 
nnder'the two sides shall be equal to 
the rectangle under the perpendicular 
and the ^Gameter of the eircle 90 

(A) If triangles ara inscribed in the 
same^or in equal c;ircles^> the leetangles 
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under the sides, cfmtainiiiff any two 
angles, shall be to one another as the 
perpendiculars drawn to the opposite 

sides . . • «»';• 90 

(t) If a quadrilateral be inscribed in a 
circle, its diagonals are to one anotlier 
as the Slims of the rectangles under 
the sides terminated in tiieir extremi- 
ties . . • .90 

(A) If a quadrilateral be inscribed in a 
circle, the rectangle under its diago. 
nals shall be equ^ to the sum of the 
rectangles under its opposite skies 90 

(0 If from any point without a circle, 
two straight Unes are drawn to touch 
the circle, every straight line which is 
drawn through that point to cut the 
circle shall be harmonically divided 
by the circumference, and the chord 
joining the points of contact j and the 
tangents at the points in ii^ch every 
such straight line cuts the circum- 
ference shall meet one another in the 
chord produced . iem. 2*20 

(m) If through any point taken within 
or without a circle, there are drawn 
any number of straight lines, eadi 
cutting the circlp in two points, and 
if at every such two points tangents 
are drawn intersecting one another in 
a point P, the locus of the points P 
shall be a straight line; and every 
straight line whidi is drawn through 
the point taken to cut the circle shall 
be harmonically divided by that 
stnu^t line and the circle eor, 112 

(F) Of regular Poiygona^ itueribed amd cir- 
cumscribedf III. § 4. 

(o) If any two adjoining angles of a 
regular polygon oe bisected, the inter- 
section of the bisecting lines will be 
tlie common centre of two circles, the 
one circumscribed about, the other in- 
scribed in, the polygon . 91 

(6) If the drcumference of a circle be 
divided into any number of equal 
parts, the chords joining the points of 
division shall include a regiuar poly- 
gon inscribed in the circle ; and the 
tangents drawn through those points 
shi£ include a regular polygon of the 
same number of sides circumscribed 
about the cirde • *. . ^^ 

(c) If any regular polygon be inscribed 
in a circle, a similar polygon may be 
circumscribed about the circle by 
drawing tangents through the angular 
points of the former; and, conversely 

cor, 92 

(rf) K any legiikr polygon be inscribed 
in a circle, and if a tangent be drawn 
pandlel to- one of its sides, and be ter- 
minated botiiwayB by radii panmg 
Hoou^ the extmnities of tiuii side, 
such twminated tangent shall be a side 
of a similar polygoiij. circumscribed 
about the circle • • cor. 92 



(e) The aide of a regular hexagon is 
equal to the radius of the circle in 
whidi it is inscribed; the side of a 
regular decagon is equal to the greater 
segment of the radius divid^ me- 
dially ; and the side-square of a regu- 
lar pentagon* is greater than the 
SQuare of Sie radius by the side-square 
or a re^ar decagon inscribed in the 
same circle .... 93 

(/) If K and L represent two regular 
polygons of the same number of sides, 
the one inscribed in, and the other 
circumscribed about ihe same [circle, 
and if M and N represent the inscribed 
and circumscribed polygons of twice 
the number of sides; M shall be a 
geometrical mean between K and L, 
and N an harmonical mean between 
LandM . . . 96 

(g) JSk and / represent the radii of the 
circles which are inscribed in any 
regular polygon, and circumscribed 
about it, and if m and «• represent 
these radii for a regular polygon 
which has twice as many sides as the 
former, and an equal perimeter; m 
shall bean arithmetical mean between 
k and /, and n a geometrical mean be- 
tween / and m . . note 98 

(A) If k and / represent the radii of the 
circles which are circumscribed about 
any regular polygon and inscribed in 
it, and m an arithmetical mean between 
them ; and if k' and f r^resent these 
radii for a regular polygon which haa 
twice as many sides as the former and 
an equal area, k! shaU be a mean pro- 
portional between k and /, and /" a 
mean proportional between / and m 

note 98 

(i) The area of any regular polygon is 
equal to half the rectangle under its 
perimeter and the radius of the in- 
scribed circle ... 93 

(k) The perimeters of similar regular 
polygons are as the radii of the in* 
scribed or circumscribed circles, and 
their areas are as the squares of the 
radii 94 

(/) Table of the areas of the regular po- 
lygons of 4, 8, 16, &c. sides up to 2% 
which are inscribed in and circum- 
scribed about the same circle, as far 
as the 1 0th decimal place inclusively ; 
the square of the radius being unity 

»cA. 9T 

(G) 0/ the Circumference and Area of the 
Cirde, III. 5 4, 5. 
[(a) The circumference of a circle is- 
gpreater than the perimeter of any in- 
scribed polygon, and less than tiiat of 
any circumscribed polygon; so also 



* The ^sgonals* also, of a regnlar pentagon are 
aeverally-parftUel to its sides, and greater than them 
ia extvune sad mean ratio. NQte» 189. 
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its area is greater than the area of 
any inscribed polygon, and less than 
that of any circumscribed polygon. 
(1. 10. sch.U 

(b) Any circle being given, a regular 
polygon may be inscribed (or circum- 
Bcnbed), which shall differ from the 
circle in perimeter, or in area, by less 
than any given difference cor» 95 

(c) Any two circles being given, similar 
regular polygons may be inscribed, 
or circumscribed, which shall differ 
from the circles, in perimeter or in 
area, by less than any the same given 
difference . . . cor, 95 

(d) The area of a circle is equal to half 
the rectangle under the radius and 
circumference . • » 95 

(e) The circumferences of circles are as 
the radii, and their areas are (in the 
dupUcate ratio, or) as the squares of 
the radii . . . .96 

(/) The ratio of the circumference to the 
diameter is 3.1415926535 &c ; to 
which number we may approximate 
by any of the theorems (/), (^), (A), 
in the last division . sch, 97 

For rules to abridge the calculation, see 

note 97 

(^) The circumference and diameter 
have been demonstrated to be incom- 
mensurable, so that their approxima- 
tion has no limit . sch. 99 

(A) If R represents the radius of a cir- 
cle, and ir the number 3. 1415 &c. the 
circumference = 2 tr R, and the area 
= «-R« . . . sch, 99 

^i) The circle is a mean proportional be- 
tween any circiunscribed polygon and 
a similar polygon which has the same 
perimeter with the circle note 102 

(A) The circle is greater than any (regu- 
lar polygon, or any rectilineal figure, 
or any other) plane figure whatever 
which has the same perimeter; and 
has a less perimeter than any other 
plane figure whatever which has the 
same area . . 102, 105 

(H) Of certain Portions o/ the Circumference 
and Area, III. §4, 5. 
(a) Similar arcs of circles are as the 

radii . . . cor, 96, 

(6) In the same, or in equal circles, any 

two sectors are as the arcs upon which 

they stand . . 85 

f (c) A sector of a circle is to the whole 

circle as the arc upon which it stands 

to the whole circumference], 
(e/) A sector of a circle is equal to half 

the product of the radius and the arc 

upon which it stands • cor, 96 
-(e) Similar sectors are as the squares of 

the radii . . cor, 96 

(/) Similar segments are as the squares 

of the radii . . cor. 96 

isf) A circular segment is greater than 

any other plane figmre whatever having 



the same right line for a base and the 
same perimeter [and has a less peri- 
meter than any other plane figure 
whatever having the same right line 
for a base and the same area] cor. 106 

[(A) A circular annulus is equal to the 
product of its breadth and half the 
sum of its interior and exterior cir- 
ciunferences.] 

[(<) Similar annuli are as ihe squares of 
^eir interior or exterior radii/| 

(I). Problems relating to the Circle, 

(o) To divide a given circular arc into 
2, 4, 8, &c. equal parts • • 112 

(6) To fiiud the centre of a given circu- 
lar arc, and to complete the circum- 
ference of which it is a part 113 

(c) To draw a tangent to a given circle 
from a given point — 

1. When the given point is in the 
circmnfereuce. 

2. When without it . .113 

(d) To draw a tangent to a given circle^ 
which shall be parallel to a given 
straight line • « .113 

(jb) To draw a common tangent io two 
given circlei^— 

1. So as io touch them upon the 
same side of the line joining their 
centres. 

2. So as to touch them upon oppo- 
site sides of that line 114 

(/) Upon a given straight line to de- 
scribe a circular segment which shall 
contain an angle equal to a given 
angle .... 119 

(g) ]< rom a given point, to draw a chord 
which shall cut off from a given circle 
a segment containing a given angle— 
1 . ^Vhen the given point is in the 
circumference • • 119 



w 



[2. When not.]* 

To inscribe in, or circimiscribe 

about, a given circle, a triangle simi. 

lar to a given triangle . 119 

(i) To inscribe in or circumscribe about 

a given circle — 

1. An equilateral triangle. 

2. A square. 

3. A regular peutagon. 

4. A regular hexagon. 

5. A regular decagon. 

6. A regular pentedecagon 120 
(Jt) To inscnbe in or circumscribe about 

a given circle a regular figure of any 
required number of sides, very nearly 

sch, 120 
(^ To describe a circle, in which foiur 
given straight lines, of which everyone 
is less than the other three, shall toge- 
ther subtend the whole circumfer- 
ence • • • • .91 

* Describe a circle about the same centre, toacli- 
ing a chord which is drawn from any point of the cir> 
cumference to cat oif a segment containing the given 
angle, and through the given poiat draw a tangent 
to this circle. « 
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(m) To describe a circle, which shall 

1. Pass through three ^iven points, 

. not in the same straight lijie (to 

.circumscribe a circle about a 

triangle is the same as this) 114 

2« Pass through two given points, 

and touch a given straight line 

114 

3. Pass through a given point, and 
touch two given straight lines 

114 

4. Touch three given straight lines, 
of which not more tlrnn two are 
parallel (to inscribe a circle in a 
triangle is a case of this) 114 

6. Pass through t>vo givfen points, 
and touch a g^ven circle «cA. 116 

6. Pass through a given point, and 
touch two given circles sch. 116 

7. Touch three given circles, of 
which not more than two are con- 
centric • . sch. 117 

8. Pass tlirough a given point, 
. touch a given straight line, and 

also toudi a given circle ach. 117 

9. Touch two given straight lines, 
and also a given circle sch 118 

10. Touch a given straight line, 
and also two given circles sch.l 18 

In what manner these problems 
may bo modified and varied, see 
«cA.119. 

Circle of u sphere {See ** Spherical Geome- 
try") .... rfe/.184 

-CSrcti/ar section of a cone, or cylinder. — See 
« Cone " and " Cylinder.*' 

<:ircumference of a circle. {See "Circle ") 3 

Circumscribed about a circle, a rectilineal 
figure said to be . . def, 79 

. about a rectilineal figure, a 

circle said to be . . • def. 79 

- about a cone, a pyramid 

said to be . . • • de/.l67 

about a cylinder, a prism, 

said to be . . . . de/.\67 

Commemsuraib/ej magnitudes said to be, 31 

(a) Magnitudes, which measure the 
same magnitude, are commensurable; 
and if two "[or more] magnitudes are 
commensurable, a magnitude may be 
found which is measured by them 37 

(b) If one magnitude is commensurable 
with another, which is commaisurable 
with a third, the first is commensur- 
able with the third ; and so, of any 
number of magnitudes • .37 

CommoH factor of two numbers, is a number 
which divides each of them. 

(a) The ^atest may be found 1^ the 
rule given for the gpreatest common 
measure of any two magnitudes sch, 36 

(6) Every other is contained an exact 
number of times in the greatest ich.36 

(c) The greatest, and the greatest only, 
dividing the two numbers, gives 
prime quotients • • *ck. 36 

<d) If -?- = -.. and if a b prime to 6, 



c and d are equimultiples of a and b 

note 47 

Ce) If — = — , the fractions -r and -5 
'60 a 

have the same lowest terms note A7 

Chmmon measure of two (or any number of) 

magnitudes ' . . . def, 31 

ur\ Measures their sum and difference 

34 

(6) If A contains B any number of 
times, with a remainder R, every 
common measure of A and B me»> 
sures R, and every common measure 
of B and R measures A; also the 
greatest common measure of B and 
K is the greatest common measure of 
A and B . . . .35 

(c) Process by which the greatesit com- 
mon measure may be found— 

1 . Of two magnitudes. 

2. Ofany number of magnitudes 35 
(^i) Every other common measure mea- 
sures the greatest . • 36 

Common section of any two surfaces is the 
line in which they cut one another, and 
which is common to botli the surfaces, see 
p. 128, 131,151,214. 

Common tangent, — See " Circle.*' (I). 

Complement J one angle is said to be the com- 
plement of another, when the two togetlier 
are equal to a right angle. 

Complements of parallelograms about the di- 
agonal of a parallelogram . def, 3 

of parallelepipeds about the dia- 
gonal plane of a parallelepiped. See iv. 
22, Cor. 2. 

Complete conical surface . ^ . def, 214 

Componendo, a rule in proportion. Sie 
" Proportion." 

Compound ratioy a name given to the ratio 
which is compounded of two or more ra- 
tios . . . «>'•• 45 

Compounded, ratios said to be • def 34 
■ proportions said to be • sch. 48 

Concentric, circles (or spheres) are said to be 
when they have the same centre ^ def, 79 

Cone, (also its base, axis, slant side, con- 
vex surface, frustum) . rfe/*. 166, 167 
When said to be right, when obUque 

rfe/. 167 
When two cones are said to be similar 

When a pyramid is said to be inscribed in, 
or circumscribed about a cone def 167 

(a) The convex surface of a cone may 
be supposed to be ^aerated by a 
straight line which is carried round 
the circumference of its base, so as to 
pass always tiirough the vertex def. 1 67 

(b) A right cone is generated by the re- 
volution of a ri^ht angled triangle 
about one of the sides .^ 167 

(c) A pyramid may be inscribed iu any 
cone (or circumscribed about it) 
which shall approach nearer to the 
cone, in convex surface or in soUd 
content, than by any eiven difference 

cor. r72and«cA. 175 
R 
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(ii) A cone is neater than any inscribed 

^ pyramid, a^ess than a^y circum. 
scribed pyramid; also, the convex 
surface of the cone is greater than 
that of any inscribed pyramid, and 
letn than that of any curcumscribed 
pyramid . • 171 and sch. 175 

(e) Any two similar cones being given, 
similar pyramids may be inscribed 
(or circumscribed), which shall ap- 
proach nearer to the cones, in convex 
surface or in solid content, than by 
any the same given difference 

cor. 172 and »ch. 175 

(/^ The convex surface of a right cone 
IS equal to half the product of its 
slant side and the circumference of its 
base, or (if R represents the radius of 
the base, and S the slant side) =5r R S 

172 

Qi) Hie solid content of every cone is 
equal to one-third of the product of its 
base and altitude ; or (if R represents 
ihe radius of the base, and A the alti- 
tude) = i ff-R^A 173 and sch. 175 

(A) Every cone is equal to the third 
part of a cylinder which has the same 
base and the same altitude 

cor, 173 and sch, 17 b 

(t) Every cone is equal to a pyramid 
which has an equal base and an equal 
altitude . cor. 173 and sch, 175 

(^) Cones which have equal altitudes 
are to one another as their bases; 
and cones which have equal bases, as 
their altitudes ; also any two cones 
• are to one anoiher in that ratio which 
is compounded of the ratios of their 
bases and altitudes 

cor. 173 and sch, 175 

(/)^ The surfaces of similar cones are 
in the duplicate ratio (or as the 
squares)^ of their tasa ; and their 
solid contents in the triplicate ratio 
(or as the cubes) of their axes 173 

(m) The convex surface of the frustum 
of a right cone is equal to the product 
of the slant side of the frnstiun by 
half the sum of the drcumferences of 
its two bases ; t. e, of the slant side 
and the circumference generated by 
its middle point . . .174 

(n) The solid content of a frustum of a 
cone, whether it be right or oblique, 
is equal to the sum of the solid con- 
tents of three cones which have the 
same altitude with the frustum, and, 
for their bases, its two bases and a 
mean proportional between them 1 74 

{i>) If a cone is cut by a plane which is 
parallel to its base, the section is a 
circle, having its centre in the axis of 
the cone . , 215and229 

Q>)^ The subcontrary section of an ob- 
lique cone is a circle . . 229 

(S) If a cone is cut by a plane which is 
neither parallel to the base nor sub- 
contrary, nor passes through the ver- 



tex, the section is a conic sedaiin 

214 and 230 

Conic section • • . d€/.2l4 

— ^— vertical plane of . def, 215 

-i— ^— ^— when said to be an ellipse, when 

a parabola, when an hyperbola def, 215 

(A) 0/ the three Conic Sections. 

(a) Every conic section is the ^perspeo 
tive projection of a circular section of 
the cone upon the plane of the conic 
section by straight lines drawn from 
the vertex of the cone • 216 

(6) And in like manner, every circular 
section may be considered as the 
perspective projection of the conic 
section by s&aight lines drawn from 
the vertex of the cone • ^ cor^ 216 

(c) The projection of every point in the 
conic sedaon may be found in the 
circular section, whether it be an 
ellipse or a parabola, or an hyperbola 

cor, 216 

(<l) The projection of every point in the 
circular section may be foimd in the 
conic section ; except in the case of th& 
parabola, ihe propction of the point 
m which the vertical plane touches- 
the .circular section ; and except in 
the case of the hyperbola, the projec- 
tions of the two points in which the 
vertical plane cuts the drcular section 

cor. 216 

(e) A conic section cannot l)e cut by a 
straight line in more than two points ^ 
and, if a straight line touches a conic 
section, it shall meet it in one point 
only, vis., the point of contact 218 

[ (y) If from any point without a conic 
section, two straight lines are drawn 
to touch it, every straight line which 
is drawn througn that point to cut the 
conic section, shall be harmonically 
divided by the curve and the cho^ 
which joins the points of contact; 
and the tangents at the points in 
which eveiy such straight line cots 
the curve^ snail meet one another in 
the chord produced^ — See /no. p. 220, 
and the demonstration of App. 20, in 
p. 227.] 

(j7) If, through any poin taken witlun 
or without a conic section, there are 
drawn any number of straight lines, 
each cutting the curve in two points, 
and if at every such two points ten- 
ants be drawn, cutting one another 
m a point P, the locus of the points 
P shall be a straight line, and evezy 
straight line which is drawn througn 
the point taken to cut the curve, 
shall be harmonically divided by 
that straight line and the curve 227 

(B) Of the Ellipse and Hyperboia, 

(a) The curve of the ellipse returns into 
itself, and incloses an area : the curve 
of the hyperbola has four infinite arcs. 

a^.215 
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(6) In botti, the cnnre is symmetrically 
divided by a certain straight line, 
which cuts it in two points, and is per- 
pendicular to the tangents at those 
points . 216,217 

IVansverse (or major) axis, principal 
▼ertioes, and centre . de/.2\7 

(c) The hyperbola has two asymptotes, 
which pass through the centre, and 
make equal angles with the axis upon 
opposite sides of it, being parallel re- 
spectively to the slant sides in which 
the vertical plane of the hyperbola 
cuts the surface of the cone 217 

(4) If a straight line (not parallel to 
either asymptote, in the hyperbola) 
cuts the curve in any point, it may be 
produced to cut it in a second pomt ; 
but, in ^e hyperbola, a parallel to 
either of the asymptotes cannot meet 
the curve in more than one point 219 

[ Diameter, vertices, ordinate, abscissee 

<le/.219, 220 

(e) Every diameter bisects its ordinates, 
and is itself bisected bythe centre 221 

(/) If a straight line, which cuts the 
curve in two points, but does not pass 
tiirou|fh the centre, be bisected by 
any diameter, it is an ordinate to that 
diameter . . cor. 222 

l(s) "^o straight lines cannot bisect one 
another^ except they both pass through 
the centre *.] 

(A) Tangents at the extremities of a 
diameter >are parallel • oor^ 222 

(f) Tangents at the ezlvemitiei of any 
ordinate meet the diameter in the 
same point, and tiiat in such a man- 
ner (/%r. p. 221) thatCN, CP, CT. 
sore proportion^ « « 222 

(A) The 8%naies of any two Kmiordi- 
aatoa, of the aame diameter, are to one 
another as the rectangles under the 

WWCD9B • • • M£o 

(/) If two slniglit lilies cut oneanother, 
and likesrbe otiier twe^ which are 
pMalM lo tfaa two first lespwlively, 
and if each of them cuts the curve m 
two psinliy or if one or move touch it 
in a aiagla point, the vsetangle under 
ftie MBineBts of either of the two first, 
-sihaa be to the reotangle imder the 
iegments of its parallel, as the rect- 
aaa^le under the Mgments of the re- 
aunmng one of the first to the rect- 
angle under the eegments of its paral- 
lel; the square of any of tiie straight 
liaea being understood, instead of the 
TCctaagle mider its segments, when it 
teuches the curveiastead of cutting it 

cor. 225 

(m) If, ia the hypeiboh^ a parallel to 
either of the asymptotes be cut by any 
ftaa pMnJlel atnagki lines, the seg- 



• For eaeh wmM be panOfel lo Om tanrait at the 
*5>tMijnr of Um daaaetsr (/;, w^idlMUBpotMUe 



meats of such parallel shall be to one 
another as the rectangles under the 
seg^ments of the straight lines ; the 
square being understood instead of 
the rectangle, if one or both touch the 
hyperbola . . cor. 225 

Conjugate diameter of an ellipse^ 
and conjugate axis . »ch. 226 
There is no other axis note 226 
Conj\igate diameter of anh3rperboIa^ 
and conjugate axis . sch. 226 
(n) The vertices of the conjugate dia- 
meters of an hyperbola lie in another 
hyperbola, which has the same centra 
and axes as the first . sch. 226 
Conjugate hyperbolas sch, 227 
The two are mutually conjugate, 
(o)^ If Uvo spheres are described, touch- 
ing the plane of the curve in two points 
S, S', and the conical surfSace in two 
circles, the planes of which being pro* 
duced, cut the plane of the curve in 
two straight lines XR, X'R'; then, 
if PR, PR' are the perpendiculars 
drawn from any point P in the curve 
to the lines XR,X'R', SPistoPR^ 
and S'P to PR', in the same constant 
ratio ; S P being less than P R in the 
ellipse, and greater in the hyperbola 

229 

(/>) The same being supposed, in thtt 

ellipse SP + S'P = AA'; in the 

hyperbola, S P cn^ S' P =r A A', cor, 

229 

The points S, S' are called the foci, 

and each of the lines XR, X'R', a 

directrix . , « scA. 229 

(G) O/ikePmraboia. 

(a^ The curve of the parabola has two 

infinite arcs • . def, 215 

(i) U is symmetrically divided by a 

certain straight line, which cuts it in 

one point only, and is j^erpendtcular to 

the tangent A that pomt • 216 

Axis and principal vertex, de/,2l7 

(e) The infinite arcs of the parabola do 

not adaut of asymiitatee cor. €13 

(<r) The axis of a parabola is parallel to 

. Ae slant side in whidi m ▼ertical 

plane touches the surfiue of the cone 

cor. 217 
(c) If a t^taiM line (not paraflel to the 
axis) cut uie ciuve in any point, it 
may be produced to cut it in a seeoud 
point; but a parallel to tiie axis can- 
not meet the curve in more than one 
point « • • • 219 
. Biameter, vertex, erdinafte^ abscissa 

de/. 219, 220 
(/) Eveiy diameter bisects its ordinates 

221 
Of) If a straight line^whidi cuts the 
cuiye in two points, be bisected by any 
disoaeter, at is an ordinate to that dkh 
meter . . • cor. 222 

1(h) NotwojitraightiiiMS,inapftrab^ 
am bised one anofiiei*« j 

R ». 
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(i) Tangents at the extremities of any 
ordinate meet the diameter in the same 
|)oint, and that in such a manner (see 
Jf^.p.222) thatNP is equal toPT 

221 
(A) The squares of anvtwo semiordi- 
nates of the same diameter are to 
one another as the absdsss 223 

(/) li two straight lines cut one an- 
other, and likewise other two, which 
are parallel to the two first respec- 
tively, &c. (see (/) of the last division) 

cor. 225 
(m) If a diameter be cut by any two 
parallel straight lines, the segments 
x)f the diameter are to one another as 
the rectangles under ^e segments of 
the parallels . • cor. 225 
(») If a sphere is described, touching 
the plane of the parabola in a point S, 
and the conical surface in a cirde, the 
plane of which (being produced) cuts 
the plane of the parabola in a line 
R X ; then, if P R is drawn perpendi- 
cular from any point P in the para- 
i)ola to the Ime R X, S P is equal to 
PR. . . 228 and cor. 229 
The point S is called the focus, and 
the line R X the directrix scA. 229 
^Conjugate axis of an ellipse or hyperbola 

<cA. 226 
Conjugate diameiert of an ellipse or hyper- 
bola • . • • fcA.226 
Conjugate kyperbolaa • . sch. 227 
Consequent of a ratio, is the second term. 
Consequents of a proportion, are the second 

.and fourth terms. 
Construction of a geometrical proposition 3 
When said to be a p^e construction 

sch. 26 
"Contact of two circles, when said to be inter- 
nal, when external * • «o/e, 118 

point of . , , def. 79 

— problems of. See « Circle." (I) (m). 

Continued proportion^ magnitudes said to be 

in (See "Geometrical Profession.") 34 

('Content of a solid, is the number of times it 

: jcontains the cubical unit, or unit of solidity 

sch, 142 
-JThe terms " capacity" and " volume" are 
used in the same sense. 
^.Concave. (/See " Convex Side.") def,\ 

■^ ConveriendOf a rule in proportion. iSee <' Pro- 
portion." 
,Convex, a line or surface is said to be, when 
its roundness or bulging is evarywhere to- 
wards the same parts ; me test of whidi, 
. whether it be a line or a surface, is, that it 
capnot be cut by any the same straight 
line in more than two points. 
^X!onv€x side of aline or surface, is that side 
upon which is the roundness or bulging 
out ; and the other side is called the con- 
cave side. . . ^ def,\ 
■^Convex surface of a prism or pyramid, def. 

127 

•""".^^ a cylinder or cone, def, 1 66, 1 67 

. W A convex surface is greater than a 



plane surface which has the same 
contour • , , 167 

(b) Of two surfaces, one of which is 
convex and is enveloped by the other, 
the enveloping surface is greatest 168 

Corollary of a proposition • • 3 

Cube. (Also « Cube of a straight Line.") 

def, 126 
(a) Cubes are to one another in the 
triplicate ratio of their edges ; t. e. 
the triplicate ratio of two straight 
lines is the same with the ratio of their 
cubes. « • • cor, 144 
(&) The difference of two cubes is equal 
to the sum of three parallelepipeds 
having the same altitude, viz., the 
difference of the edges, and for their 
bases the respective bases of the cubes 
and a mean proportional between, 
them; t. e., R» — r»= (R - r) X 
(R«-frS-».Rr)*. . lem,\77 

(c) If the difference of the edges of 
two cubes may be made less than any 
given difference, the difference of the 
cubes may likewise be made less than 
any given difference . lem. 177 

(d) The cubes of proportional straight 
lines are proportionals, [and con- 
versely] • . • cor, 144 

(e) The cube is one of the regtdar solids, 
and, as such, is sometimes called the 
hexahedron . « • 160 

Cuboctahedron, a solid derivable from either 

the cube or the octahedron sch, 163 

Curve^ or curved line • • def 1 

Upon which side concave, upon which 
convex . . • def, 1 

(a) A curve is greater than a straight 
line which has the same extremities, 
and less (if convex) than the . sum of 
any number of straight lines which 
are exterior to it, and joins those ex- 
tremities • • « «cA. 8 

(6) Of two curves, one of which is con* 

vex and is enveloped by the other, the 

enveloping curve is greatest sch, 8 

Cylinder (also its bases, axis, convex surface) 

def. 166 

When said to be right, when oblique : 
when two cylinders are said to he simi- 
lar : when a prism is said to be in- 
scribed in, or circumscribed about a 
cylinder « . • 166, 167 

(a) The convex surface of a cylinder 
may be supposed to be generated by 
a straight line which is carried round 
the circumference of either base so as 
to be alwajrs parallel to the axis 166 

(&) A right cylinder is generated by the 
revolution of a rectangle about one of 
its sides • • • 167 

(c) A cylinder is greater than any in* 
scribed prism, and less than any cir- 
cumscribed prism; and the a)nvez 
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surface of the cylinder is greater than 
that of any* inscribed prism, and less 
than that of any circumscribed prism 

168 andfc^. 175 
(<() A prism may be inscribed in any 

cylinder (or circumscribed about it) 
which shall approach nearer to the 
cylinder, in convex surface or in solid 
content, than by any given difference 

169 and «cA. 175 
(e) Any two similar cylinders being 

given, similar prisms may be inscribed 
for circumscribed), which shall ap- 
proach nearer to the cylinders, in 
convex surface or in solid content, 
than, by any the same given difference 
cor. 170 and sch, 175 

(/) The- convex surface of a right 
cylinder is equal to the product ofits 
altitude and the circumference of its 
hase; or (if R represents the radius of 
the base, and A the axis) 8 2 irR A. 

170 

(ff) The convex siurface of any cylinder 
is equal to the product of its axis, and 
the perimeter of a. section which is 
perpendicular to the axis sch. 175 

(h) The solid content of every cylinder 
is equal to the product of its base and 
altitude, = w-R^ A. 170 and sch. 175 

(t) Every cylinder is equal to a prism 
which has an equal base and an equal 
altitude . cor. 170 and »cA. 175. 

W Cyhnders which have equal altitudes 
are to one another as their bases; and 
cylinders, which have equal bases, as 
their altitudes ; also any two cylinders 
are to one another in the ratio which 
is compounded of tlie ratios of their 
bases and altitudes cor, 170 and sch. 

175 

(/) The surfaces of similar cylinders are 
in the duplicate ratio (or as the 
squares) of their axes; and their solid 
contents are in the triplicate ratio (or 
as the cubes) of their axes 170 and 

sch. 1 75 

(«i) If a cylinder be cut by a plane 
which is parallel to its base, the sec- 
tion is a circle, having its centre in 
the axis of the cylinder, afid its radius 
equal to tlie radius of the base 231 

(n) The subcontrary section of an ob- 
lique cylinder is a circle, having its 
centre m the axis of the cylinder, and 
its radius equal to the radius of the 
base .... 232 

(o) If a cylinder, whether right or ob- 
lique, be cut by a plane, which is nei- 
ther parallel to the axis, nor parallel 
to the base, nor subcontrary, the sec- 
tion is an ellipse • • 231 

Data (Lat. things given), in geometrical pro- 
blems, limits of . . sch, 27 j 124 

Decagon (figure of ten sides) regular. See 
« Ciide " and " Regular Polygon," 

Developable^ a term applied to the surfaces 



of the cone and cylinder. — [All coniform 
and cylindrical surfaces are developable.} 

sch. 175 

Diagonals of a quadrilateral . def. 3 

See " Quadrilateral," " Parallelogram^' 

and " Circle." 
[The diagonals of an}' rectilineal figure 
are the straight lines, which join any 
two angles not immediately adjacent 
to one another.] 
Diagonals of a polyhedron • def, 12G- 

See « Parallelopiped." 
Diameter of a circle 3, of a sphere 127, of a 

conic section 219. 
Dihedral angie • • • de/,\2b 

When said to be right, when acute, when 
obtuse » • . • M25 
(a) If a dihedral angle is cut by any 
two parallel {)lanes, it intercepts equu - 
angles in those planes . cor, 133 ' 
(6) A dihedral angle is measured by the 
rectilineal angle of the perpendiculars 
to the common section which are 
drawn in its two planes from any the 
same point of the common section 

sch, 136 
(c) Or by the angle of two perpendicu- 
lars to its planes, which are drawn 
from any the same point sch, 136- 
(</) To bisect a given dihedral angle 155 
(e) If a dihedral angle is bisected, 
every point in the bisecting plane is 
at equal distances from the planes or 
the dihedral angle • cor, 155- 

&e« Plane" 
Direction of projection, in orthographic pro- 
jection .... def, 208 
Directrix of a conic section sch, 229 

Distance between two points 9, from a point 
to a straight line 10, from a point to a 
plane 131, from one point to another over 
the surface of a sphere 189. 
Diverging lines, projection by. See " Pra 

jection." 
Dividendo, a rule in proportion. See " PrOf 

portion." 
Dodecahedron (solid contained by twelve 
planes) regular. See " Regular Polyhe- 
drons." 
Duplicate ratio, • • . def, 34- - 

Edge, of a polyhedron . , def, 12$ 

See «f Polyhedron." 
Elementary course of Geometry, in the pre- 
sent Treatise . • • />. iv . 
Enneagon (figure of nine sides) regular, to in- 
scribe in a circle, very nearly . 121 
Enunciation, of & geometrical proposition 3 
Equaly circles said to be • def. 79 
— — ratios said to be . * d^, 32 
Equality and inequality, axioms of . 4 
Equations of two unknown quantities, solved 
geometrically • » . sch. 124 
Equiangular, triangles are said to be, when 
the angles of the one are equal to the 
angles of the other, each to each see 59 
Equilateral triangle • • de/,2 
Is e<][uiangidar, and conversely. See 
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also << Circle ** and <' Eegular Poly- 
gon." 
3quimu/iiple8 of two (or more) magnitudes 

(a) Equimultiples of equal magnitudes 
are equal ; and conversely: also the 
equimulti]^e of the greater is greater 
than the equimultiple of the less ; and 
conversely . • ax, 3^ 

(6) If two magnitudes, A^ A', are es^vi- 
multiples of other two B, B', which 
again dre equimultiples of other two 
Cy C. the first two shall be equimul- 
pies of the last two . • 34 
(c) If two mag^nitudes A, A' are equi- 
multiples of other two B, B', and 
again of other two C, C, and if B be 
a niultiple of C, B' shall be the same 
multiple of C. . . cor. 34 
JBx aqucUi in proporfione directd, or ex 
a^fua/i^ or ex itquo, a rule in proportion. 
See « Proportion." 
JEx eequaii m proportione perturbaidf or ex 
aquo perlurbatoy a rule in proportion. 
See •« Proportion." 
E^gcube, exieirahedran, exoct<ihedron, exdode- 
cahedron, exicosahedrony solids formed 
from the regular solids • «ee<cA. 162 
Explementary, an angle said to be mde 85 
Exterior angle. See « Straight Line," *' Tri- 
angle/' '< Rectilineal Figure;* " Spherical 
Geometry.** 
Ejptreme and mean ratio, a straight line said 
to be divided in. (See " Straight line.") 71 
Extremes of a proportion, are the first and 
last terms .. . . def. 33 



Faces of a polyhedron . • def. 126 
May be of any number greater than 
three. See « Polyhedron/' 
Figure, plane, def, 2, plane rectilineal, def, 2 

See ^* Rectilineal Figure," and " Circle." 
Focug, of a conic section. See '< Conic Sec- 
tion." 
Foot of a perpendicular, is the point in which 
it meets the line (or plane) to which it is 
perpendicular. 
Fourth proportionai , , def, 33 

Ma^r be found to any three given mag- 
nitudes . . note 43, 54 
Fhutum of *a nvrkmid, <fc/. 127, of a cone 
167. See *' Pyramid," and " Cone." 

Qeometrical Mean, def, 33, See ^< Arithme- 
tical Mean," and » Straight line." 
Qeomeirical Analysis, See '^ Analysis." 
Geometrical Progression, magnitudes said to 

he in 34 

(a) Hie diflbrences of magnitudes, which 
axe in geometrical progression form a 
geometrical progression having the 
same common ratio . cor. 42 

(6) Magnitudes A, B, C, &c., which are 
in geometrical progression, axe the 
differences of other magnitudes A^ B', 
C', D', &c. in a geometrical progres- 
sion having the same coounoA ratio 



and in whidi tiie fint tens. A' is to A 

as A to A -o B. . • •or, 42 

[(c) And the snm of any nnmber of the 

mag^tudes A, B, C, &c. in succession, 

is equal to the difference of two of the 

magnitudes A', B', C, D', &c. : thus, 

A is the difference of A' and B% 

A-t-B of A' and C, A-hB -4-Cof 

A' and IX, and so on.] 

[(<<) Hence, if A is greater than B, the 

sum of the whole series A, B, C, Dj 

&C. continued without end ia equal to 

A' ; t. e. the sum of a finite number 

of terms is less than A', but by the 

continued addition of new terms may 

be made to wproach toit by lesp than 

any gpven diflerence.] 

C^eometrg, its subject • • • 1 

Geometry is disting^hed by the epi- 

theUof << plane," '<solid," and ^'i^heri- 

cal," according as it treats of plane 

figpnes and lines in one plane^ or of 

solid figures and lines iu different planes, 

or of figures and lines upon the soiface 

of a sphere. 

General theory of proportion • 48 

General* properties of the conic ^sections 214 

Generated, meaning of the word as applied to 

solids of revolution . • 127 

See also «Cone,»' "Cylinder," "Plane," 

"Sphere." 

Great Circle of a sphere » drf, 184 

See " Spherical Geometry." 

Harmomical mean • • f^f 67 

(a) The harmonical mean between two 

2 mn 
numbers, m and n, is ■ «cA.97 

(b) If five harmonical means are taken 
between 1 and -J-, we obtain the pro- 
gression 1, f, J, h h -h* i* ^ 
■even, the progression 1, -^y ^, -f^, ^ 

T^» 4' lfe» I5 from which progres- 
sions, rejecting such fractions as have 
7, 11, and 13 in the denominator, 

those remaining, viz. 1, ^, ^> -J* •§■» 
i* -^» i* will represent the lengths of 
strings producing with the same thick- 
ness and tension the sounds denoted 
by C, D, E, F, G, A, B, c. note 67 
Harmonically divided, a straight line said to be 

68 

Harmomcals, four straight lines when sfdd to 

be • • • .68 

Harmonical progression^ magnitudes said to 

be in • • • .68 

to what observation the name is owing 

note, 67 

Hemisphere, the half of a q phere, [is equal to 

• By " general propertieM," are here meaatBuch 
properties as may be declared in the same words, or 
nearly so, (i, e, with some slight differeoca aruoas 
from their difference of form.) to pertain to the three 
conic sections. Those in the Appendix are moreov« 
only such ae admit of being deriired firom the ourato 
by perspectiTe projection. See •* Conic SMtioBS*** 
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two-thirds of a eyliuder apon the saifte base 

and of the same altitudoi cor. 179]. 
BemdecaffOH (figure of U sides) regvUary to 

inscribe in a circle, terv nearly 121 

JBepHifon (%iire of 7 sides) regular^ to in- 

senbe in a circle^ very nearly • 121 
Mtxa^tm (figure of 6 sides) regular, Stte 

<« Regular Polygon*' and <' Circle.'* 
JEkaemAethrom (soud contained by 6 planes) 

reguiflr. See ''Regular Polynedrons." 
Homo/oaotu edges of similar polyhedrons, are 

the homologous sides of their similar 

faces. 
Homoiogou* ndes of similar figures def. 57 
Homologoui term* of a proportion def. 33 
Jigperbo/Of one of the conic sections def, 215 

iSee« Conic Section." 
Hgpotenmte of a right-angled triangle def. 3 

See « Triangle." 
[The side opposite to the right an^Ie is 
called the Hypotenuse also in right- 
angled spherical triangles.] 

ieoHt-dadecahtdnm, a solid derivable either 
from the icosahedron, or from the dodeca- 
hedron • . • • 163 
Ieo9akedron (solid contained by 20 planes) 

regular. See *"* Regular Polyhedrons." 
Afclination qI[ a straight line to a straight 
line, is the acute angle which the former 
makes with the latter. 
■ of a plane to a plane, is the acute 

dihedral angle, which the former makes 
with the latter. 

' of a straight line to a plane 

def, 125 
BuMmmensunfble^ magpnitudes said to be 32 
(a) If one magnitude is incommen- 
surable with another, it is incommen- 
surable with every mag^tude which 
is commensurable with that other 

eor. 37 
(&) Although the ratio of two incom- 
mensuraue magnitudes can never be 
enactly expressed by numbers, yet two 
numbers may be obtained which shall 
express it to any required degree of 
exactness . . .48 

(c) Magnitudes are incommensurable, 
when the process for finding the great- 
est common measure leads to no con- 
clusion, but has an unlimited number 
of steps • • cor. 35 

iji) If P and Q are two magnitudes of 
the same kind, and if Q be contained 
in P any number of times with a re- 
mainder R, which is to Q as Q to P, 
P and Q are ihcommensurable 

#cA.73 
^e) The same being supposed, if i» be the 
number of times that Q is contained 
in P, the ratio of Q to P shall lie be- 
tween the ratios of any two successive 
terms of the series 1, it) <i, &, c, &c., 
where a, the third term, is equal to 
« X » -|- 1, A, the fourth term = » a 
+ My <v ^0 fi^ teim = nfr + a, and 
t se en, every suooesiiDre tenn being 



equal to n times the last, together 
with the last but one * . sch. 73 
{/) The parts of a Hue divided in medial 
ratio are incommensurables of this 
class, and their ratio may be approzi<* 
mated to by the series 1, 1) 2, 3, 5, 8, 
&c. : the side and the sum of the side 
and diagonal of a square are incom- 
meiisund>les of the same class, and 
their ratio may be approximated to 
by the series 1, 2, 5^ 12, 29, &c. 

8ch, 73 
Infmie arc is an arc of unlimited extent ; 
such as, for example, occurs in perspective 
projection, when any point of the original 
curve lies in the vertical plane. 211 

The hyperbola affords an example of infi- 
nite arcs with asymptotes, the parabola 
of infinite arcs without asymptotes. 
htfinUe extent. Straight lines and arcs of 
infinite extent may have finite projections, 
and vice versd . 209, 210 

Inscribed in a circle, a rectilineal figure said 
to be • • . .79 

.— —..-^ in a rectilineal figure, a circle said 
to be . • . .79 

■ in a cone or cylinder, a pyramid 
or prism said to be • • 167 

in a sphere, a solid of revolu^n 

said to be . • • 167 

hUerior^ a term applied to any of the angles 
of a triangle, in contradistinction to the ex- 
terior angle formed by producing one of 
the sides ; also to certain angles made by 
parallels with a straight line cutting them 

13 
Invertendo^ a rjile in proportion. {See " Plro- 

portion.") 
Joined^ two pointe are said to be, 

(a) In space, when the straight line be- 
tween them is drawn. 
(6) Upon the surface of a sphere, when 
the spherical arc between them is 
drawn. • • .184 

li09celes\ triangle. (Sec « Triangle.") def, 2 
IsoteeleB spherical triangle. See ^' Spherical 
Geometry.*' 



• It is observed in p. 74. that this series ma)r be 
derived from the doctrine of continued fractions.' 
For, ererv mccesaive quotient in the division of F 
bj Q, of Q by R* of R by the next remainder, and so 
on, being a, the ratio of Q to P is represented by the 



continued fraction 



n + 1 
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Lateral surface of a prism or pyramid 

def. 127 
Legy of an angle, dt^f. 1 . See " Angle/' 
Lemma (6r.), is an auxiliary proposition. 
Length of a line is the number of times it 
contains the unit of length . sch, 18 
Like part* of two (or more) magnitudes, 

def.Zl 
See *' equimultiples'* and " ratio." 
ZtmiV#. 

(a) Two fixed magnitudes A, B, are 
said to be limits of two others P, Q, 
when P and Q, by increasing toge- 
ther, or by diminishing together, may 
be made to approach more nearly to 
A and B respectively, than by any 
the same given difference, but can 
never become equal to, much less 
pa^ A and B : e.g. two circles are 
the limits of the similar inscribed or 
circumscribed regular polygons 46 
(5) If two magnitudes A and B are 
the limits of two others P and Q, and 
if P is always to Q in the same con- 
stant ratio, A is to B in the same 
ratio* , • , .46 

For examples of this theorem see 
56,96, 146, 171,173. 
LimitB of a geometrical problem, are of fre- 
quent occurrence, and are commonly indi- 
cated by the construction : loci are useful 
- in determining them . 27, 106, 124 

lAne^ (also *• straight line" ** curved line.") 

defl 

See " Curve," " Straight Line," and 

« Projection." 

Locw (Lat., place), . . def. 106 

[More generally, a locus is any part of 

space, every point of which, and none else, 

satisfies certain conditions.] 

When said to be a simple locus, when 
a plane locus, when of higher dimen- 
sions , . , 107 
How serviceable in the solution of pro- 
blems . • .106 
Is the limit between excess and defect 

166 
(A) Examples of Simple Loci, 

(a) All points which are equidistant 

from two given points . 107 

(i) All points which are equidistant 

from two given straight lines 107 

[(c) The extremities of all equal parallels 

whose other extremities lie in the 

same g^ven straight line, I. 16. cor."] 

(d) All points which divide lines falling 

from a given point to a given straight 

line in the same given ratio . 108 

. (e) 'The vertices of all triangles upon 

the same base, which have the side 

terminated in One extremity of the 

base greater than the side terminated 

or between two parallel planes, or such 



1-?* '^^*". are some very important errors in the 
latter part of the demonstrstioo of this theorem, for 

wItth?SSS°^^*'''*' ^* wader is desired to cou- 



in the other extremity, and the diffe- 
rence of their squares equal to a given 
square . • . lOS 

(/) The points which divide the chords 
of a circle passing through any the^ 
ssmie given point harmonically 112 

(gr) The points in which the two tan- 
gents, drawn at the extremities of all 
chords pasing through a g^ven point, 
meet one another , •112 

(B) Examples of Plane Loci. 

(a) The vertices of all triangles upoa 
the same base and the same side of it, 
which have equal vertical angles 108: 

(6) The vertices of all triangles upon 
the same base, which have the sum of 
the squares of their sides equal to a 
square . . . .109 

(c) The vertices of all triangles upon the 
same base, which have the side ter- 
minated in one extremity greater than 
the side terminated in the other ex- 
tremity, and the sides (or which i» 
the ^ame thing, the squares of the 
sides) in a given ratio . 109 

(d) Tlie vertices of all triangles upon 
the same base, which have the square 
of one side in a given ratio to th& 
square of the other side diminished 
by a given square • sch. 110 

(e) The vertices of all triangles upon- 
the same base, which have the square 
of one side diminished by a given 
square in a given ratio to the square^ - 
of the other side diminished by ano- 
ther given square • sch, llO^ 

(C) Examples of Loci satisfying conditions 

in Solid Geometry. 

[(a) All the points in space which are 
equidistant from two given points lie 
in the plane which bisects the distance 
between them at right angles.] 

[(6) All the points in a given plane, which 
are equidistant from two given points 
without the plane, lie in the common 
section with the given pland^of the 
plane which bisects at right angles the 
distance between the two points.] 

(c) All the points which are equidistant 
from three given points, n6t lying in 
the same straight line, lie in the 
straight line which is drawn perpendi- 
cular to their plane from the centre of 
the circle which passes through them. 

cor. 151 

[(d) All the points equidistant from a 
straight line and plane, or from two 
given planes, lie in the straight line or 
plane which bisects tlieir angle of in- 
clination.] 

(e) The extremities of all equal parallels 
whose other extremities lie in one and 
the same plane, lie in a plane parallel 
to it. . . . cor. 134 

(/) The points which divide all straight 
lines drawn from a point to a planei 



Index.} 



GEOMETRY. 



249 



straight lines produced in a given 
ratio, lie in another parallel plane 

cor. 135 

(D) Exttmp/e» of Loci mtirfifing conditions 

^ tfi Spherical Gcomeiry, 

"" [(a) All points upon the surface of a 
sphere, which are equidistant from 
two given points of that surface, lie' 
in the circumference which hisects 
their distance at right angles.^ 
[(6) All points which are equidistant 
m)m the circumferences of two given 
great circles, lie in the circumference 
whidi hisects the angle between them.1 
(c) The vertices of all equal spherical 
triangles upon the same base and 
upon the same side of it, lie in the 
circumference of a small circle, such 
that one equal and parallel to it may 
be drawn tlirough the extremities of 
the base . . cor. 199 

(tf) The vertices of all spherical trian- 

Sles upon the same base, which have 
le vertical angle equal to the sum 
of the otiier two, lie in tlie circum- 
ference of a small circle, whose pole 
is the middle point of the base, and its 
polar distance half the base 9ch. 201 
Loweai terms of the ratio of two magnitudes, 

See " Numerical ratio." 
ZjunCf (Lat.^ moon) spherical • def. 1 80 
See "Sphere" and « Spherical Geometry." 
Jjunes (contained by circu/ar arcs in the same 
plane) quadrature of. 

[(a) If a semicircumference ABODE 
be divided into any two arcs, ABC, 
G D £, and if upon the chords of 
these arcs semicircles are described, 
as in the adjoined figure, the lunes 
ABC 6, GD£ (< shall be together 
equal to the triangle ^A G £. 




For, semicircles (III. 33.) being as the 
squares of their diameters, the semi, 
circles upon A C and C £ are together 
equal to the semicircle upon AEj 
therefore, taking away the segments 
A B C and C D £, the lunes which re- 
main are together equal to the triangle 
A C £.J 

[(6) The lune which is included by a 
semicircumference Cd'E and a quad- 
rant C D E, is equal to the triangle 
G O E, whose vertex O is the centre 
of the quadrant. 

For if the arcs A G, G E, in the fonnec 
fiffure, are equal to one another, each 
of them will be a quadrant, and the 
two lunes will be equal to one an- 
other ; and the two tnangles, G O A, 
C O E are also equal ; therefore, since 




O K 

the halves of equals are equal, the 
lune C D £ </ is equal to the triande^ 
GO£.] 
Maximum (Lat, greatest) is a name given 
to tlic greatest among all magnitudes of 
the same kind which are subject to the 
same ^iven conditions : as minimum (Lat.^ 
least) IS, on the other hand, the name given 
to the least. ^ 

For examples of maxima and minima 
on a plane See III. § 5, p. 99. » 

on a spherical surface, See 199 and 
sch. 201. » 

Mean. See "Arithmetical mean," ''Gkome-' ' 
trical mean," " Harmonical mean," 

Mean proportional^ one or more def. 33, 34 
See " Geometrical mean." 

Means of a proportion, are the two middle 
terms. ' 

Measure, one magnitude said to be of 
another • . . 31 

Measure of a rectilineal angle. See "Angle.*' 

of a dihedral angle. See "Dihe- 
dral angle." 

of a solid angle. See " Solid an* 



gle." 



of a spherical angle. See " Sphe- 
rical angle." 

of the surface of a spherical tri- 



angle or polygon. See " Spherical Geq- 

metry." 
Medial ratio is thasame with "extreme and 

mean ratio" . • • 71 

See " Straight line," and " Incommeo- 
surable." 
Medially divided, a line said to be » 71 
Minimum, see " Maximum.** 
Multiple, one magnitude said to be or 

another » » . ..31 

Nonagon, Srr " Enneagon." 

Numbers, common factor of two or more- 

See " Common factor." 
Numerical ratio of two magnitudes def, 32 
Its terms, antecedent and consequent 

def. 32 
(a) The lowest terms are those which 
are determined by the greatest com- 
mon- measure; and are, therefore,, 
prime to one another . cor. 3& 
(6) Any other terms are equimultiplea 
of the lowest terms • cor. 36 
(c) The lowest terms may be found from 
any terms by dividing them by their 
greatest common fador: they serve 
when found to determine whe&er two 
munerical ratios are different, or only 
difiereat forms of the same ratio 

• cor» 3o 

(<0 A numerical ratioy which is conK 
pounded of any number of ratios, has. 
for its antecedent the product of tjieix 
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antecedents, and for its consequent 
tbe product of fheir consequents. 

sch. 45 
ObUqMey a term applied to angles (whether 
rectilineal, dihedral, or spherical) which are 
'SOt ri^it angles. 
OhKqmc come, dtf. (See <' Ck>ne.") • 167 
Oblique cylinder, def, (See *' Cylinder.") 166 
Okhue {hat. blonied), a term applied to an- 
ises (irfiether rertiVmaal, dihedral, or sphe* 
Bcal) wluch axe greater than zighk angles. 
Cdagom, (figure of eight sides) reguiar, (See 

"^Regnlar Polygon"). . .- «cA.121 
Octahedbron (solid contained by eight jdanes) 

rttfmbr. See << Regular Polyh^ron." 
Oppoeite eeme, def, (also '* opposite conical 

iorface") . . .214 

Opponte points^ on the surface . of a sphere, 

def. (See « Spherical Geometry.") 1 86 
Orb, tfhaiad, def, (See « Sphexe.'^ 180 
Ordinate, in a conic section . de/» 220 

See « Conic Section.*' 
Origitud point, line or plane, in projection 

def,2X^ 
Orthographic projection. See " Projection," 

Parallel* circles, of the sphere def, 184 

See « Sphere." 

PartdleipUme»,djef. (See <<Plane.") 125 

Parallel ruler, an instrument for drawing 

parallel lines . . . note, 24 

Parallel straight lines, (See " Straight line.") 

def. 2 
Parallel to a plane, a straight line said to be 

125 
Paraliel to a straight Hne, a plane said to be 

125 
PcatMehgram . . . def. 2 

(a^ Its opposite sides and angles are 
equal to one another • 15 

{hi) Its diagonals bisect one another 15 
(c) Ji is bisected by each of its diago- 
nals . • • . eor, 16 
' ((£) The squares of its diagonals ore, to* 
gether, equal to the squares of its four 
sides • , . cor. 24 
(e) If a quadrilateral figure has its op- 
posite sides equal to one another, or 
its opposite angles equal, or if its dia- 
[' eonals bisect one another, or if it is 
bisected by each of its diagcmals, or if 
the squares of its diagonals are, to- 
gether, equal to the squares of the 
four sides, the quadrilateral is a paral- 
lelogram 15, cor, 17, and cor. 24 
(/) The complements of parallelograms 
about the diagonal of a parallelogram 
are equal to one another • 16 
' (jg) If one angle of a parallelogram is 
a right angle, all its angles are right 
axagles • * • cor. 16 
(K) Every parallelogram is equal to a 
rectangle having the same base and 
the same altitude, t. e. to the product 
of its base and altitude , cor, 16 



(i) Paralldograms wpoia the same or 
equal bases, and between ttie same 
parallels, are equal to one another 16 

(k) If a parallelogram and a triangle 
stand upon thesame base, and betweea 
the same parallels, the parallelogxam 
is double of the triangk • 17 

(I) Parallelograms having the same alti- 
tude are to one another as their bases ; 
parallelograms having equal bases are 
to one another as then: Jtitndes ; and 
axxf two are to one another in the 
ratio which is compounded rf the 
ratios of their bases and altitudes 

cor. 62, 63 

(m) Equiangular paralldograms are to 
one another in the ratio which is com* 
pounded of the ratios of their sides 

cor, 63 

(n) Equian|^ar paiaUelograms, which 
have their sides reciprocally propor- 
tional, are equal ; and, conversely, 
equiangular parallebpams, whidi are 
equal, have their ndea reciprocally 
proportional . . cor. 64 

(o) To describe a parallelogram 

1. When two sides and the included 
angle are given . . 28 

2. Upon a given base, and with a 
given angle, which shall be equal 
to a given triangle, or rectilineal 
figure . . cor. 30 

Rectangular. See '^ Rectangle." 

Parallelopiped . , , def, 12Z 

(a) Itei oj^site faces axe similar and 

equal parallelograms, and its opposite 

edges are [equal and] parallel . 139 

(6) Its four diagonals pass throi^h the 

same point, and bisect one ano&er 

scA. 140 

(c) It is bisected by each of the diago- 

nal planes ♦ . , 139 

(d) The squares of its four diagonals 
are together equal to the squares of 
the twelve edges . , sch, 140 

(e) The complements of the parallelo- 
pipeds about the diagonal plane of a 
parallelopiped are equal to one another 

cor, 140 
[(/) If one face is af right angles to 
each of its adjoining faces, every face 
is at right angles to each of its adjoin- 
ing faces.] 
(g) Every parallelopiped is equal to a 
rectangular parallelopiped, having the 
same base and the same altitude; t. c. 
to the product of its base and altitude 

eor, 142 

(A) Parallelepipeds vapon the same, or 

upon equai bases, and between the 



'm£S? ^** ^^^ ^^^' signifying « along one 



• The prisms, intowhich a parallelopiped is divided 
by its diagonal plane, are symmetrical; and, there- 
fore, except in the case of the rectanralar parallelo- 
piped, their equality cannot be established by coin- 
cidence; a circnmstanoe which has been overlooked 
in Book XI. prop. S8» of Simson'^a Saolid. See 
"Polyhedron.** 



Iad«x.] 



GEOMETRY. 



251 



sama paiaUel plaaes, ace equal to one 
another . . 140, 141 

(i) If a paralldlopiped and a tetrahedron 
have the same tlune edges, the paral- 
lelopiped is equal to sixtliiieathe tetra- 
hedroii . , . cor. 147 

(k) Parallelopipe^s havms the same 
altitudft are to one aaauiw as their 
bases; paarailelepipeds having equal 
t)ases ar^ to one another aa their alti- 
tudes ; and any two are to one another 
in the ratio Wnich is compcHinded of 
the ratios of their bases and altitudes 

143 
(^ Parallelopipeds which are equiangu- 
lar (so that a solid angle of the one 
may be made to coincide with a solid 
angle of the other) are to one another 
in the ratio which is compoonded of 
the ratios of their edges cor. 144 
Heetangfular. See *' Rectangular Paral- 
lelepiped." 
Piari, or measure • • de/. 31 

Peniagoti (figure of fire sides) regular. See 

. « Regular polygon" and « Cirde." 
Pet^edecagon (figure of 15 sides) r^ular. 

See " Regular polygon" and << Circle." 
Perimeter of a plane figure . . def. 2 

Minimum of. See ** Circle." 
Periphery y (Gr.) another name for " circum- 
ference." 
Perpendicttiar to a straight line, a strught 
Ime said to be, 2 ; a plane said to be, 125 
To a plane, a straight line said to be, 1 25 ; 

a plane said to be, 125. 
To a spherical arc, a spherical arc said 
to be, 185. 

See << Straight Une," ^'Planfi," and 
" Spherical Geometry." 
PUme . . . • de/. 1 

When said to be parallel or perpendicu- 
lar to a plane • . 125 
When said to be parallel or perpendicular 
to a straight hue . .125 
(A) (a) A plane, and one onl}^, may be made 
to pass through a straight line and a 
point without it, or three given points 
not in the same straight line, or the 
sides of a given rectiUneal i|ngle, or 
two given parallels . . 127 
(6) Any number of parallels through 
which the same straight line passes, 
are in one and the same plane cor. 128 
(c) Any number of planes may be made 
to pass through the same stnught line 

cor. 128 

(cQ The common section of two planes 

IS a straight line • .128 

(e) If there be three planes, and if the 

common section of two of the planes 

he not parallel to the third plane^ the 

three planes shall pass through the 

same point; viz., the point in which 

the common section of two of the 

planes meets the third plane tck. 156 

(/) A plane surface is less than any 

other surface having the same contour 

im. 167 I 



(B) Cf a phme and perpendienkar 9traighi 
ime.. 

A straight line when said to be perpen- 
dicuUr to a plane . . 125 

(a) If a straight line stand at right 
angles to ea& of two othor straight 
lines at tiaeir point of intersection, it 
shall be at right angles to the plane 
in which they.are • • 128 

(h) Any noaatier of straight lines, which 
are drawn at right angles to the same 
straight Une from the same point of it, 
lie all of them in the plane which is 
perpettdicular to the straight line at 
Ihat point . . . cor. 129 

(c) l£ the plane of a right angle be 
made to revolve about one of & legSi 
the other leg will describe a plane at 
right angles to the first leg cor. 129 

(d) If a straight line be perpendicular 
to a plane, and if from its foot a per- 
pendicular be drawn to a straight line 
taken in the plane, any straight line^ 
which is drawn from a point in the 
former perpendicular to meet the foot 
of the latter perpendicular, shall like- 
wise be perpendicular to the straight 
line taken in the plane . 129 

(e) If a straight line be perpendicular to 
a {dane, and if from any point of it 
a perpendicular be drawn to a straight 
line taken in the plane, the straight 
Une which joins the feet of the per- 
pendiculars shall likewise be pexpen- 
dicular to the straight line taken in 
the plane . • • 129 

(/) Straight lines which aie pexpendi- 
cular to the same plane are parallel ; 
and conversely, if there be two paral- 
Ui straight lines, and if one of them 
be perp^dicular to a plane, the other 
shidl be perpendicular to the same 
plane • . . 129 

Qf) Perpendiculars to the same plane, 
which are drawn to it from points of 
the same straight line, lie in one and 
the same plane . . cor. 130 

(A) A straight line may be drawn per- 
pendicular to a plane of indefinite 
extent, from any given point, whether 
the given point be without or in the 
plane ; bat from the same point there 
cannot be drawn more than one per- 
pendicular to the same plane 130 

(t) From a point to a plane the perpen* 
dicular is the shortest distance; and 
of other atraij^ht lines which are drawn 
firom the pomt to the plane, such as 
are equal to one another, cut the 
plane at equal distances from the foot 
of the perpendicular; and such as are 
nnequal, cut the plane at unequal dis- 
tances from the foot, the gpeeater being 
always further from the perpendicu- 
lar, and conversely • • 131 

(k) If from any pomt taken without a 
plane, a sphere be described with a 
radius less than the perpendicular, it 
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will not meet the plane; if with a 
radius equal to the perpendicular, it 
will meet it in one point only, viz. the 
foot of the perpendicular; and, if 
with a radius greater than the perpen- 
dicular, its surface will cut the plane 
in the circumference of a circle, 
having for its centre the foot of the 
perpendicular . . cor, 131 

(J) To draw a plane perpendicular to a 
given straight line-- 

(1) From a given point in the 
straight line. 

(2) From a given point without it 

(m) To draw a straight line perpendicu- 
lar to a given plane — 

(1) From a given point in the 
plane. 

(2) From a given point without it 

(C) Of a plane and inclined straight line. 
Angle of inclination of a straight line to 

a plane . . • def, 1 25 

(a) If a straight line be inclined to a 
plane ; of all the angles which it makes 
with straight lines meeting it in that 
plane, the least is the angle of inclina- 
tion ; and, with respect to every other 
of these angles, a second angle may 
always be drawn which shall be equal 
to it-— viz., upon the other side of the 
angle of inclination ; but there cannot 
be drawn in the plane more than two 
straight lines with which the inclined 
straight line shall make equal angles, 
one upon each side of the angle of in- 
clination . . .132 
[(6) If a straight line cuts a plane, every 
straight line which is parallel to it 
shall cut, and be equally inclined to 
the same plane.] 
(c) Through a given point in a given 
plane, to draw a straight line at rig^ht 
angles to a straight line which is in- 
clined to tlie plane at that point 153 

(D) Of a plane and parallel straight line, 
(a) If one straight hne is parallel to 

another, it is parallel to every plane 
which passes through that other 132 

(6) If a straight line is parallel to a plane, 
it is parallel to the common section 
of every plane which passes through 
it with that plane . . 132 

[(c) If a straight line is parallel to a plane, 
every straight line, which is parallel to 
it, is parallel to the same plane, see 
app. .prop. 7.J 

{d) If two straight lines are parallel, the 
common section of any two planes 
passing through them is parallel to 
either of them • •- cor. 132 

[(c) If there be three pUines, and if the 
common section of two of the planes is 
parallel to the third- plane, the com- 
mon sections of the three planes are 
paxalle!.] 






(/) To draw through a given point — 

1. In -a given plane, a straight line 
which shall be parallel to another 
given plane . . 153 

2. A straight line which shall be 
parallel to each of two givea 
planes . . cor. 153 

{g) To draw through a given straight 
line a plane which shall be parallel to 
a given straight line • •154 

(E) OfparaUe'y inclined, and perpendicular 
planes. 

(a) If two straight lines, which cut one 
another, are parallel each of them to 
the same plane, the plane of the two 
straight lines is parallel to that plane 

cwr. 133 

(fe) Planes, to which the same straight 
line is perpendicular, are parallel ; and, 
conversely, if two planes are parallel, 
and if one of them is perpendicular to 
a straight line,* the other is perpendi- 
cular to the same straight line 13^ 

(c) Through any given point a plane 
may be drawn, and one only, which 
shall be parallel to a given plane 

cor.l34r 

{d) Planes, which are parallel to the 
same plane, are parallel to one an- 
other , . , cor, 134 

(e) If parallel planes are cut by the 
same plane, their common sections 
with it are jKirallel . . 134 

(/) If two planes, which cut one an- 
other, are parallel to other two which 
cut one another, each to each, the 
common sections of ^the first two and 
of the second two are parallels cor, 134 

(jg") If two planes are parallel, a straight' 
line which cuts one of than may be 
produced to- cut the other likewise 

cor. 209 

[(A)- If two planes are parallel, a straight 
line, which is parallel, or perpendicu- 
lar, or inclined to one of them, shall 
be parallel or perpendicular, or equally 
inclined to the other.] 

(t) K parallel straight lines are cut by 
parallel planes, the parts of the 
straight lines, which are intercepted 
between the planes, are equal to one 

■ another • . • 134 

(k) Parallel planes are everywhere equi- 
distant • • . cor. 134 

(f) If any two straight lines are cut 
by three parallel planes, the parts 
of the straight Unes which are inter- 
cepted by the planes shall be to one 
another in the same ratio . i34 

(m) If two straight lines, which meet 
one another, are parallel respectively 
to other two which meet one another, 
the contained angles shall be equal, 
and their planes parallel • 135 

(n) The dihedral angle made by any 
two planes which meet one another is 
measured by the rectilineal angle of 
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the perpendiculars to the common 
section which are drawn in the two 
planes from any the Bame point of 
the common section , 136 

(o) Dihedral angles, which have the 
sides of the one parallel, or perpendi- 
•cular, or equally inclined to the sides 
of the other, and in the some order, 
are equal to one another sch. 136 
(j)) If one plane is at right angles to 
another, the perpendiculars to the 
common section, which are drawn in 
the two planes from any the same 
point of the common section, are at 
right angles to one another; and con- 
versely . , , cor, 136 
Qq) If one plane is perpendicular to 
another, any straight line, which is 
drawn in the first plane at right 
angles to their common section, is 
perpendicular to the other plane 1 36 
(r) If a straight line is perpendicular to 
a plane, every plane which passes 
through it is perpendicular to the same 
pla^o .... . .136 

O) If two planes which cut one another 
Are each of them perpendicular to a 
third plane, their common section is 
perpendicular to the same plane 

cor. 137 
•(/) If through the same point there 
pass any number of planes perpen> 
dicular to the same plane, they all of 
them pass through the same straight 
line, viz., the perpendicular which is 
drawn from the point to the plane 

cor. 137 

<(ti) If two planes are parallel, a plane 

which is parallel, or perpendicidor, or 

inclined to one of them, shall be 

poTAllel or perpendicular, or equally 

inclined to the other • «cA. 136 

^v) Through a given point, to draw a 

plane which shall be parallel to a given 

plane • « . 154 

(sp) Through a ^iven point, to draw a 

^ plane perpendicular to each of two 

given planes • • . . 1 54 

(y) Through a given straight line to 

draw a plane perpendicular to a given 

plane • . • . 153 

JPiane Geometry is that part of Geometry 

which treats of plane figures and lines in 

one plane. 

What constructions are said to be prac- 

ticable by Flane Geometry sch. 26 

J*iane Locus. (See "Locus.*') . de/. 107 

J^iane Section of a solid, is any section made 

by a plane. 

■ of a cone, cylinder, or sphere. 

See «* Cone," " Cylinder," or " Sphere." 
Pkmes, angle contained by. See << Dihedral 

angle." 

Point • . • • drfA 

Foittt of contact • . def,7^ 

(a) If a straight line touches a circle, or 

if a plane touches a sphere, the foot of 

the peipendiculor which is drawn from 



its cexltre to the straight line or plane 
is the point of contact 80, 129 

(6) If, a circle touches a circle, or a 
sphere a sphere, the straight line 
joining their centres, or that straight 
line produced, passes through the point 
• of contact . . 82, 151 

Point of intersection^ of three planes. (^See 
"Plane.") . . . sch. 156 

' — , of three spherical sur- 
faces . . • 9cA. 151 
Po/e of a circle of the sphere. (See " Sphe- 
rical Gteometry.") . , def, 184 
Potar distance of a circle of the sphere '^ 

def. 184 
Poiar tfianffle. (See " Spherical Geometry.") 

def. 185 
Polygon, (See "Rectilineal Figure," "Re- 
gular Polygon.") . . def, 2 

Poiygony spherical, (See " Spherical Geome> 
try.") • . • . </e/.186 
Polyhedron. (Also '' Diagonals of a Poly- 
hedron.") . . , rfe/. 126 
When said to be regular . 126 
When two polyhedrons are said to be 
similar. (See Note upon this def.) 126 
[Two polyhedrons are said to be sym- 
metncal, when a face of the one may 
be made to coincide with a face of the 
other, and, these being made to coin- 
cide, the straight lines wliich join the 
solid angles of the one with tne cor- 
responding solid angles of the oilier 
are perpendicular to, and bisected by, 
the plane of the faces.] 
(a) If S, E, and F represent respec- 
tively the number of solid angles, the 
number of edges, and the number of 
faces of a polyhedron, S — £ X F=2 

sch. 197 

(6) If S represents tlie number of solid 

angles, the sum of all the plane angles 

of the faces is equal to (S — 2) times 

4 right angles • . sch, 197 

(c) The solidity of a polyhedron may 
be obtained by dividing it into pyra* 
mids, having for their common vertex 
one of the vertices of the polyhedron, 
or some point within it • sch. 147 

(d) Similar polyhedrons are divided into 
the same number of similar pyra- 
mids, by drawing diagonals from any 
two corresponding angles, and planes 
along those diagonals • 150 

(e) Similar polyhedrons are to one ano- 
ther in the triplicate ratio (or as the 
cubes) of their homologous edges; 
and their convex surfaces are in the 
duplicate ratio (or as the squares) of 
those edges » • 150 

[(/) If four straight lines are propor* 
tionals, any two similar polyhedrons 
which have the first and second for 
homologous edges, and any two which 
have the third and fourth, are propor- 
tionals. (IV. 27. cor. 3.1 

{{$) Symmetiical polyhedrons may be 
divided into the same number of 
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tyniHWiir i eiil fyiaaids, by drawing 

diagonaU from any tiro correspond- 

iag angles, and planet along those 

diagonius.] 

[(A) Symmetrical polyhedrons are equal 

to one another.] 

PoihUates (Lat., things required) . 3 

•«»— i>^»- in the constructions of theorems 

in plane geometry • • • 3 

•^— ^ in the constructions of problems in 

plane geometry • • • 24 

■ J in the constructions of problems 

in solid geometry • « 150 

I ■ m the constructions of problems in 

qdierical geometry • 203 

Prtme, numbers said to be (See " Common 

Factor.") . '. . #cA.36 

Principal edges of a prism or pyramid, 

Principal diameier of a conic section def. 217 
Principal vertices, or vertex, of a conic section 

def, 217 

Prism, def, (also its bases, sides, principal 

edees, lateral or convex smfSeMse) 127 

When said to be right, when oblique 127 

When said to be regular (its axis) 127 

(a) Triangular prisms, which have two 
sides and the included angle of the one 
equal to two sides and the included 
angle of the o&er, are equal to one 
ano&er • « • 138 

(6) If the upper part of a triangular 
prism be cut away by any plane, the 
remaining solid is equal to the sum 
of three pyramids, having the same 
base with the prism, and for their ver- 
tices the vqpper extremities of the di- 
miniabed edges . sch, 147 

(c) Every prismis equal to a asctangu- 
lar paraUelopiped, having an equal 
base and altitode ; t. e, to the product 
of its base and altitude • 144 

(4) IVisms which have equal altitudes 
are to one another as their bases; and 
prisms which have equal bases as 
their altitudes ; ako, any two prisms 
an to one asiofier in Ifaa zaMo which 
is compounded of ^tt xatioa of their 
bases and altiAndei • cor. 145 

(e) The solid content of asiy prism is 
equal to the product of theprincipal 
«dge, and the area of a fftaae section 
perpendicular to it; and the convex 
surface is equal to the product of the 
fcindpal edge, and the perimeter of 
the same section. In the right prism, 
this section is the same with the base 

sch, 145 

[(/) Prisms whidi have for their bases 
similar polygons, and the principal 
«dges drawn firom two corresponding 
an^es of those polygons, making 
equal ang^ with each of the homo- 
logous adjoining sides, and in the 
same ratio as &0Be sides, are simi- 
lar.] ^^ 

[(^) Similar prisms are as the cubes of 
tfaei r Juaaaologous edges. (IV. 35.)] 



[(A) Symmetrical prisms axe equal to one 

anotiier.] 

(«) If the convex surface of a prism be 

produced to any extent, the sections 

of it by parallel planes will be similar 

and equal polygons . sch» 14S 

Prdikm (6r., a thing put forth or proposed) 3 

Product, strict meaning of the word when 

used in geometry . sck. 18, 142 

And hence it is used synonimously with 

rectangle (nriectangularparallelopiped, 

these Igfures being measured by the 

products of their bases and altitudes^ 

or of their respective dimenrious. 

Progression, arithmetical. See " Arithme* 

tical Pn^ressioB." 

geometrical. J$ee ** Geometrical 

Feogression." 

harmonicaL See " Harmonical 



Progression." 
Projection, orthographic and perspective 208 

(A) Of Orthographic Prqfection, 

Orthographic projection of a point, line, 
or figure • . • def, 208 

Plane of projection^ direction w pro* 
jection, original . • tlef, 208 

(a) The orthographic proiecticm of every 
giwen point may be found upon the 
plane of projection . . 212 

(A) The orthographic proiection of a 
straight line (not parallel to the di- 
rection of projection) is a straight 
line — viz., the common section of the 
plane of projection, and a plane drawn 
through the scigiBal, paraUd to the 
direction of projection • 21 S 

(c) If the original straigfat fine be pai* 
ralld to the plane of projection, tbe 
orthogra{>hic projecti<Ni ef such 
strai^ tine is a point « cor, 213 

"(d) The orthograptuc projeetion of a 
atrai^it line, winch is parallel to the 
plaae of pnjection, is parallel, and 
equal to its original • cor. 213 

fy) The orthographic prejedliotts -ef any 
IPiHipii^ stEBifdbt lioes ase sarallel% 
and have the same raitie t» thcdr t^ 
i^ective origfaaale « ^ «. 213 

•(/) The ortlMigmphie projection of a 
curve (the plane of wmch is not paral- 
lel to the diieefion of prajeetion) is « 
curve; and the orthographic projec* 
tion of a straight line, touching the 
oxi^nalcnrve, is a straight line touch- 
ing the projection of that curve 214 

(ff) If the plane of tiie original curve be 
parallel to the direction of projection^ 
the projection of a straight line, and 
the projection of the tangent coincides 
with it, or, in one case, is a point of it 

O0f*.Zl« 

(A) The orthographic projection of a 
straight line cutting. a curve, ia a 
straight line cutting the projection ef 
that curve, except abrays as in (^) 

cor, 214 

[(t) The odhograpiuc projeotien of a 
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ciide is a drde, or an dlipse (opp» 25, 

26,27,)] 
.(B) Of PerapecHve Profection. 

Perspective projectioii of a point, line, or 
figure . . . def. 208 

Vertex, vertical plane, pUne of projec- 
tion, original . « def. 208 

(a) The perspective projection may be 
found of every point which is witnout 
the vertical plane, but of no point in 
that plane . . • 208 

(6) The perspective projection of a 
straight line (not passing through the 
vortex) is a straight line — ^viz. the 
conunon section of the plane of pro- 
jection, and the plane which passes 
through the vertex and original 
straight line . . 209 

(c) If the original straight line passes 
through the vertex, the projection of 
such straight line is a point cor. 209 

(if) The perspective projection of a 
straight line parallel to the plane of 
projection^ is parallel to its original 

cor. 209 

(e) The perspective projection of a 
straight line, which is terminated by 
the vertical plane, is a straight line of 
unlimited extent in one direction ; and 
the projection of a straight line, which 
cuts that plane, is the whole of a 
straight line of unlimited extent, in 
both directions, excepting only the part 
which lies between the projections of 
tiie extreme points . • 209 

[(/) The perspective ^jeeBon of a 
straight line, which is of unlimited 
extent in one direction, but does not 
meet the vertical plane (and is not 
parallel to that plane), is finite.] 

(jff) The perspective projection of a 
straight line, which is not parallel to 
the ]^ane of projection, passes, if pro- 
duced, through the point in wbicn a 
parallel to the original, drawn through 
the vertex, cuts tlw plane of projection 

cor. 208 
, (A) The perspective proiections of paral- 
lel straight lines, which are likewise 
parallel to the plane of projection, are 
parallels . . . . 209 

(t) The jpexspective projections of paral- 
lel straight lines, which cut the plane 
of projection, are not parallels, but 
pass, when produced, all of them 
through the same point— vis., the 
point in which a parallel to the ori- 

Sinals, drawn through the vertex, cuts 
leplane of projection . .210 
{k) Ine perspective projection of a 
curve (the plane of wnich does not 
pass through the vertex) is a curve; 
and, if any point of the original curve 
lies in the vertical plane, the projection 
shall have an arc of unlimited extent 
corre^onding to the arc of the original 
ciwe, which is terminated in that 
point. • • .210] 



(/) The perspective progection of a 
straight line teaching any curve is a 
straight line touching the projection 
of that curve, if the original point of 
contact be witiiout the votical plane ; 
but if it be in that plane, the projection 
of the tangent is an asymptote to the 
projection of the curve • 211 

(m) if, however, the tangent at the ori> 
ginal point be also in the vertical plane, 
it has no projection, and the projeo> 
tion of the original curve luis vo 
asymptote . . . cor. 212 

(n) The perspective projection of a 
straight line, which cuts a curve in a 
point without the vertical plane, is a 
straight line which cuts the projection 
of that curve • • cor. 212 

[(o) The perspective projection of a circle 
(except as in (k) ) is a circle, or a 
conic section (app. 22, 23, 34).J 

Proportion, and how denoted (also its ante» 

cedents and consequents) . def, 3S 

•^-— — — the first and second terms must be 

of the same kind, and also the third and 

fourth . • .33 

Of commensurable magnitudes • 37 

— — general theory of . . 48 

when four magnitudes A, B, C^ 



D, are ssud to be proportionals; def [7.^ 
p. 33 ; and def 7 p. 49 

Proportionals according to def [7.] are 
also proportionals according to def 7. 

38,49 

(A) Comparative magnitude of the terms, in a 
proportion, A : B : : C : D *. 

(a) If A > or = or <B, then C> 
=: or ^ D ; and conversely . 52 

(6) If A > or = or < C, then B > 
or = or <^ D ; and conversely 53 

(c) If A > or = or < ^B, then C 

> or s= or < - D ; and convenaly 

cor. 50 
(<i) If «A > or = or < inB, then siC 

> or s= or < mD; and conversely. 

ear. 50 
(e) If there are four magnitades A, B, 
C, D, and if when mA> or = or < 
wB, »C > or = or < mD, for aU 
values of n and m, then A, B, G, D 
are proportionals . «>»•• 51 

(/) If four magnitudes are propor- 
tionals, the greatest and leart toge- 
ther are greater than the other tWo 
together • • « 53 

(B) Rule* for trantftrming a single propor-^ 

tion, A : B : : c : D. 

(a) C : D ; : B : A, by merely placing 

the second ratio first • . 33 

(6) B : A :: D : C. invertendo 52 

• For the sign < in this division read^ ** is less 
than/' [and for > *< is greater than.*' 
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(c) A : C :: B : D, altemando (when 
the four are of the same kind) 03 

(d) A 'v B : B :: c 'v> D : D, divi- 

dendo • . • .53 

(e) A + B : B :: C + D : D, compo- 

nendo . . • .63 

</) A :a + b::c :c + D, con- 

vertendo . . . cor. 53 

O) A + B : A'N'B;:C+D : c-x^d 

miicendo • ■ • cor, 54 

<C) BMk$for combmingtwo or morepropor- 
Jiotu. 

(a) If A : c :: A' : c, anaB : c:: 

B' : C, then At B : c :: A' + B' 
: C ; and so, if any number of pro- 
portions have the same consequents 54 

<6) If a:b.:: A' :b% andB : c:: 

B' : C',then, exetquaK, A : C : : A': 
C; and so, if there are any number of 
magnitudes A, B, C, D, and A', B', 
C, D', the ratios of which are the same 
respectively in the same order. 54 

(c) If A : B :: B' : c, and B : c :: 

A' \ B', then ex eequo perturbato, 
A : C : : A' : C; and so, if there 
are any number of magnitudes A, B, 
C, D, and A', B', C, IT, tlie ratios 
of which are the same respectively in 
a cross order. . . 55 

£D) Rules of Arxthmetic€d Proportion,^ 

(a) If four magnitudes are proportionals, 
and if A, fi, C, D represent those 

A 
magnitudes numerically^ then -^ :=: 

' =-; and, conversely, if ^ rr — , ihe 
• four are proportionals* • sch, 47 



• This is trae, not onljr when the magnitudes are 
• eommensnrable proportionals (as is demonstrated in 
p. 47), but also wnen four magnitudes are propor- 
tionals according to def. 7, and as such, is mean t to be 
asserted by placing it among the properties of pro- 
portionals. It is necessary, therefore, to add the 
'ftllowing demonstration of the general case : — 

Let A, B, C, D, be proportionals according to def. 
'7, p. 49 ; let B be divided into any number, 6, of 
equal parts, and let A contain a of those parts ; that 
-is, a certain number exactly together with a frac- 
tion, which number and fraction are, together, re- 
presented by a ; also let D ~be divided into any 
'Dumber, </, of equal parts, and let C contain c of those 
•parts, <; being a whole number and fraction as before; 

-— shall be equal to •-7-. 
b « 

- Take m and n any equimultiples of h and d, bo that 

TLs — , and consequently md=inb; and let B 
' n d 

«nd D be divided, each, into m d, or, which is the 
same, nb equal parts; then, because A contains 

of B, and In like 



^ths of B, it contains — rths 
b no 

mc 



snannerC contains — -Ihs of I> ; but because A, B, C, 
md 

T> are proportionals according to def. 7> And that n q 
4b equal to m<f, the units (p suppose; in n a are equal 

to .the units C 9 suppose) in 01c; and therefore -^ s= 



(b) The same being su^^osed, A x D == 
B X C, and conversely . sch. 47 

(c) The same being supposed, A x M Z 
B X M r : C r D ; and conversely 

sch. 47 

(d) The same being supposed A x M ! 
: B : : C X M : D, and conversely 

sch. 47 

(e) If four magnitudes, numerically re- 
presented by A, B, C, D, are propor- 
tionals; and four others, represented 
by A',B',C',iy, are likewise propor- 
tionals; then A X A' : B X B' :: 
C X C : D X ly* a rule which is 
called '* compounding the propor- 
tions,'' and is applicable to any num- 
ber of proportions . - sch. 48 

Proportioned. See ''Third Proportional," 
« Fourth Proportional," "Mean Propor- 
tional." 
Proportional Straight Lines. See " Straight 

Line." ' 

Pyramid, (also its vertex, base, sides, prin- 
cipal edges, lateral or convex surface, fnis^ 
tum, or truncated pyramid) . de/. 127 
When said to be regular (its axis) 127 
When two pyramids are said to be similar 

126 
When symmetrical. See " Polyhedron." 

(a) Triangular pyramids which have 

equal bases and altitudes are equal to 

one another . . .145 

(&) Every pyramid (triangular or other- 



and this will be the case, how great soever the 



md 

numbers m and n may be taken ; that is, how great 
soever the numbers n b and m d may be. But be- 
cause -^differs from — r- by less than — r- and -—- 
nb nb no ^ mei 

from *^ by less than —7, by increasing m and m, 
md * »»» 

£^ and — may be made to differ from — r and 
nb md "® 

^ by less than any the same given differences 
md 

Therefore, because -ij is always equal to — , 



na 
nb 



Jli=!^ (II. 28) and. consequently^ =— 



md 



Also, conversely, »f -f" = "J* '^» ®» ^» ^ ^^^ ^ 

proportionals according to def. 7. For let B and D 
be divided, each, into any number, n, of equal parts ; 

then, because A contains r-ths of B, it contains ^tk 

* 

a 

ofB as often as the number n is contained in "t- » 

1 

and in like manner C contains — th of D as often as 

IS 

e a e . 

n IS contained in -— ; but, because -r- = — ,aisCOO- 
a o 

talned in-r- with a remainder, as often as It is con- 
o 

talned in •-- with a remainder; therefore AtBiC,D 
d 

are proportionalsi> • 
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wise) is equal to the third part of a 
prism which has the same base and 
altitude . , . 146, 147 

(c) The solid content of a pyramid is 
equal to one-third of the product of its 
base and altitude • . cor, 147 

{d) The frustum of a pyramid is equal 
to the sum of three pyramids which 
have the same altitude vrith the frus- 
tum, and for their bases the sum of its 
two bases and a mean proportional 
between them • • . 147 

(e) Pyramids which have equal altitudes 
are to one another as their bases, and 
pyramids which have equal bases, as 
their altitudes; also, any two pyra- 
mids are to one another in the ratio 
which is compounded of the ratios of 
their bases and altitudes • cor, 147 

[(/) Pyramids which have for their bases 
similar polygons, and the principal 
edges drawn from two corresponding 
angles of those polygons making 
equal angles with each of the homolo- 
gous adjoining sides, and in the same 
ratio as those sides, are similar.] 

(y) Similar pyramids are to one another 
in tlie tripLcate ratio (or as the cubes) 
of their homologous edges • 149 

[(A) S3rmmetrical pyramids are equal to 
one another ; for they have equal 
bases and altitudes.] 

(i) If the convex surface of a pyramid 

be produced to any extent, the sections 

of it by parallel planes will be similar 

polygons . . . ach. 145 

Quadrature of the circle; an exact quadrature 

is impracticable in the way of calculation, 

ach, 99. See " Circle" and « Lunes." 

QiMii^n/a/«ra/ plane figure . def, 2 

(a) Its angles are together equal to four 
right angles. . . cor. 15 

(6) If any other than a parallelogram, 
the squares of its diagonals are to- 
gether greater the squares of the four 
sides b^ foiu: times the straight line 
which joins the middle point of the 
diagonals. . . .23 

(c) If two quadrilaterals have three sides 
of the one equal to three sides of the 
other, each to each, and the angles of 
tlie one lying in the circumference of 
a circle of which the fourth side is 
diameter, but the angles of the other 
not so lying, the first quadrilateral 
shall be greater than the other • 1 03 

(d) If two quadrilaterals have the sides 
of the one equal to the sides of the 
other each to each, and the angles of 
the one lying in the circumference of 
a circle, but the angles of the other 
not so lying, the first quadrilateral 
shall be greater than the other 104 

(e) To construct a quadrilateral which 
shall have its sides equal to four given 

* These propositbns (c) and (d) are trne, whether 
the equal sides lie in the same, or in different orders. 



straight lines (of which, every three 
are greater than the fourth), and its 
angles lying in the circumference of 
a circle . . . cor. 91 

In what cases a quadrilateral is a paral- 
lelogram, and the properties of such a 
figure. See " Parallelogram." 

In what cases it has its angles in the 
circumference of a circle, and the pro. 
perties of such a figure. See " Circle." 
Quindecagon, <See "Pentedecagon." 

JRadiua of a circle, or sphere def, 3, 127 

/2a/io, meaning of the word • .31 

Is independent of the kind of magni- 
tudes compared, but requires that the 
two shall be of Uie same kind 31 

Of commensurable magnitudes, how 
expressed in numbers . 32 

Of incommensurable magnitudes . 48 

Ratio of equality, inverse or reciprocal 
ratio . , def. 32 

Equal ratios^ greater ratio, less ratio 

def. 32, 49 

Duplicate ratio, triplicate ratio, &c. 
{Aiso Sub-duplicate, Sub-triplicate, 
&c.) . . . def. 34 

Compound ratio ; t. e., a ratio which is 
compounded of any number of ratios 

def 34 

"When one ratio is said to be taken away 
from another • • • 45 

(A) Of equai Ratioa*, 

(a) If A = B, then A : C = B : C ; 

and conversely . . .61 

(6) If A : B = C : D and C : D = 

E : F, then A : B = E : F . 51 
(c) If A : B = A' : B', then A : B 

= A ± A' : B ± B' . 53, 54 

(rf) If A : B = A' : B' = A" : b", 

then A:B = A + A'-f.A':B-}. 
B' 4- B"; and so of any number of 
equal ratios . • . 54 

(e) Magnitudes are to one another as 
their equimultiples . , 52 

(/) If A : B = C : D, mA ! mB = 
n C I nD; and conversely cor. 52 

((/)IfA:B = C:D, mA:»C = 
m C : « D ; and conversely , 52 

(A) If there are any number of magni- 
tudes of the same kind A, B, C, D, 
and as many others A', B', C, D', and 
if the ratios of the first to the second, 
of the second to the third, of the third 
to the fourth, and so on, are the same 
respectively in the two series, any 
two combinations by sum and differ- 
ence of the magnitudes in the first 
series shall be to one another as two 
similar combinations of the magni- 
tudes in the second series « cor» 55 

(B) Of unequal Ratios, 

(a) If A > or < B, then A : C > or 
<B : C; and conversely . 51 

• For the signs > and < which are here used, 
read *' is greater than" for > , and «• is less than" 
for <;, 

S 
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(6) If A > B, then C : B > C : A ; 
and convenelj • • .51 

(c) If A : B = C : D and C : D > 
or < E : F, then A 2 B > or < 
E : F . . • cor. 52 

(rf) If A : B > or < C 2 D and C : 
D = E : F, then A : B > or < 
E : F. . « . cor, 52 

(f) If A : B > or < A' : B', then A 
: B > or < A + A' : B -f B' 

cor. 64 

(/) If A : B not == A' : B', then A 
+ A' : B 4- B' lies between A ! B 
and A' : B'. . . . cor, 54 

(C) Of compound Ratiot, 

(a) Ratios which are compotilided of the 
same ratios, in whatsoever orders, are 
eoual to one another . • 55 

(6) Ratios which are the duplicates, tri- 
plicates, &c. of equal ratios, afe equal 
to one another . . cor, 56 

(c) If equal ratios are taken from equal 
ratios, the remaining ratios are equal 

cor, 56 

(D) Of reciprocal Ratios, 

(a) If a ratio, which Is compounded of 
two ratios be a ratio of equality, one 
of these is the reciprocal of the other ; 
and conversely . . cor, 51 

(hi) The reciprocals of equal ratios are 
equal • . .40 

(c) In the composition (t. e., compound- 
ing) of ratios, any two which are re- 
ciprocals may be neglected without 
afiecting the resulting compound ratio 

cw. 56 
S» also ^ Numerical Ratio" and <' Pro- 
portion." 
Reciprocal, one ratio said to be of another 

32 
Reciprocally proportional f two magnitudes 
and other two are said to be recipro- 
cally proportional, when the four con- 
stitute a proportion, in which one pair 
are extremes and the other means. 
Rectangle .... def.2 

[(a) Its diagonals are equal to one an- 
other, and all its angles are right 
angles (I. 4.).] 

(5) If the adjoining sides of a rectangle 
contain any the same straight line M, 
the one a times and the other 6 times, 
the rectangle shall contain the square 
of M, a X o times* « • 18 

(c) Hence, a rectangle is measured by, 

* This (although only demonstrated in p. 18, in the 
ease of whole nnmbeni) is true generally, i. e, when 
a and h are anj numbers whatever. 

Of the general case we add the following demonstra- 
tion : — Let C A, C B be the sides of the rectangle, 
containing M a and dtimes respectiyely; and, first, 
let a be supposed a whole number. Let the square 
of M be contained in the rectangle a x d times; 
and, first, let d be supposed greater than 6, so that 
If C D be taken equal to d times M, it will be greater 
ft*" 9. ?«.which is only h times M. Let any part of 
*i, which IS less than B D, say the half, be takw, and 



Mid laid to be equal to, the product of 
its Adjoining sides . ach. 18 

(if) Rectangles, having the same base, 
BM to one another as theit altitudes 

62 

(») Rectangles ai« to one another in the 
ratio which is compounded of the 
ratios of their sides • . 62 
^ (/) Rectangles, which have their sides 
reciprocally proportional, ere equal to 
one another ; and, conversely, rectan- 

fles, which are equal \o one another, 
ave their sides reciprocally propor. 
tional . . . . 63 

(y) The equality of two rectangles is 

convertible into A proportion of four 

straight lines ; and m'ce t;er«d «cA.64 

8tB " Straight Line" and "Parallelogram." 

Rectangular ParaiMopiped . def, 126 

[(a) Its diagonals are equal to one 
another, and every face is at right 
angles to the two adjohiing faces.] 

(6) If the conterminous edges of a rect- 
angular parallelopiped .contain any 
the same straight une M, a, 6, and c 
times respectively, the rectangular 
parallelopiped shall contain the cube 
of M, axf> xc times f . 142 

(e) Hence, a rectangular parallelopiped 
is measured by, and said to be equal 
to, the product of its three contermi- 
nous edges * . »ch. 142 

(cQ Rectangular parallelopipeds, having 
the same base, are to one another as 
their altitudes . . .143 

(e) Rectangular parallelopiped^ are to 
one another in the ratio which ii$ com- 
pomided of the ratios of their edges 

143 

See <* Straight Lbe*' and <* Parallelo- 
piped." 
Rectilineal figure, or polygon . def, 2 

When said to be a regular polygon 91 

let G K be the first mnltiple of this part, which it 

greater than C B ; then £ lies between B and D. 
ompleta the rectangle A C £ F } and, btvause half 

A 




M ii eonfained in A Sii timet, and In CD S<f times, 
and in G E an enact number of times (tayj)} lest 
than 9d, its square is contained in the rectangle 
ACEF 2a xp times, that is, less than Sax Bd timet; 
but its square is contained in the rectangle A B 
2a X 9d times, for the B<|uare of M is sttppoe^ to be 
contained in A B a x d times ; thtreforc the rectangle 
A B is greater than A E G F, which is impossible — 
consequently d cannot be greater than 6. And in the 
same manner it may be shown that it cannot be 
lest than 6, that is, it is equal to it And this being 
shown in the case in which one of the anmbers, as a, 
is whole, the like demonstration, resting upon this, 
may be applied to the case in which neither of them 
is a whole number. 

The case of the rectangular parallelopiped may be 
demonstrated in the same manner. 

f This is true, whatever the aafflVeit tf, h, andc 
ar«— tee the last aot««j , ^ 
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When laid to he inscribed in a circle or 
circumscribed about a circle . 79 

When two rectilineal figures are said to 
be similar, and what are homologous 
sides. {Sceihe Note upon this d€/.)b7 

When straight lines are said to be simi- 
larly placed in similar rectiliueal 
figures • . .57 

(A) (a) Any one of the sides is less than the 

sum of all the others . . cor. 8 

(6) The exterior angles of a rectilineal 
figure {formed by producing its sides) 
are together equal to four right angles ; 
and the sum of its interior angles, to- 
gether with four right angles, is equal 
to twice as many right angles as the 
figure has sides . . • 15 
(c) The area of a rectilineal figure may 
be obtained by dividing it into tri- 
angles, haying for their common vertex 
one of the angular points of the figure, 
or some point within it • ach. 18 

(B) Ofsimiiar rectilineal figures, 

(a) Rectilineal figures of more than 
three sides which have their several 
angles equal in order, each to each, 
are not for that reason necessarily 
similar • . tch. 59 

(6) Rectilineal figures which have all 
their angles but two, equal each to 
each in order, and the sides about the 
equal angles proportionals, are similar 

cor. 60 

(c) Any two which are similar to the 
same rectilineal figure are similar to 
one another . . def. 57 

{d) Similar rectilineal figures are divided 
into the same number of similar tri- 
angles by the diagonals which are 
drawn from any two corresponding 
angles . . , cor. 60 

{e) Lines, which are similarly placed in 
similar figures, cut the homologous 
sides at equal angles, and are to one 
another as those sides . cor. 60 

(/) Similar rectilineal figures are to 
one another in the duplicate ratio (or 
as the squares) of their homologous 
sides; [and tiieir perimeters are as 
those sides] . . .67 

(jg) If four straight lines are proper- 
tionalB, any two similar rectilineal 
figures which have the first and second 
for homologous sides, and any two 
which have the third and fouHLh, are 
proportionals . . . cor. 67 

(A) If similar rectilineal figures are 
similarly described upon the hypo- 
tenuse and sides of a right aug^ 
triangle, the figure upon the hypote- 
nuse ts equal to the sum of the figures 
i^n the two sides • 67 

(C) Of reetiiin€9l figmrea mkich we not 

^ («) If « cietOaiMl figm hm not aU 



its sides equal, and all its angles 
equal, a greaier may be found having 
the same number of sides, and the 
same perimeter • . • 100 

(b) Of regular polygons which have the 
same perimeter, that which has the 
greatest number of sides is greatest 

101 

(c) A regular polygon is greater than 
any other rectilineal figure which has 
the same (or a less) number of sides, 
and the same perimeter cor. 101, 102 

(rf) A regular polygon has a less peri- 
meter than any rectilineal figure which 
has the same (or a less) number of 
sides and the same area . ear. 101 

(e) If a rectilineal figure have not all its 
angles in the circumference of a cir- 
cle, a greater may be found having 
the same sides . . cor. 105 ' 

(/) A rectilineal figure, which has all 
its angles lying in the circumference 
of a circle, is greater than any other 
having the same sides, whether in the 
same or in different orders cor. 105 

(^) If two rectilineal figures have all 
their sides but one equal each to each 
(in the same, or in difi^rent orders), 
and the angles of the one lying in the 
circumference of a circle of which the 
excepted side is the diameter ; but the 
angles of the other not so lying, the 
first figure shall be greater than the 
other , • . note 103 

(D) Problems relating to JReeHHneai Figures, 

(a) To describe a triangle which shall 
be equal to a given rectilineal figure, 
and which shall have a side and angle 
adjoining to it, the same with a side 
and adjoining angle of the figure 28 

(6) To divide a given rectilineal figure 
into two (or more) equal parts by a 
line (or lines) drawn from a given 
angle, or from a given point in one of 
its sides . . . • • 29 

(c) To divide a given rectilineal figure 
in a given ratio (or into any number 
of p6^ having given ratios) by a line 
(or lines) drawn from one of its an- 
gles, or from a given point in one of 
its sides • , m % 77 

(</) To describe a rec^neal figure upon 
a given straight line, similar to a given 
rectilineal figure; the given line being 
homologous with a given side of the 
figure . • . . 75 

(c) To describe a rectilineal figure, 
which shall be similar to a given rec- 
tilineal figure, and' have a given 
perimeter • . . 76 

(/) To describe a rectilineal figure, 
which shall be similar to one given 
rectilineal figure, and equal to an- 
other • • • • 76 

Befuiw Poiggon, i^/. (alto its apothcm and 
ceatre) , •. t • 91 
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Regfular polygons of the same name are 
similar • • • • 91 

To describe any reg^ular polygon upon a 
given straight line . cor. 120 

See << Circle,'* and << Rectilineal figure." 
Jlt-enteringf an angle said to be . 2 

Regular Polyhedron • • def. 126 

Its centre • • • cor. 161 

[The apothem of a regular polyhedron is 
a perpendicular drawn from the centre 
to any one of the faces, and is equal 
to the radius of the inscribed sphere.] 

(A) (a) There are only five regular poly- 
hedrons, three of which (the tetrahedron, 
octahedron, and icosahedron) are contained 
by equilateral triangles, one (the hexahe- 
^n, or cube) by squares, and one (the 
dodecahedron) by pentagons cor. 138 

(6) A sphere may be inscribed in any of 
the regular polyhedrons, and a sphere, 
concentric witii the former, circum- 
scribed about it • cor. 161 

[(c) The common centre of which spheres 
(i. e. the centre of the polyhedron) may 
be found by bisecting any three of the 
dihedral angles, or by bisecting any 
three of the e^ges by planes at right 
angles to them (IV. 50. cor, 2.)] 

((f) The solid content of a re^ar poly- 
hedron is equal to one thurd of the 
product of its convex surface and apo- 
them (>. e. the radius of the inscribed 
sphere) • , • • (Mr. 165 

(c) Regular polyheorons of the same 
name are similar • cor. 161 

(y) The regular polyhedrons of 6, 8, 
12, and 20 faces have for every face a 
face opposite and parallel to it ; and 
the opposite edges of those faces like- 
wise parallel; also the straight line 
which joins two opposite angles passes 
through the centre of the polyhedron 

cor. 161 

(^) Any one of the regular polyhedrons 
may be inscribed in a regular polyhe- 
dron, which has a greater number of 
faces, by taking for its vertices certain 
of the vertices of the latter, or of the 
centres of its faces, or of the middle 
points of its edges . nc^e 162 

(A) To find the mcUnation of the ad- 
joining faces of any of the regular 
polyhedrons • . . 163 

(i) The edge of any regular polyhedron 
being given, to find the radii of the in- 
scribed and circumscribed spheres 1 64 

(k) The edge of any regular polyhedron 
being given, to describe the polyhe- 
dron • • • . 158 

(B) Of the regular Tetrahedron. 

[(a) The tetrahedron has 4 faces (equi- 
lateral triangles), 4 solid angles, and 
6 edges.] 

(6) 'The dentre^ of ittf faces are the ver- 
tices of an inscribed regular tetrahe- 
^on . •. .. »cA.162 



(c) The inclination of its adjoining faces 
is measured by the greater acute angle 
of a right-angled triangle, whose hy- 
potenuse is equal to three times one of 
its sides . . • 163 

(d) The diameter of the circumscribed 
sphere is to the edge, as the hypo- 
tenuse to the great^ side of a right- 
angled triangle, whose sides are as 
the side and diagonal of a square 165 

(c) The diameter of the inscribed sphere 
is one-third that of the circumscribed 
sphere . » , ach. 166 

(C) Of the regular Hexahedron, or Cube. 
[(tt) The cube has 6 faces (squares), 8 

solid angles, and 12 edges.] 

(b) The centres of its faces are the ver- 
tices of an inscribed regular octahe- 
dron . . . 8ch. 162 

(c) Four of its vertices are the vertices 
of an inscribed octahedron, as the side 
and diagonal of a square note 162 

((f) Its adjoining faces aie at right angles 
to one another . . 163 

(e) The diameter of the circumscribed 
sphere is to the edge, as the hypote- 
nuse to the lesser side of a right^ngled 
triangle, whose sides are as the side 
and diagonal of a square • 165 

(/) The djameter of the inscribed sphere 
is equal to the edge of the cube 165 

(D) Of the regular Octahedron. 

[(a) The octahedron has 8 faces (equila- 
teral triangles), 6 solid angles, and 12 
edges.] 

(b) The centres of its faces are the ver- 
tices of an inscribed cube sch. 162 

(c) The inclination of its adjoining faces 
is measured by twice the greater acute 
angle of a right-angled triangle, whose 
sides are as the side and diagonal of a 
square .... 163 

(d) The diameter of the circumscribed 
sphere is te the edge, as the diagonal 
of a square te its side • 165 

(c) The ratio of the diameters of the in- 
scribed and circumscribed spheres is 
the same as in the cube, viz. 1 : ^3, 

tch. 166 

(E) Of the regular Dodecahedron. 

1(a) The dodecahedron has 12 faces 
(pent^ns), 20 solid angles, and 30 
edges.] 

(6) The centres of its faces are the ver- 
tices of an inscribed icosahedron 

sch. 162 

(c) Eight of its vertices are the vertices 
of an inscribed cube ; and four of an 
inscribed tetrahedron • note 162 

(d) The inclination of its adjoining faces 
IS measjLired by twice the greater acute 
angle of a right-angled triangle whose 
sides are in Uie medial ratio 163 

(c) The diameter of the circumscribed 
sphere is to the edge as the hypotenuse 
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to the lesser side of a right-angled 
triangle, whose sides are in the dupli- 
cate of the medial ratio • 165 
(/) The ratio of the diameters of the 
inscribed and circumscribed spheres 
is the same as in the icosahedron 

8cht 166 

(F) Of the regular Icoiohedron. 

[(a) The icosahedron has 20 faces (equi- 
lateral triangles), 12 solid angles, and 
30 edges.] 
(6) The centres of its faces are the ver- 
tices of an inscribed dodecahedron 

8ch. 162 
{c) The inclination of its adjoining faces 
is measured by twice the ^eater 
acute an^le of a right-angled tnangle, 
whose sides are m the duplicate of 
the medial ratio • . 163 

((^) Tlie diameter of the circumscribed 
sphere is to the edge, as the hypote- 
nuse to the lesser side of a nght- 
augled triangle, whose sides are in 
the medial ratio • . 165 

(e) The ratio of the diameters of the 
inscribed and circumscribed spheres is 
the same as in the dodecahedron, [viz. 
as the greater side to the hypotenuse 
of a right-angled triangle, the lesser 
side of which is equal to twice the 
lesser segment of the greater side 
medially divided; or (if r, greater 
than unity, represent the medial 
ratio) in tiie subduplicate ratio of r^ 
to r* + 4.] . . 8ch. 166 

Hegubar Pristny def. (also its axis) 127 

See « Prism" and <' C;rUnder.'» 
Hegu/ar pyramid, def, (also its axis) 127 

See "Pyramid " and « Cone." 
Jleverse angle. See ** Re-entering." 
Mevolution, figures of. See " Solid of Re- 
volution." 
Hhombus • • • • ^f, 2 

(a) Has all its sides equal, and its dia- 
gonals bisect one another at right 
angles • • • cor, 16 

[(h) If a quadrilateral has all its sides 
equal, or if its diagonals bisect one 
another at right angles, it is a rhom- 
bus.] 
(c) To describe a rhombus with a given 
side and angle • . 28 

Sight, a term applied to any angle (whether 
rectilineal, dihedral, or spherical) which 
is equal to the adjacent angle, formed by 
producing either of its sides. 

(a) A right angle is measured by a 
quadrant, or fourth part of tlie circum- 
ference, which is described about its 
angular point with a given radius 

9ch, 85 

(6) All the angles about a point in a 

plane, are together equal to four right 

angles • • • coi^- 5 

See " Angle." 

Bight solid angle • * • . sch, 203 

(a) A right solid angle is measured by 



an octant, or eighth part of the nhe- 
rical surface, which is described about 
its angular point with a given radius 

«cA. 203 

(6) All the solid angles about any 

point are together equal to eight solid 

right angles • « «cA, 203 

See « SoUd Angle." 

Eighty a cone, or cylinder said to be. (jS^ 

" Cone" and « CyUnder.") 166, 167 

--— , a prism said to be. (iS«?« Prism.") 127 

Right-angled triangle, def, (See "Triangle.' 



Right-angled spherical triangle. See " Sphe- 
rical Geometry." 

Round bodies, the sphere, right cone, and 
right cylinder, so called , • 167 

Scalene (6r. limping), a triangle said to be 2 
Scholium (Gr.), an observation . 3 

Section (Lat., division). See *^ Plane Sec- 
tion." 
Sec/or of a circle, </<?/. (Sw '^ Circle.") 79 

of a sjOiere, def {See " Sphere.") 179 

Segment, of a circle, def, {See " Circle.") 79 

of a sphere, def (See « Sphere.") 179 

Semicircle, def 79, (also *' Semicircum- 

ference," 78, " Semidiameter" 3.) 
Sides, of a triangle, 2 ; isosceles triangloi 2 ; 

rightangled tnansle, 2. 
" homologous, of similar figures 127 

of a prism or pyramid • 127 

Similar, rectilineal figures said to be 57 

arcs, circular sectors and segments 

said to be . , • • 91 

annuli said to be. See " Annulus." 

polyhedrons said to be • 126 

cones, cylinders said to be « 167 

— — spherical segments and sectors, 

orbs, ungulsB, said to be , . 184 

zones, lunes, spherical triangles, said 

tobe . . * • 184,207 
[In all these figures there is one gene- 
ral property, and which it would not be 
difficult to demonstrate in each sepa- 
rately, viz., that any two that are simi* 
lar, may be so placed, as that every 
straight line whidi is drawn from a cer- 
tain point, to cut the perimeters or sur> 
faces, shall be divided by them in the 
same ratio. Generally, therefore, let 
the term similar be apphed to all figures 
which answer this description ; t . e., let 
it be the general test of similarity, that 
two figures, which are said to be simi- 
lar, may be so placed as that every 
straight line which is drawn from a 
certain point (similarly placed with re- 
gard to the two) to cut the perimeters or 
surfaces, shall be divided by them ia 
the same ratio. 

According to this definition, plane 
figures will be similar, when a point 
may be found in each, and a straight 
line drawn from each of these ix)iiits, 
such that every two straight lines wliich 
are drawn from the same points at 
equal angles to these^ and terminated 
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hy ibe Bgan, shall be to one another in 
the same ratio. Of such figures it may- 
be demonstrated— 

1. That if any rectiUneal figure what- 
ever be inscribed in, or circumscribed 
about the one, a similar rectilineal 

. figuse ma^i be inscribed in, or cir- 
cumscribed about the other. (II. 32.^ 

2. Thai their areas are in the dupli- 
cate ratios (or as the squares) of 
any two homologous lines, and their 
perimeters as those lines. (II. 28.) 

Again, according to this definition, 
solid figures will be similar, when a 
point may be found in each, and two 
straight Unes drawn from each of those 
points, in the same direction firom one 
another, such, that any two straight 
lines which are drawn from the same 
points at equal angles to these, and 
terminated by the figure, shall be to one 
another in the same ratio ; and of such 
figures it may be demonstrated — • 

1. That if any polyhedron whatever is 
inscribed in, or circumscribed about 
the one, a similar polyhedron may 
be inscribed in, or circumscribed 
about the other. 

2. That their solid contents are in the 
triplicate ratio (or as the cubes) of 
any two homologous lines, and tiieir 
.convex surfaces in the duplicate 
ratio (or as the squares) of those 
lines. (II. 28.)] 

Similarly dividedy straight lines said to be 57 
Similarly placed, straight lines said to be, in 
similar jfigures ... 57 

SHmpleJocus, (See "Locus.") , def. 107 
Small arc, in spherical geomefay, is the arc of 

a smal\ circle^ 
Small circle, of the sphere, def. (See « Spheri- 
cal Geometry.") , , , 184 

Solid . . . . de/.l 

Solid Geometry^ is that part of geometry 
which treats of solid figures and lines in 
different planes. See " Polyhedron," &c. 
Solid angle, def, (also its "edges") . 125 
When said to be a right angle %eh, 203 
(a) If a solid angle is contained by 
three plane angles, any two of them 
are together greater than the third; 
and any one is greater than the dif- 
ference of the other two . 13 7 
(6) The plane angles^ which contain any 
solid angle, are together less than 
four right angles . . 137 

(c) If two solid angles are each of them 
contained by three plane angles, and 
if two of these and the included di- 
hedral angle in the one, be equal to 
two and the included dihedral angle 
in the other, each to each ; their other 
dihedral angles are equal, each to 
each, and the third plane angle of 
the one is equal to the third plane 
angle of the other . . cor. 157 

(rf) If two solid angles are each of them 
contained by three plane angka^ and 



if the three containing the one are 
equal to the three containing the other^ 
each to each, their dihedral angles are 
also equal, each to each — viz. those 
which are opposite to the equal plane 
angles • . • eor. 157 

{t) Given the three plane angles which 
contain a solid angle, to find any of 
the dihedral angles by a plane con- 
struction . . ' 156 

(/) Given two of three plane an^es con- 
taining a solid angle, aud the dihedral 
angle which they contain, to find the 
third plane angle, and the other two 
dihedral angles by a plane construc- 
tion . . • eor. 157 

{g) Every solid angle is measured by 
the spherical surface described about 
its angular point with a given radius, 
and included between its planes 

«oA.203 

(A) The properties of solid angles are 
analogous to those of spherical tri- 
angles and polygons . %eh, 203 
See « Right SoUd Angle." 
Solid content. £b-e "Content." 
SoHd of revolution, is any solid which is ge- 
nerated by the revolution of a plane figure 
about an axis in the same plane. 

(a) If an isosceles triangle revolve about 
an axis, which passes through its ver- 
tex, the convex surface generated by 
the base is equal to the product of that 
portion of tiie axis which is inter, 
cepted by perpendiculars drawn to it 
from the extremities of the base, and 
the circumference which has for its 
radius the perpendicular drawn from 
the vertex to the base ; and the solid 
generated by the triangle is equal to 
one-third of the product of this surface 
by the same perpendicular . 175 

(6) If any triangle revolve about an 
axis, which passes through its vertex, 
the solid generated by the triangle is 
equal to one-third of the product of 
the surface generated by the base, and 
the perpenmculBr drawn from the 
vertex to the base . . cor. 176 

(c) If the half of any regular polygon 
of an even number of sides revolve 
about the diagonal, the whole convex 
siu'face is equal to the product of the 
diagonal and the circumference of a 
circle which has the apothem for its 
radius ; and the whole soUd content 
is equal to one-third of the product of 
this surface and the apothem 176 
See also « Cy Under," "Cone," 
"Sphere." 
Sphere, def (also its "radius," aad "dia- 
meter") . . . .127 

Is generated by the revolution of a 
semicircle about its diameter 127 

(A) Of the whole Spherical Surface and 
Content. 
(a) A sphere b greater, both as to sur- 
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fae« and contftiit, than any inscribed 
■olid of revolution, and law than any 
circumscribed solid • .177 
(fi) Any iphera bein^ kWov* & solid of 
ravolution may bo inscribed in it or 
eircumseribed about it, which shall 
difibr from tlie sphere, in convex sur- 
face, or in solid content, by less than 
any given difference , cor. 177 
(0) The whole convex surface of a 
sphere, 

6s the product of the circumference 
and diameter of the generating 
circle . • .178 

=: four times the area of the gene- 
rating circle . cor, 178 
es ir D", if D is the diameter of the 
sphere • . . cor. 178 
tss Uie convex lurfaoe (or two-thirds 
of the whole surface) of the cir- 
cumscribed cylinder cor. 178 
(d) The whole solid content 

s= one-third of the product of the 

radius and surface . .178 

er one-third of the product of the 

radiui and four times the area of 

the mnerating circle • cor. 179 

:= } «* D^, if D is the diameter of 

the sphere • • cor. 179 

ts two*thivds of the content of the 

olrcimiscribed cvlinder. cor. 179 

(0 If a polyhedron be circumscribed 

about a sphere, the contents of the 

sphere and polyhedron will be to one 

another as their convex surfaces 

cor. 179 

(/) The surfaces of any two spheres are 

as the squares of the radii, and their 

solid contents are as the cubes pf the 

radii , . .179 

(B) 0/ certain portiom of the Sphere. 

Spherical segment, sector, orb, ungula, 
sone, lune . , rfe/. 179, 180 

These portions are generated by the re- . 
volution of certain portions of a circle 180 

(a) If a semicircle revolve about its dia- 
meter, the cone, which is venerated by 
any arc of the semicircle, shall be 
ffreater than the surface geuerated by 
die chord of that arc, andless than the 
surface generated by the tangent of 
the same arc which is drawn parallel 
to the chord, and terminated by the 
radii passing through its extremities 

180 

(b) Every spherical tone is equal to the 
product of the circumference of the 
generating circle and that portion of 
uie axis which is intercepted between 
its convex surface and base, or (if it 
be double-based) between its two 
bases . • • 181 

(e) If a cylinder having the same axis 
be circumscribed about the sphere, 
any cone generated about that axis is 
equal to that part of the convex sur- 
face of the cylinder whidi is inter- 



cepted between the base of the cylin- 
der and the plana of the base of the 
■one, or (if double-based) between the 
planes of its two bases . cor. 181 
(d) In the same, or in equal spheres, any 
two soues are to one anotner as the 
parts of the axis, or axes, which are 
intercepted between their respective 
bases • . • oor. 181 

(«) Every spherical sector is equal to 
one-third of the product of its base and 
the radius of the sphere; and the 
same may be said of every spherical 
pyramid* . . .181 

[(/) In the same, or in equal spheres, 
any two sectors are to one another aa 
their bases; and the same may be 
said of any two spherical pyramids] 
(^) Every spherical segment upon a sm* 
fi^le base is equal to the half of a cylin« 
aer having the same base and the 
same altitude, together with a sphere 
of which that alti&de is the diameter 

182 
(A) Every double-based spherical seg- 
ment is equal to the half of a cylinder 
having the same altitude with the 
se^ent, and a base equal to the sum 
of its two bases, together with a sphere 
of which that altitude is the dia- 
meter . . • 182 
(t) The solid ^uerated by the revolu- 
tion of any circular segment about a 
diameter of the semicircle is equal to 
i <r X GK X F HB) GK being that 
portion of the diameter which is inter- 
cepted between two perpendiculars 
drawn to it from the ex^mitiesof the 
segment, and F H the chord which is 
the base of the segment • cor. 182 
(A) Every spherical orb is equal to the 
sum of three pyramids, having their 
common altitude equal to tlie thickness 
of the orb, and their bases equal to 
its exterior and interior surfaces, and 
a mean proportional between them 

183 
(/) Every spherical ungula is to the 
whole sphere as the angle between its 
planes to four right angles, and its 
tune, or convex surface is to the sur- 
face of the whole sphere in the same 
ratio • . • . 183 

(m) Every spherical ungula is equal to 
one-third of the product of the radius 
by its lune or convex surface cor. 184 
(n) In the same, or in equal spheres, 
any two ungulas are to one another 
as the angles between their respective 
planes | and the same may be said of 
any two lunes . • cor. 184 

* A spherioal pyramid is the solid fir nre which is 
contained by the surface of a spherical triangle or 
polygon, and the planes which pass through the sides 
of the triangl« or polygon; the polygon is called its 
base, and the centra oT the sphere its vertex. Two 
spherical pyramids are said to be similar when their 
bases are similar triangles or polygons. 
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(o) Similar zones and lanes, and also | 
the triangular or polygonal surfaces 
which are the bases of similar pyra- 
mids, are as the squares of the rsidii ; 
and similar sectors, pyramids, seg- 
ments, orbs, and ungulas, are as the 
cubes of the radii . sch. 184, 207 
Spheres, intersection and contact of 9ch, 151 
Sphericai Geometry, is that part of geometry 
which treats of £^res and lines upon the 
surface of a sphere. 

Great and small circles, axis, poles, and 
polar distance of a circle, parallel cir- 
cles, opposite points . def.\S^ 
Spherical arc, spherical angle (right, 
acute, and obtuse), spherical triangle, 
polar triangle, spherical polygon def. 

184, 185, 186 
When two points are said to be joined 
on the surface of a ^here def. 184 
When two triangles are said to be sym- 
metrical . . . def. 185 
When two triangles are said to be similar 

8ch. 207 

(A) Of great and small Circles. 

(a) Every plane section of a ^here is a 
circle, the centre of which is either 
the centre of the sphere, or the foot 
of the perpendicular wluch is drawn 
.to its plane from the centre of the 
sphere . , , .186 

(6) The radius of a great circle is the 
same with the radius of the sphere ; 
and the radius-square of a small circle 
is less than the radius-square of the 
•sphere by the square of the perpen- 
dicular which is drawn to its plane 
from the centre of the sphere cor. 186 

{c) Either pole of a circle of the sphere 
is equally distant from all points in 
the circumference of that circle, whe- 
ther the direct or the spherical distance 
be understood . . .186 

(rf) Any circle of a sphere may be con- 
ceived to be described roimd either of 
its poles as a centre, with the sphe- 
rical distance of that pole as a radius 

cor. 186 

(e) The distances of any circle from its 
two poles are together equal to a 
semicircumference • • cor. 187 

(/) Equal circles have equal polar dis- 
tances; and conversely . 187 

(jg) Circles whose polar distances are 
together equal to a semicircumference 
are equal to oue another cor. 187 

(A) If a point be taken within a circle 
which is not its pole, of all the sphe- 
rical arcs which can be dra^vn from 
it to the circumference, the greatest is 
that in which the pole is, and the 
other part of that arc produced is the 
least ; and, of any others, that which 
is nearer to the greatest is always 
greater than the more remote; and 
from the same point there can be 
arawn only two arcs that are equal to 



oue another, which two make equal 
angl^ upon either side with the 
shortest igrc • • .193 

(t) If there be taken a point from which 
there fall more than two equal sphe- 
rical arcs to the circumference of a 
circle, that point is one of the poles of 
the circle . . . cor. 193 

{k) A ^eat circle is equally distant 
from its two poles ; a small circle not 
so . . . cor. 187 

(/) Great circles bisect one another: 
[but no two small circles bisect one 
another; neither can a small circle 
bisect a great circle] . . 187 

(m) The spherical arc which is drawn 
from the pole of a great circle to any 
point in its circimiference, is a qua- 
drant, and is at right angles to the 
circumference . ,187 

(n) Great circles which are at right 
angles to one another, pass each of 
them through the poles of the other 

cor. 188 

[(o) If the perpendicular drawn from 
any point to a great circle be a qua- 
drant, that point is a pole of the great 
circle.! 

(jp) If, from a point to a great circle, 
there fall two spherical arcs, each of 
which is a quadrant, that point is a 
pole of the great circle • cor. 188 

(B) Of Spherical Angles. 

(a) Any two spherical arcs may be pro- 
duced to meet one another in two 
points which are opposite to one 
another , • . cor. 187 

(6) If any number of angles are formed 
at the same point, their sides, being 
produced, sludl pass through the op- 
posite point, [and there form as many 
angles equal to the former respectively, 
each to each] . . cor. 1 87 

(c) A spherical angle has the same 
measure with the duiedral angle of its 
planes, and with the plane angle of 
the tangents at the angular point 

^ rfe/.185 

(rf) Every spherical angle is measured 
by the spherical arc which is described 
about the angular point as a pole, and 
included between its legs; or, which is 
equal to it, by the distance between 
the poles of its legs • .188 

(e) The spherical angles which one arc 
makes with another upon one side of 
it, are either two right angles or are 
together equal to two right angles 189 

(/) If two spherical arcs cut one an- 
other, the vertical or opposite angles 
are equal . . cor. 189 

(jg) All the spherical angles about any 
the same point are together equal to 
four right angles , . cor. 189 

(C) Of Spherical TViangles. 

(a) If one triangle be the polar iriaugle 
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of another, the latter shall likewise be 
the polar triangle of the first; and 
the sides of eitner triangle shall be 
the supplements of the arcs which 
measure the opposite angles of the 
other . . . .188 

(6) luasphericaltriangle, anytwoof the 
sides are together greater than the third 
side ; and any side is greater than the 
difference of the other two . 189 

(c) The three sides of a spherical tri- 
angle (and, generally, all the sides of 
any spherical polygon) are together 
less than the circumference of a great 
circle . • cor, 189 

((f) In every spherical triangle, the sum 
of the angles is greater than two and 
less than six right angles . 189 

(e) A spherical triangle may have two 
or three right angles, or two or three 
obtuse angles . . cor. 189 

( O If a spnerical triangle has two of 
its sides equal to one another, the op- 
posite angles are likewise equal, and 
conversely . . .190 

(gi) If one side of a spherical triangle 
be cpreater than another, the opposite 
au^e is greater than the angle oppo- 
site to that other ; and conversely 190 

(A) If one side of a spherical triangle is 
produced, the exterior angle is less 
than the sum of the two interior and 
opposite angles ; and the exterior angle 
is equal to or greater than, or less 
than either of the interior and oppo- 
site angles, according as the sum of 
the two sides not common to them is 
equal to, or less than, or greater than 
a semicircumference . cor, 190 

(t) Two spherical triangles have all their 
sides and angles equal, each to each, 
when they have, 

1. Two sides, and the included 
angle equal : 
or 2. Two angles and the interja- 
cent side : 
or 3. The three sides : 
or 4. The three angles : 

Whether the equal parts be 
in the same, or in reverse 
orders • • 191, 192 

{k) Of spherical triangles which have 
the two sides of the one equal to the 
sides of the other, each to each, that 
which has the greater vertical angle 
has the greater base ; and conversely 

193 

(/) In a right-angled spherical triangle, 
either of the two sides is of the same 
affection with the opposite angle; and 
the hypotenuse is equal to, or greater 
than, or less than a quadrant, accord- 
ing as one of the adjoining angles is a 
right angle, or these two angles are of 
the same or of different affections 194 

(m) The spherical triangle, whose three 
sides are quadrants, coincides with its 
polar triangle^ and is equal to an [ 
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eighth part of the surface of the 
sphere . . . ach. 189 



(D) Of the tur/ace 0/ Sphericai Tnangiet, 

(a) Spherical triangles which have the 
three sides of the one equal to the 
three sides of the other, each to each, 
have equal surfaces ; whether the tri- 
angles are symmetrical or otherwise 

194 

(b\ Every spherical triangle is equal to 
naif the difference between the hemi- 
spherical surface and the sum of three 
lunes which have their angles respec- 
tively eqiial to the three angles of the 
triangle .... 195 

(c) Every spherical triangle is measured 
by the excess of the sum of its angles 
above two right angles . cor. 196 

(e^) A spherical triangle, whose angles 
are A, B, and C, is equal to a lune 

whose angle is '^"*"^"^^ — R, R 
being a right angle ^ cor, 196 

(e) Every spherical polygon is measured 
by the excess of the sum of its angles 
toother with four right angles above 
twice as many right angles as the 
figure has sides . . cor, 196 

(/) Spherical triangles which stand upon 
the same base, and bet^veen the same 
equal and parallel small circles, are 
equal to one another ; and conversely, 
equal spherical triangles which stand 
upon the same base, and upon the 
same side of it, are between the same 
equal and parallel small circles 198 

{ff) Of equal spherical triangles upon 
the same base, the isosceles has the 
least perimeter ; and of spherical tri- 
angles upon the same base, and 
having the same perimeter, the isos- 
celes has the greatest area 199, 200 

(^) Of all spherical triangles which 
have the same two sides, the greatest 
is that in which the angle included 
by them is equal to the simi of the 
other two angles • . 200 

Of which triangle it may be re- 
marked : — 

1. The two sides are by less than a 
semicircumference, and the angle 
included by them is greater than 
a right angle. 

2. The diilbrence between the lune 
which has the same angle, and 
the triangle, has always the 
same sur&ce, viz., a fourth of the 
surface of the sphere tch. 201 

(•) A spherical polygon, which has all 
its sides equal, and all its angles 
equal, is greater than any other which 
has the same number of sides and the 
same perimeter . . sdk. 201 

(A) A spherical polygon, which has all 
its anjrles Ij^iiig in the circumference 
of a circle, is greater than any other 
which has the same sides sch, 201 
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(0 A iiilftU eifd* of » wphan ii greater 
than any ifpherical polygon naving 
the same perimeter • sch. 201 

(m) Tb9 lunul«r iur&ee, inelud^ by a 
9roaU arc gad a spherical arc, is 
greater than any other surfiice, having 
the tame perimeter, of which the same 
spherieal arc ii pwt • 9cA, 201 

(B) Problevu upon the Surface of a Sphere. 

(a) To find the diameter of a given 

aphere } and, hence the quadrant of a 

great circle » • • 203 

(6) Any point being giYen^ to find the 

oroosite point . , . 204 

(c) Tojointwo ^venpointa . 204 

(<<) Any spherical arc being given, to 

produce it, and complete the great 

cu de, of which it is a put cor. 204 

le) To bisect a given spherical arc 204 

(/) To draw a perpendicular to a given 

spherical arc — 

1. From a g^ven point in the arc 

204 

2, From a glTen point without it 

205 

{g) To bisect a given spherical angle 205 

(Ji) At a given point| ui a given arc, to 
make a spherical angle equal to a 
given spherical angle . 205 

(t) To circumscribe a circle about a given 
spherical triang;le, or ^which is the 
same) to describe a circle through 
three given points » • 205 

{k) To find the poles of a given circle 

cor. 205 

(/) Through two given points and a 
third (not lying m the circumference 
of a great circle) to describe two equal 
andparallel small circles • 205 

(m) To describe a spherical triangle 
which shall be equal to a given sphe- 
rical polygon! and shall have a side 
and adjacent angle the same with a 
given side and adjacent angle of the 
polygon . f , , 206 

(n) TWo spherical ^cs being given, 
which are together less than a semi- 
circumference { to place them so, that 
with a third not given they may con- 
tain the greatest surface possible 206 

(o) Through a given point to describe a 
great circle which shall touch two 
given equal and parallel small circles 

206 

(jp) To inscribe a circle in a ^ven sphe- 
rical triangle, or (which is the same) 
to describe a circle touching three 
given spherical arcs » . 207 

Square, def. (also '' Square of a straight 

liueAB.") , . .2 

(a) A square has all its sidea equal and 

all its angles right angles cor. 16 

[(6) Its diagonals are equal and bisect 

one another at right angles.] 
(c) The squares of equal Unes axe equal j 

and conversely , , cor. 17 



(d) ThaaqQ«tofdMia41P,fif3Mis 
9MSftc. . • cor. 18 

(e) The aquaze of 5 M ia equal to the 
aquare of 4M togathMr with the square 
of3M . . . cor. 18 

(/) Squares are to one anofhar in the 
dupluate ratio of their aidea eor. 63 

(g'S The squares of proportional straight 
linea are proportionala « cor. 63 

(A) To describe a squaro, 

1. Upon a given straight li4e 28 

2. Which shall be equal to a ^ven 
rectangle;, or other rectilineal 
figure ... 30 

3. Which shall be equal to the dif- 
ference of two men squares, or 
other rectilineal figures • 30 

4. Which shall be equal to thesum 
of two or more g^ven squares, or 
other xectilineal figures 30 

1800 << Rectangle,** << Straight Line," 

and « Circle." 
Straight line . . . def. 1 

When said to be perpendieolBr to another 

straight line ... 2 

When parallel • • • 2 

(A) (a) Straight lines which paaa through 

the same two points lie in the same 
straight line . . . ax. A. 

(b) If at a point in a straight line two 
other straight linea upon oppoaite sides 
of it make the adjacent angles to- 
gether equal to two right angles, 
uiese two straight linea shall be in 
one and the same straight line 5 

(0) A straight line u the shortest dis- 
tance between two points . sch. 8 

(d) A perpendicular may be drawn to a 
given straight Une nom any given 
point, whether without or in the 
straight line ; butfirom the same point 
there cannot be drawn more than one 
perpendicular to the same straight 
line • • . . 9 

(e) From a point to a straight line, the 
perpendicular is the shortest distance, 
and of other straight Unas which are 
drawn from the same poiat, such as 
are equal to one another are at equal 
distances firom the foot of the perpen- 
dicular, and conversely j and the greater 
is always furth^ from the perpendi- 
cular, and conversely . cor. 10 

(B) Of Angles made by Straight Lines. 

(a) The adjacent angles, made by one 
straight Une with another upon one 
side of it, are, together, equal to two 
right angles . , 5 

(6) )f two straight linea cut one another, 
the vertical or oppoaite angles are 
equal , . 5 

(c) All the angles which are made 
upon one side of a straight line at the 
same point of it, are, together, equal 
to two right angles . cor. 5 

AU the angles about the aame point 
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AN, togetheri equAl to four right an- 
gl88 • • cor» 5 

(r) AngleSi which haFtt the tidM of the 
one parallel, or perpendicular, or 
eauall^ inclined to the ndes of the 
ovaeti m the same order^ are equal 14 

(C) Of paratiel Straight Lines. 

Difficulty in the theory . sch. 1 1 

(a) Straight lines wluch are perpendicu- 
lar to tne same straight Uoe are pa- 
rallel ; and conversely • 1 1 

(b) A parallel to a given straight line 
may be drawn throufi;h any given 
point without it; but through the 
same point there cannot be drawn 
more than one parallel to the same 
given straight line . cor, 1 1 

(c) Straight lines which make equal 
angles with the same straight line 
towards the same parts are parallel ; 
and conversely . . . 12 

(^d) If a straight line falls upon two 
other straight linesj so as to make the 
alternate angles equal to one another, 
or the exterior angle equal to the 
interior and opposite upon the same 
side, or the two interior angles upon the 
same side together equal to two right 
angles, those two straight lines are 
parallel . • . cor. 13 

(e) And conversely, if a straight line 
falls upon two parallel straight lines, 
it makes the alternate angles equal to 
one another, the exterior angle equal 
to tlie interior and opposite upon the 
same side, and the two interior angles 
upon the same side together equcd to 
two right angles . . cor. 13 

(/) If a straight line falls upon two 
other straight lines, so as to make the 
two interior angles upon the same 
side together less than two right 
angles, those two straight lines are 
not parallel, but may be produced to 
meet one another upon that side 

cor. 13 

(0) Straight lines, to which the same 
straight line is parallel, are parallel to 
one another • • . 13 

(A) Parallel straight lines are every 
where equidistant . . 13 

(t) Parallel straight lines intercept equal 
ports of parallel straight lines cor. 13 

(*) The straight lines which join the 
extremities of equal and parallel 
straight lines towards the same parts, 
are equal and parallel • . 15 

(/) If two straight lines, which pass 
through the same point, are cut by 
two parallel straight lines, their parts 
twminated in wi point shall be pro- 
portional . . • • 57 

(m) If two (or more) straight lines 
which pass through the same point, 
are cut by any number of parallel 
straight lines, they shall be similarly 
4ivide4 by tl;^m t « cor, 58 



(n) If two (or more) paraUeb tre cut by 
any number of strught lines, which 
pass through the same point, they shall 
be similarly divided ; and, if two pa- 
rallels are similarly divided, the 
straight lines which join the corre- 
sponding points of division, pass, or 
may be produced to pass, all of them 
through the same pomt . 58 

(0) If the legs of an angle cut two 
parallel straight lines, the intercepted 
parts of the parallels shall be to one 
another as the parts which they cut ofF 
from either of the legs • cor, 59 

(G) 0/ Siraighi Linetf which are not in the 
§ame plane. 

(a) Straight lines, to which the same 
straight line is parallel, although not 
in one plane with it, are parallel to 
one another • . •• 130 

(6) The shortest distance of two straight 
lines, which are not in the same plane, 
is a straight line, which is at right 
angles to each of them, and is equal 
to the perpendicular which is drawn 
from the yertex to /;he hypotenuse of a 
right-angled triangle, wnose sides are 
the perpendiculars drawn to one of the 
straight lines from the two points in 
which the other is cu.t by any two 
planes passing through the first at 
right angles to one another cor. 155 

(D) Rectanglea under the parts of divided 

Lines, 11, ib , . . 19,20 

The theorems of which section are briefly 

expressed as follows :— . 
(a) A X (B + C -t- D) = AB + AC 

+ AD. 
(6) (A + B) X B=:AB + B«. 
?) (A-f B)« = A« + B« + 2 A B. 

d) (A - B)« = A« + B« - 2 A B. 

e) (A + B)«- (A-B)« = 4 AB. 
/) (A + B)« + (A - B)» ==; 2 (A« 

+ B*). 
(g) (A-t-B)x (A-B) = A«-B«. 

(B) Of Straight Lines which are propor^ 
titmafs, 

(a) If four straight lines are propor- 
tionals, the rectangle under the ex- 
tremes is equal to me rectangle under 
the means; and conversely, if two 
rectangles are equal to one another, 
their sides are proportionals, the sides 
of the one being extremes, and the 
sides of the other means , 63 

(6) If A, B are two straight lines, and 
A', B' other two, the rectangle A x A' 
shall be to the rectangle B x B' in the 
ratio which is compounded of the 
ratios of A to B and A' to B' . 63 

(e) If A, B and A', B' are proportionals, 
AX A' is to BxB'as A« to B« cor. 63 

(d) If A, B, C are proportionals, A is to 
CasAUoBs . . 6or. 63 

(0 Xf A, B, C, D, and also A', B', C 
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D', are proportionals, the rectangles 
A X A',B X B;,C X C',andD X D' 
are also proportionals • cor. 63 

(/) The squares of proportional straight 
lines are proportionals ; and con- 
versely • . • cor, 63 

{g) If A, B are two straight lines, A', B' 
other two, and A'% B" other two, the 
rectangular parallelopipeds A x A' 
X A", B X B' X B" shall be to one ano- 
tiber in the ratio which is compounded 
of the ratios of A to B, A' to B'', and 
A"toB" . . .143 

[(A) If the ratios of A to B, A' to B', and 
A" to B" are all equal, A x A' x A" 
is to B X B' X B" as A» to B».] 

[(i) If A, B, C, D are in continued pro- 
portion, A is to D as A^ to B^. J 

Uk) If A, B, C, D, and also A', B', C, D', 
and also A", B", C", D", are propor- 
tionals, the rectangular parallelopipeds 
AX A' X A",B X B' X B", C X C 
X C", D X ly X 1>", are also propor- 
tionals.] 

(0 The cubes of proportional straight 
lines are proportionals ; and con- 
versely • • •144 

(F) Of Straight Lines harmonicaUtf divided, 

(a) If A 6, AG, AD are harmonical 
progressionals in the same straight 
line, and A B the least, D C, D B, DA 
shall likewise be harmonical progres- 
sionals • • . • 68 

(6) The same being supposed, and the 
mean A G being bisected in K, K B, 
K G^ K D are proportionals ; and, 
conversely, if K B, K G, K D are pro- 
portionals, and if K A is taken in the 
opposite direction equal to K G, A B, 
A G, A D shall be in harmonical pro- 
gression . • • • 68 

(c) The same being supposed, D A, D K, 
D B, D G are proportionals . 69 

{d) The harmonical mean between two 
straight lines is a third proportional 
to the arithmetical and geometrical 
means • • • cor. 69 

(e) If any four straight lines pass 
through the same point, and lie in the 
same plane, to whichsoever of the four 
a pare^lel is drawn, its parts intercepted 
by the other three shall be to one an- 
other in the same ratio 70 

(/) If a parallel is drawn to any one of 
four harmonicals, equal parts of such 
parallel are intercepted hy the other 
three ; and, conversely, if four straight 
lines pass through the same pomt, 
and if a parallel ^wn to one of them 
has equal parts of it intercepted by 
the other three, the four are harmo- 
nicals • . • cor, 70 

ig) Harmonicals divide every straight 
line, which is cut by them, harmoni- 
cally • . . • 70 

(Ji) The two sides of a triangle, the 
straight line which is drawn S:om the 



vertex through the middle point of the 
base, and the straight line which is 
drawn through the vertex parallel to 
the base are harmonicala cor. 70 

(i) The tw^o sides of a triangle, and the 
lines which bisect the vertical and 
exterior vertical angles, are harmoni- 
cals . . • cor, 71 

(G) Problems relating to Straight Lines. 

(a) Through a given point to draw a 
straight line — 

1 . Perpendicular to a given straight 
line ; several methods 24, 25 

2. Parallel to a given straight line 

26 
When many parallels are to be 
drawn. See II. 49. 

3 . Which shall pass through a point 
which is the point of concourse 
of two given straight lines, but is 
without the limits of the draught 
(See " Gentrolinead.") 75 

4. So that its parts intercepted by 
two ^ven straight lines shall be 
to one another in a given ratio 

74 

5. Which shall form with the parts 
cut off by it from two given 
straight lines a triangle equal to 
a given triangle . . 77 

(6) To divide a given straight line — 

1 . Into two or more equal parts 26 

2. Similarly to a given divided 
straight line • • 71 

3. In extreme and mean ratio 72 

4. In any given ratio . 72 

5. So that the rectangle under the 
parts shall be equal to a g^ven 
rectangle « • . 72 

(c) To produce a given straight line — 

1. In a given ratio • • 72 

2. So that the rectangle under the 
whole line produced and the part 
produced shall be equal to a given 
rectangle • • • 72 

(d) To find a straight line, 

1. Which shall be a mean propor- 
tional between two given straight 
lines . • • • 71 

2. Which shall be a third propor- 
tional to two given straight lines 

71 

3. Which shall be a fourth propor- 
tional to three given straight 
lines .... 71 

4. Which shall be an harmonical 
mean between two given straight 
lines . . • • 72 

5. Which shall be a third harmo- 
nical progressional to two given 
straight lines • • . 72' 

6. To which a given straight line 
A shaU have the ratio, which is 
compounded of the given ratios 
of A to B, As to Bs, As to Be, and 
A4toB4 « • • 75 
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(e) To find two straight lines, there being | 
given the — 

1 . Sum, and difference. 

2. Sum of squares, and difference 
of squares. 

3. Sum, and sum of squares. 

4. Difference, and sum of squares. 

5. Sum, and difference of squares. 
G. Difference, and difference of 

squares. 

7. Ratio, and rectangle. 

8. Sum, and ratio. 

9. Difference, and ratio. 

10. Sum, and rectangle. 

1 1 . Difference, and rectangle. 

1 2. Sum of squares, and ratio. 

13. Difference of squares, and ratio. 

14. Sum of squares, and rectangle. 

15. Difference of squares, and rect- 
angle • . . 123 

(/) To ^aw the shortest distance be- 
tween two given straight lines which 
do not lie in the same plane • 154 
Subcontrary section of an oblique cone 229 
— ^-^^--^— — of an oblique cylinder 

SubdupiicatCy one ratio said to be of another 34 

Subtripiicate, one ratio said to be of another 

34 

Supphmenty or supplementary, one angle said 
to be of another . . • note 5 

Supplementary triangley a name sometimes 
given to the polar triangle • note 188 

Sur/acey (See " Convex," "Plane."') def. I 

Surface of revoiutiony is the surface of a solid 
of revolution. See " Solid of Revolution." 

Symmetrical y spherical triangles said to be 

185 

[^Stfmmetrical. Any two solids are said to be 
svmmetrical, when they can be placed upon 
the two sides of a plane, so tliat for every 
point in the siurfacc of the one, there is a 
point in tlie sm'face of the other, in the 
same }icrpendicular to the plane, and at the 
same distance from it; also, the solids, 
when so placed, are said to be symmetric 
colly situatedy with regard to the plane*. 
Of such solids it may be demonstrated — 

1. That if any polyhedron what, 
ever be inscribed in, or circum- 
scribed about the one, a polyhe- 
dron symmetrical with it may be 
inscribed in, or circumscribed 
about the other. 

2. That they are equal to one an* 
other, and have equal surfaces.] 

Symmetrica/ly divided; a plane (or solid) 
figure is said to be symmetrically divided 
by a straight line (or plane), when, for 
every point in the contour of the figure 
which is upon one side of that line (or 
plane); there is another pohit in the con- 

* According to a similar description, it is evident 
that two plane fif^ures may be said to be symmetri- 
cal, and symmetrically situated with regard to a 
straight line which is in the same plane with them ; 
but such figures are also similar, and may be made 
to coincide, which is not the case with symmetrical 
•olids. 



tour upon the other side, in the same per- 
pendicular to the line (or plane), and at the 
same distance from it. 
Synthesis, geometrical See "Analysis." 

Tangeniy of any curve. See " Touch." 

No strai^t line can be drawn be- 
tween a curve and its tangent, from 
the point of contact, so as not to cut 
the curve • • . sch, 212 
Tangent of a circle, (^See « Circle.") def. 
Tangent of a conic section. See " Conic See* 

tion." 
Tangent plane. See « Touch.' » 
Terms of a ratio. {See " Numerical Ratio.'') 

def 32 

Tetrahedrony or triangular pyramid def. 126 

(a) Is contained by the least number of 

faces possible — ^viz. four • 126 

(h) Is equal to one-sixth of a parallelo- 

piped, which has three of its edges 

coincident with, and equal to, three 

edges of the tetrahedron cor, 147 

(c) To inscribe a sphere within a given 
tetrahedron . • •156 

(d) To circumscribe a sphere about a 
given tetrahedron • • 156 

Regular. See " Regular Polyhedron.'* 

Third proportional (see " Straight hmQ"def33 

Third hcarmonical progressional . def 68 

[Touch; (a) a straight line is said to touch a 

curve in any point, when it meets, but does 

not cut the curve, in that point*. Such a 

line is called a tangent, 

(b) One curve is said to touch another 
m any point when they have the 
same tangent at that point. 

(c) A plane Is said to touch a curved 
surface in any point or Une, when it 
meets, but does not cut, the surface in 
that point or line: such a plane is 
called a tangent-planey and the point or 
line in which it touches the siurface, is 
called the point or line of contact. 

(r/) One curved surface is said to touch 
another in any point or line, when they 
have the same tangent plane at that 
point or at every point of that line. 

(e) The following examples may be 
given of the contact of surfaces — 

1. A plane touches 

The surface of a sphere in a point, 
the convex surface of a cylinder 
in a straig^ht line which is parallel 
to the axis, the convex surface of 
^ a cone in a slant side. 

2. A spherical surface touches 

A spherical surface, whether exter- 
nally or internally, in a point ; the 
convex surface of a cylinder or 

* Some curves are or a winding or serpentine 
form, haying the carvatnre or bendine now towards 
the one side, now towards the other. In such carves, 
there are always one or more points of contrary 
flexure, t. e. points where the curvature which had 
before been towards one side changes to the other 
side. Through such points no straight line can be 
drawn so as not to cut the curve : every other point, 
however, admits of a straight line beinff drawn, 
which ;ne^ and do^ not cut \^9 carve in ^at point. 
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eonft extemally in a point, inter- 
nally in one or two points or in 
the circumference of a circle.] 
TVanwerte axis, of an ellipse or hyperbola, 

def, 217 
Trapezoid, (also its « Altitude") . def. 2 
(a) Is equal \jo the rectangle under its 
altitude, and half the Sum of its pa- 
rallel sides ... 17 
[(6) Half the sum of the parallel sides of 
a trapezoid is equal to the straight line 
which joius the middle points of the 
other two sides.] 
Triangle, rectilineal (also its "Vertex,** 
« Sides," " Base") . . . rfe/. 2 

When said to be equilateral, isosceles, 
scalene • • .2 

When said to be right-angled, oblique- 
angled, obtuse-an^ed, acute-angled 2 

(A) Ofthejirti Properties, and of TViangles 
which are equai in ail respects. 

(a) Anyone of the angles of a triangle 
is less than two right angles cor. 5 

(b) Triangles which hare two sides and 
the included angle of the one equal to 
two sides, and the included angle of 
the other, each to each, are equial in 
all respects . . .5 

(c) Triangles which have two angles 
and the interjacent side of the one 
equal to two angles and the interja- 
cent side of the other, each to each, 
are equal in all respects . . 6 

((i) If one side of a triangle be equal to 
another, the opposite angle is likewise 
equal to the angle opposite to the 
other; and conrersely , . 6 

(e) In an isosceles triangle, 

1 . The angles at the base are equal 
to one another ; and if the equal 
sides are produced, the angles 
upon the other side of the base 
are likevrise equal . cor, 6 

2. The following lines, viz. the line 
which bisects the vertical angle, 
the line which is drawn from the 
vertex to the middle point of the 
base, aud the line which is drawn 
from the vertex perpendicular to 
the base, coincide with one ano- 
ther . , . cor, 7 

3. The straight line which bisects 
the base at right angles passes 
through the vertex, and bisects 
the vertical angle . cor. 7 

(/) Triangles which have the three 
sides of the one equal to the three 
sides of the other, each to each, are 
equal in all respecte . • 7 

(p) Any two angles of a triangle are 
together less than two right angles 7 

(A) A triangle cannot have more than 
one right angle, or more than one 
obtuse angle . . ear, 7 

(t) If one side of a triangle be produced, 
the exterior angle is greater than 
either of thtt interior and opposite 
•*»«?!«• . . • C9r.7 



(k) If one side of a triangle be greater 
than another, the opposite angle shall 
hkewise be greater than the angle 
opposite to thai other; and con- 
versely . • . • 7 

(/) Any two of the sides are together 
greater than the third side, and any 
side is greater than the difference of 
the other two . 8 

(m) If two triangles stand upon the 
same base, and if the vertex of the one 
falls within or upon aside of the other, 
that triangle has a less perimeter than 
the other . » . cor. 8 

(») Of triangles which have the two 
sides of the one equal to the two sides 
of the other, each to each, that which 
has the greater vertical angle has the 
greater base ; and convers^y . 9 

(o) The three angles of a triangle are 
together equal to two right angles; 
and if one of the sides be produced, 
the exterior angle is equal to the two 
interior and opposite angles • 14 

(/») In a right angled triangle — 

1. One of the angles, viz. the right 
angle, is equal to the sum of the 
other two . . cor. 14 

2. The straight line which joins 
one of the angles, viz. the right 
angle, with the middle point of 
the opposite side is equal to half 
that side ; and conversely, if a tri- 
angle has either of these proper- 
ties, it is a rightangled triangle 

cor. 14 

[(^) Any two triangles are equal to one 

another in all respects, when they have 

1. Two sides and the included angle 

of the ene equal to two sides and 

included angle of the other, each 

to each (ft). 

9. Two angles and the interjaetut 

side (c). 
S. The three sides (/). 

4. Two angles, and a side opposite 
to one of them • cor. 14 

5. An angle of the one equal to an 
angle of the other, and the sides 
about two other angles, each to 
each, and the remaining angles 
of the same affection, or one of 
them a right angle (see II. 33.)] 

(r) Two rightrangledtnangles are equal 

to one another in all respects, when 

they have 

1. The h3rpotenns© and a side of 
the one equal to the hypotenuse 
and a side of the other, each to 
each . . .10 

8. The hypotenuse and an acnte 
angle . . • 10 

3. The two sides (I. 4.) 

4. A side and the adjoining acute 
angle (I. 5.) 

5. A side, and the opposite acnte 
angle (I. 19. aud I. 4.) 

(«) If in two lijghi^agled triangles, the 
tiypotenuse of the one is equ& to tim 



hvpotsQDM of tbt olhtr, but a aide 
of the aaa gieutui than a side of the 
Other i the angle irUch is oppoaite to 
the side of the Bnt ihaU be greater 
than ths angle which ii opposite to 
the tide of the othw . Um. 131 

(B) OflAemtUtiailielalioitf/Ihe Side: 

(a) In B righti-aagled triangle, the 
square of the hypotenvue is equal lo 
the iquares of the two sldea . 2 1 

(b) In every triangle, the square of the 
■ide which ii opponte to a given angle 
is greater or less than the Bquoies of 
the sides containing that angle, by 
twice the reetaugle contained by 
Bithar of these lides, and that part of 
It which ia intercMited between the 
perpendicular, let fall upon it from 
the opponte anale, and the acute 
angle ; greater if the i^ven angle is 
greater than a right angle, and less 
iritisless . . .22 

(t) Any angle of a triangle is equal to or 
greater or less than a right angle, 
according as the square of the opposite 
■ids is equal to gr greater or less than 
the squarsi of ths containing sides 

«r. 21,22 

(d) In every triangle, if a perpendicular 
he drawn &dm the vertei lo the base, 
the difitrrenca of the squares of the 
sides is equal to the diifkrunce of the 
■quBiea of the segment* of the base, 
i. t. the base is to the sum of the 
sides as the difibrcnce of the sides 
to the difference of the segments of 
the base or sum of tha segmenb of 
the hass prodoced . ■ "" 

(<). In a rignt-augled triangle, if a 
pcudicular be drawn from the right 
angle to the hypotenuse, the square of 
the perpendicular Is equal to the 
angle under the segments of the hypo- 
tenuse, and the square of either side 
ia equal to the rectangle under the 
hypotenuse and the segment adjoining 
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ments of the hypotenuse, and rither 
side ia a mean proportional between 
the hypotenuse and the segm 
joining to it . cor. 2 1 an 
^ *~ isosceles triangle, if a str g 
uuv jv drawn from the vertex an 
point in the base, or in the has p 
duced, the K|uare of that straig 1 
shall be less or greater than the sqnar 
of the aide by uie rectangle nn 
segmenla of the base, or of th as 

foduced 
In every triangle, the tquuea 
two sides are together double 
squares of half the base, and the 
sbaight line which is drawn fiom th 
vertex to the middle point of th asa 
23 
(A) In tmy triangle, if tlu vwtinl or 



a itr^ht Una which cult the base, or 
the hue produced, tha baas or base 
produoed shall be divided in the ratio 
of ths aides : also the square of the 
bisecting lioa shall ba equal to the 
diffaranca of tha rectangles under tha 
■idea and tha sagmants of the base, 
or has* |*oduced . . 70, 89 

(i) In every triaogla, if the base is 
equally produced lioth ways, so that 
tha base produced is a third jHOpor- 
tlonal to the baia and sum of the 
aides, the sides of the triangle are to 
one auother as the corresponding se^ 
tnents of tha base produced ich. 64 

(i) In every triangle, if the baae ia 
equally reduced both ways, so that 
the base reduced is a third proportional 
to the base and the diO^ruiice of the 
rides, the rides of the triangle nie to 
one another aa the correcnonding seg- 
ment! of the base reduced sch, 65 

(f) In an isosceles triangle, if the equal 
angles are each of them double of the 
vertical angle, the ridea and base are 
In extreme and mean ratio. See 
" Errata." 

(0> 0/HrAreaii/aTyiaHfte,n»(lo/TriaH- 

gta mhick are not efuat in ail retpecii. 

(a) IC a triangle and a parallelogram 

stand upon the aome base, and be^reen 

the same parallels, the parallelogram 

Is double of the triangle . 17 

{h) Every triangle is equal to the half of 

a rectangle which has the same base 

and the same altitude ) i. e. to half the 

product of its haiB and altitude ■ 

or. 17 
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(c) Triangles whicli stand iipon the same 
or upon equal bases, and between the 
same parallels, are equal to one ano- 
ther • . . . ! ^^ 
(tf) Triangles which have e^ual altitudes 
are to one another as their bases, and 
triangles which have equal bases, as 
their altitudes ; alsoiemy two trian^es 
are to one another in the ratio, which 
is compounded- of the ratios of their 
bases and altitudes • • 65, 66 
(e) Triangles which have one angle of 
the one eqi^* to one angle of the 
other are to another in the ratio, which 
is compounded of the ratios of the 
sides about the equal angles, or as the 
rectangles under those sides • 66 
(/) Triangles which have one angle of 
the one equal to one angle of the other, 
and the sides about the equal angles 
reciprocally proportional, are equal to 
one another; and, conversely, equal 
triangles, which have one angle of the 
one equal to one angle of the other, 
have the sides about the equal angles 
reciprocally proportional • .66 
(^) Two triangles are similar, when 
they have 

1. The three angles of the one 
equal to the three angles of the 
otner, each to each . .59 
or 2. The three sides of the one pro- 
portional to the three sides of the 
other • • .59 

or 3. One angle of the one equal to 
one angle of the other, and the 
sides about the equal angles pro- 
portionals . . .60 
or 4. One angle of the one equal to 
one angle of the other, and the 
sides about two other angles 
proportionals, and the remaining 
angles of the same affection, or 
one of them a right angle 61 
(A) Similar triangles are to one another 
in the duplicate ratio (or as the 
squares) of their homologous sides 67 
(t) Of all triangles having the same 
two sides, that one has the greatest 
area, in which the angle contained by 
the two sides is a right angle . 103 
(^) Of triangles which have equal bases, 
and equal areas, the isosceles has the 
least perimeter; and of triangles 
having equal bases and equal perime- 

Now the area of the triangle A B G is equal to 
L'F X AK, for it is equal to half the rectangle 
nnder the radins L F of the inscribed circle, aad 
the snm 2 A K of the three sides (I. 26. cor.) ; also 
B F X B K is equal to LF x M K, because, L B M 
being a right angle, the right-angled triangles B F L, 
M K B are similar : but A K x A F : A K x F L 
: : AF : FL, t. «. : : A K : K M, i.e. : : A K x 
FL : K M X FL : tlierfefore AK x F L is a mean 
proportional between A K x A F and K M x F L or 
B F X B K, that is (if a, 6, c represent the three 
Aides opposite to the angles A, B, C respectively and 
8 the half of (a-\-b-^c^ the area of the triangle is a 
mean proportional between Sx (S <-a^an«l (S — b) 
X (S—c). 



ter&, the isosceles has the greatest area 

99 
(D) Prohlems relating to ike Triangle. 

(a) To describe a triangle, when there 
are given — 

1 . Two sides and the included angle. 

2. Two sides, and an angle opposite 
to one of them. 

3. Two angles and the interjacent 
side. 

4. Two angles and a side opposite 
to one of them. 

5. The three sides . • 27 
(6) To describe a triangle, when there 

are g^ven the 

1. Vertical angle, base, and sum (or 
difference) of the two sides. 

2. Vertical angle, base, and area. 

3. Vertical angle, sum (or difier- 
ence) of sides and area. 

4. Base, sum (or difference) of sides 
and area . . . 121 

(c) To describe a triangle — 

1. Which shall be equal to a given 
rectilineal figure, and have a side 
and adjoining angle the same 
with a g^ven side, and adjoining 
angle of the figure • 2§ 

2. Which shall be equiangular with 
a given triangle, and have a given 
perimeter [or area] . 28 

3. Which shall have for' two of its 
sides the parts which are cut off 
by the third side from two straight 
lines given in position, and the 
third passing through a g^ven 
point , . . 77 

(d) To describe a right-angled triangle 
which shall have its three sides pro- 
portionals . « • , 74 

See « Circle." 

Triplicate, one ratio said to be of another 34 

Trisection of an arc or angle, under what 

form the problem has been put • 113 

Undecagon. See " Hendecagon.'* 

Ungula. See " Sphere." 

Unit of len^h, or linear unit, is any arbitrary 

straight line, as an inch, a foot. 

—of surface, is the square of the linear 
unit .... scA. 18 

— of content, is the cube of the linear unit 

«cA.142 
Farialion, a short form of expressing certain 

proportions . ... sch. 62 

Vertex of a triangle 2, polyhedron 126, 

pyramM 127, cone 267. 

— of the diameter of a conic section 220 

— a term in perspective projection 208 

— of a conic section . , , 215 

Pertical plane, in perspective projection 208 
Fertical angle, of a triangle. See "Triangle." 
Volume, See " Content." 



Wedge, spherical. See " Sphere.** 
Zone, spherical. See " Sphere.*' 
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